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Preface

Much of thematerialin this bookoriginatedwith lecturesgivenfor theSummerSchoolon Ra-
diativeTransferandRadiationHydrodynamicsat theInstituteof TheoreticalAstrophysicsof the
Universityof OsloduringJune1–11,1999. Thoselecturesfocussedon thespecificsof the dy-
namiccouplingof radiationandmatter, andon the detailedprocessesof the interaction. The
other lecturerswereRob Ruttenof the University of Utrecht,Phil Judgeof the High Altitude
Observatory in Boulder, Colorado,andMats Carlssonof the University of Oslo, the organizer
of the SummerSchoolandthe Director of the Institute. Their lecturestreatedthe introduction
to radiative transfer, atomicprocessesandspectralline diagnosticswith specialreferenceto the
sun,andnumericalmethodsin radiative transferandradiationhydrodynamics.For that reason
theoriginalcontentof theselectureswaslight in thoseareas,especiallyin numericalmethods.In
puttingthelecturesinto thepresentform someeffort wasinvestedto expandthecoverageof the
neglectedtopics.

Thebackgroundfor thetheoryof radiationhydrodynamicsaspresentedherecamefrom work
atJILA, theJointInstitutefor LaboratoryAstrophysicsof theUniversityof ColoradoandtheNa-
tional Bureauof Standards,asthey werecalledthen,in the late1960sand1970s.It originated
with theneedto treatradiation-mattercouplingcorrectlyin stellarpulsationsandotherareasof
astrophysicalfluid dynamics.Thetheoryof radiatively-drivenstellarwindsdevelopedoutof that
work. At this sametime the BoulderSchoolof radiative transferwasflourishing throughthe
efforts of L. Auer, D. Hummer, J. Jefferies,D. Mihalas,R. Thomas,andmany others.Someof
theknowledgeabsorbedfrom thesepeople,andtheir colleaguesE. Avrett, W. KalkofenandG.
Rybicki at theHarvard-SmithsonianCenterfor Astrophysics,madeit into this book. Theyears
in JILA alsoprovided an educationin theoreticalatomicphysics,andthe mentorsin this area
includedD. G. Hummeragain,andR. Garstang,D. Norcross,J. Cooper, M. Seaton(whenhe
visited)andH. Nussbaumer. Theleaderof stellarpulsationtheorywasJ.Cox,andhis influence
wasfelt in severalareas,aswasthatof his goodfriend A. Cox of Los AlamosNationalLabora-
tory. R. McCray providedan outstandingexampleof insightful analytictheorycomplementing
computationalastrophysics.

Later on the opportunityto work directly with A. Cox provided additionalexposureto the
methodscurrentat that time in numericalhydrodynamicsandradiationhydrodynamics.Since
the beginning of the 1980sthe LawrenceLivermoreNational Laboratoryhasprovided many
lessonsin numericaltechniquesfor radiationhydrodynamics,andA. Winslow, E. GarelisandP.
Crowley werenotableteachers.Their friendG. Pomraning,whenhewasvisiting, wasa fountof
knowledgeaswell. G.Zimmerman,thenandnow, is themasterof thissubject.R. Klein hasbeen
avaluedcolleaguefor many years,beginningwith stellarwindsin Boulderandcontinuingtoday
in Livermore,whereheis a recognizedauthorityin precisionhydrodynamictechniques.Two of
today’sleadingexpertsin SN methodsfor radiationtransport,M. Zika andP. Nowak,havehelped
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with ideasin thatpartof thebook.
Every work on radiationhydrodynamicssincethe 1980sstandsin the shadow of the mon-

umentalFoundationsof RadiationHydrodynamicsby D. MihalasandB. Mihalas. The present
authorowesa greatdebtof gratitudeto D. Mihalasfor his teaching,supportandencouragement
over theyears.Thehelpandencouragementof D. Hummer, L. Auer andR. Klein is alsogreatly
appreciated.The colleaguesD. Abbott, D. Band,D. Friend,G. Olson,S. Owocki andD. Van
Blerkom mayfind their fingerprintsheretoo.

Finally, specialgratitudeis extendedto ProfessorMatsCarlssonof theInstituteof Theoretical
Astrophysicsin Oslofor theopportunityto presenttheoriginal lectures.

Livermore, California, November7, 2003
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Chapter 1

Intr oduction

1.1 Philosophy

Thedisciplineof radiationhydrodynamicsis thebranchof hydrodynamicsin which themoving
fluid absorbsandemitselectromagneticradiation,andin sodoingmodifiesits dynamicalbehav-
ior. That is, thenetgainor lossof energy by parcelsof thefluid materialthroughabsorptionor
emissionof radiationaresufficient to changethepressureof thematerial,andthereforechange
its motion;alternatively, thenetmomentumexchangebetweenradiationandmattermayalterthe
motionof thematterdirectly. Ignoringtheradiationcontributionsto energy andmomentumwill
give a wrong predictionof the hydrodynamicmotion whenthe correctdescriptionis radiation
hydrodynamics.

Of course,therearecircumstanceswhena largequantityof radiationis present,yet canbe
ignoredwithout causingthemodelto bein error. This happenswhenradiationfrom anexterior
sourcestreamsthroughtheproblem,but thelatteris sotransparentthattheenergyandmomentum
couplingis negligible. Everythingwe sayaboutradiationhydrodynamicsappliesequallywell
to neutrinosandphotons(apartfrom the Einsteinrelations,specificto bosons),but in almost
every areaof astrophysicsneutrinohydrodynamicsis ignored,simply becausethe systemsare
exceedinglytransparentto neutrinos,eventhoughtheenergy flux in neutrinosmaybesubstantial.

Anotherplacewherewe cando “radiationhydrodynamics”without usingany sophisticated
theoryis deepwithin starsor otherbodies,wherethematerialis soopaqueto the radiationthat
the meanfree pathof photonsis entirely negligible comparedwith the sizeof the system,the
distanceover which any fluid quantityvaries,andso on. In this casewe cansupposethat the
radiationis in equilibrium with the matterlocally, andits energy, pressureandmomentumcan
be lumpedin with thoseof the restof the fluid. That is, it is no morenecessaryto distinguish
photonsfrom atoms,nucleiandelectrons,thanit is to distinguishhydrogenatomsfrom helium
atoms,for instance.Thereareall just componentsof amixedfluid in thiscase.

So why do we have a specialsubjectcalled“radiation hydrodynamics”,whenphotonsare
justoneof themany kindsof particlesthatcompriseourfluid? Thereasonis thatphotonscouple
ratherweakly to the atoms,ions andelectrons,muchmoreweakly thanthoseparticlescouple
with eachother. Nor is thematter-radiationcouplingnegligible in many problems,sincethestar
or nebula may be millions of meanfree pathsin extent. Radiationhydrodynamicsexists asa
disciplineto treatthoseproblemsfor which theenergy andmomentumcouplingtermsbetween
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2 CHAPTER1. INTRODUCTION

matterand radiationare important,and for which, sincethe photonmeanfree path is neither
extremelylargenor extremelysmall comparedwith thesizeof thesystem,the radiationfield is
not veryeasyto calculate.

In the theoreticaldevelopmentof this subject,many of the relationsarepresentedin a form
that is describedasapproximate,andperhapsaccurateonly to orderof 	
� c. This makesthedis-
cussioncumbersome.Why arewe requiredto do this? It is becausewe areusingNewtonian
mechanicsto treatour fluid, yet its photoncomponentis intrinsically relativistic; the particles
travel at thespeedof light. Thereis a perfectlyconsistentrelativistic kinetic theory, anda corre-
spondingrelativistic theoryof fluid mechanics,which is perfectlysuitedto describingthephoton
gas.But it is cumbersometo usethis for thefluid in general,andwe preferto avoid it for cases
in which theflow velocity satisfies	�� c. Thepricewe payis to spendextra effort makingsure
thatthesource-sinktermsrelatingto our relativistic gascomponentareincludedin theequations
of motionin a form thatpreservesoverallconservationof energy andmomentum,somethingthat
would beautomaticif therelativistic equationswereusedthroughout.

Somegeneralreferenceson thesubjectof radiationhydrodynamicsarethese:


 The mostcomprehensive generalreferenceis Foundationsof RadiationHydrodynamics,
by Mihalas and Mihalas [189]. This provides all the neededbackgroundin statistical
physics,hydrodynamicsandradiativetransfer, aswell asathoroughdiscussionof thenon-
relativistic andrelativistic formulationsof radiationhydrodynamics,mostly in onespace
dimension.Theapplicationsincludeseveralof themoreimportanttopicsasof 1984.


 The book The Equationsof RadiationHydrodynamicsby Pomraning[206] reflectsthe
viewpoint of the neutrontransportcommunity, in that the O ��	�� c� effects are discussed
largelyin thefixedframe,andthedistinctionbetweenfixed-framediffusionandcomoving-
framediffusion is not madesufficiently clear. Considerablespaceis devotedto Compton
scatteringwith frequency redistribution, a smalleffect in astrophysics(exceptfor hardx-
rays)althoughtheanalogousproblemin neutrontransportis important.


 TheNATOworkshopAstrophysicalRadiationHydrodynamics, editedby Winkler andNor-
man[265], containsusefularticleson thefundamentaltheoryby Mihalas,advancedcom-
putationalmethodsin hydrodynamicsby NormanandWinkler andby Woodward,on par-
ticle methodsby Eastwoodandonfinite-elementmethodsby Griffiths.


 Physicsof Shock WavesandHigh-Temperature HydrodynamicPhenomenaby Zel’dovich
andRaizer[270] is oneof themostvaluablereferencesfor radiationhydrodynamicsin gen-
eral.Thetreatmentof radiationhereis simplified,but theinsightfulanalysisof complicated
shockphenomenais outstanding.


 StellarAtmosphereModeling, editedby Hubeny, MihalasandWerner[124], is themostre-
cent(in 2003)conferencedevotedto theadvancedmethodsin numericalradiationtransport
for astrophysics.


 A Guideto theLiterature on QuantitativeSpectroscopyin Astrophysicsby Mihalas[187]
is a comprehensivebibliographyon astrophysicalradiative transferandrelatedtopics,and
includesa 30-pagehistoricalreview of thefield.
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1.2 Outline

Thesucceedingchaptersof thebookstartwith anintroductionto gasdynamicsthatcoversthees-
sentialelements:Euler’sequations,theLagrangianequationsandtheimportanttopic for numer-
ical calculations:Arbitrary LagrangianEulerian(ALE). Thencomesviscosityandthe Navier-
Stokesequation,Bernoulli’sequation,andsomeof theimportanttopicslikesoundwaves,shocks
andtheself-similarTaylor-Sedov blastwave. Thefollowing chapteris a fairly up-to-datesurvey
of methodsfor numericalhydrodynamics,which is dividedinto Lagrangian,EulerianandALE,
with specialnoticefor methodssuchasGodunov’sandtheWeighted-Essentially-Non-Oscillatory
(WENO)methods.

Next we go on to threechapterson radiationand radiative transferat increasinglevels of
complexity: first thebasicdefinitionsof thingslike theintensity, angleandfrequency moments,
theideaof diffusion,andthefirst, morenaive view of how radiationaffectsthestateof thegas.
Thesecondradiationchapterdealswith thesimplemethodsfor steady-stateradiativetransfer, and
introducessomekey ideaslike Milne’s equationsandtheEddington-Barbierrelation. Thethird
radiationchapterin this groupintroducesthespecial-relativistic pictureof radiationtransportin
all its complexity, andthenattemptsto washaway thedrossandleaveasimpleenoughpictureof
thedynamicsof radiationandmatter, whenthematterdoesnotmove too fast( 	�� c), thatit can
beincorporatedinto practicalcalculations.

Oncewe arefully apprisedof thetrueway in which matteris coupledto radiationwe return
to someanalyticalexamplesof gasdynamicscouplednow with radiation,includingthemodifi-
cationsto wavemotiondueto energy andmomentumcoupling.

The following chapterdealswith the atomic detailsof the processesthat actually couple
radiationandmatter;thesearethe source-sinktermsthat appearin the conservation equations
for matterandradiationseparately. We cantalk about the quantummechanicsthat entersthe
calculationsof theseinteractions,but therealwork is donein computercodessuchasOPAL that
supplyradiativeprocessdatato hydrodynamicsimulations.

Next is a chapteron the mostdetailedmethodsfor calculatingthe transportof spectralline
radiationthrougha gas,whenthe radiative processesaredominantover the effectsof electron-
atomcollisionsto sucha degreethat the detailedquantumstateof the matteris alteredby this
radiationwhichis notrepresentativeof thelocal thermalequilibriumdistribution. Theis thetopic
thatis callednon-LTE,whereLTE wouldbethestateof LocalThermodynamicEquilibrium. The
non-LTE conditionis prevalentin many astrophysicalandlaboratoryplasmas.The chapterde-
scribesthegeneralfeaturesof non-LTE calculations,andthenexaminessomeinterestingdetails
of non-LTE line transportassociatedwith frequency redistributionor thelackof it.

The next chapterconcernsa subjectoften overlooked in treatmentsof radiative transfer,
namelythe effectsof refractionandpolarizationon the radiation. Polarizationis an important
aspectof themeasurementsof radiationfrom thesun,andit mayhave increasingimportancein
observationsof otherbodiesandin laboratoryexperimentsasthequality of thedataimproves.

The next-to-lastchapteris a survey of numericalmethodsof variouskinds that areapplied
to radiation,eitherby itself or coupledwith hydrodynamics.In a survey like this the namesof
themethods,somepointersinto theliterature,andsummariesof whatthey areaboutis thelimit
of whatcanbepresentedin thespaceavailable,but it hopedthat the readerwill beenticedinto
readingmoredeeply.

Thefinal chaptergivesa shortselectionof radiation-dominatedexamplesthateitherareim-
portantin themselvesor bringout someinterestingaspectsof thetheory.
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Chapter 2

A quick review of gasdynamics

Beforebeginninga discussionof thespecialeffectsbroughtaboutby theenergy andmomentum
of radiation,we review idealgasdynamicsasit existswithout thesesources.We will definethe
variableswe useandpresentthemainequationsthatwill bemodifiedlater.

A quite goodintroductionto fluid mechanicsis the volumeFluid Mechanicsin the Course
of TheoreticalPhysicsby LandauandLifshitz [156]. This doesnot spendmuch time on the
microscopicpictureof fluids, but is very strongon the physicalapplications.The approachis
entirelyanalytic.MihalasandMihalas[189] describekinetic theoryin somedetail,andthebasis
of viscosity, in additionto someof the basicresultsof gasdynamics.The chapterson viscous
effectsandrelativistic flowsarevaluable.

2.1 Ideal fluid description: � , p, u and e

A fluid is, asthe namesuggests,free to flow, which distinguishesit from an elasticsolid. The
solidcandeform,but asit doesstressesareproducedthatdependon thedisplacements.In afluid
thestressis primarily (i.e., apartfrom a smallcorrectiondueto viscosity)an isotropicpressure,
andthisdependsonthelocal temperatureanddensityof thematter, andis independentof how far
a parcelmayhave movedfrom its startingpoint. Sodensityis theparameterthatexpresseshow
thekinematicswill changethestateof thematter. Thedensityevolvesasthefluid moves,andthe
volumeoccupiedby a parcelof materialchanges.Themotionis describedby thefluid velocity,
u. This is a vectorwhich is equalto themass-weightedaverageof theindividual velocitiesof all
theparticlescontainedin amicroscopiccell surroundingthepoint in question.A coarse-graining
assumptionis appliedin thefluid picture.Theassumptionis madethata cell sizecanbechosen
that is infinitesimalcomparedwith the scaleof the fluid region, yet so large that the statistical
uncertaintyof averagesover the atomsin the cell is negligible. Furthermore,we assumethat,
if the cell is carriedalongwith the fluid velocity, it hasjust the sameatomsin it at the endof
sometime of interestasit hasat thestart. In otherwords,eventhoughthe individual atomsare
flying aroundwith velocitiesthatmaybelargecomparedwith themean—thefluid velocity—the
amountof net progressan atommakesis negligible comparedwith the cell size. Clearly, this
requiresthat the meanfree pathbetweenatomcollisions is negligible comparedwith the cell
size.Bothbecauseof theatomstatisticsandbecausethemeanfreepathvariesinverselywith the
density, thefluid approximationis valid athighdensitiesandbreaksdown at low density. It fails,

5
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for example,in high-vacuumlaboratoryexperimentsandin theouterpartsof thesolarwind.
The ideal fluid we have beendescribingis characterizedby its massdensity � , its pressure

p, which givesthemomentumflux of theparticlesacrossany infinitesimalelementof area,and
by the internalenergy per unit mass,e. This includesthe kinetic energiesof all the particles,
but, sincekinetic energy maybestoredtemporarilyin atomicexcitation,theexcitationenergy is
includedaswell, to makeaconservedquantity. Density, pressureandinternalenergy arethreeof
thethermodynamicfunctions.For asystemwith afixedmasssuchasthecell weareconsidering,
only two of theseareindependent,for exampledensityandinternalenergy. Thepressurecanbe
calculatedfrom theothertwo usingtheknown equationof stateof thematerial,andall theother
thermodynamicfunctionssuchastemperature,entropy, Helmholtz free energy, etc., canbe as
well.

2.2 Euler’ s equations

Themassof all theparticlesin acell is thusoneconservedquantity. A secondconservedquantity
is the total momentumof the particlesin the cell. This is conserved in the sensethat its rate
of changeequalsthe net gain in momentumdueto particlesenteringor leaving acrossthe cell
boundary, plusany bodyforcethatmayexist suchasgravity. Thefirst of thesetermsis thesurface
integralof thepressureovertheboundary. Thethird conservationlaw is for theinternalenergy in
thecell. This is expressedby thefirst law of thermodynamics,which saysthat thechangein the
internalenergy is thenegative of thepressuretimestherateof volumeincreaseof thecell, plus
therateof any additionof heatto thecell by externalagents.By applyinga little calculusto the
conservationlaws, they canbeexpressedasdifferentialequations,Euler’sequationsfor anideal
fluid.

Themathematicalform of theconservationlawsdiffersdependingonwhetherthetimederiva-
tive is takenat a fixedpoint in inertial space(Eulerianpicture)or following alongwith a given
parcelof fluid (Lagrangianpicture).Themanipulationis somewhateasierwith theEulerianform,
but thenthe expressionof a conservation law must includetermsfor the flux of the conserved
quantityacrossa fixedcell boundary. For conservationof mass,conservationsaysthat the rate
of changeof themassin a space-fixedvolume,V , is just thenegativeof theintegral of themass
flux, � u, over thesurfaceSof V , i.e.,

d

dt V
� dV ���

S
� u � dA � (2.1)

By makinguseof the divergencetheorem,and requiring the relation to be true for every cell
volume,we find thefirst Eulerequation�

��
t
����� ��� u��� 0 � (2.2)

Themomentumconservationlaw follows in a similar way. Two additionsareneeded,however.
Thesurfaceintegralcontainsnot only theflux of momentum,����� u� u � dA, beingcarriedacross
the boundary, but alsothe momentumflux associatedwith pressure,� pdA. Also, if thereis a
body force, it givesa momentumsourcerate F perunit volume. Theresultis thesecondEuler
equation �

� u�
t

����� ��� uu� ���
p � F � (2.3)
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Thedivergencein thesecondtermon theleft-handsideneedsacomment.This is thedivergence
of a tensorandtheresultis a vector. Thetensorhastwo indices,onefrom eachfactoru, andthe
divergenceis takenby assigningfirst 1 to thesecondindex, andforming theordinarydivergence
of � uu1, thenrepeatingfor index 2 andindex 3, thusobtainingthethreecomponentsof theresult.

The derivation of Euler’s energy conservation law from the first law of thermodynamicsis
moreroundabout.We have to begin with the notion of the time derivative taken following the
motionof thefluid, theLagrangiantime derivative D � Dt , which is givenby D f � Dt �

�
f �
�
t
�

u � � f for any function f . Secondly, we recognizethat thevolumeoccupiedby a unit massof
materialis 1��� . Thetimerateof changeof thevolumeof thisfixedparcelof massis D � 1� �!�"� Dt .
According to the first law of thermodynamics,the Lagrangianrate of changeof the specific
internalenergy, plustherateof doingwork by thepressureperunit mass,equalstherateperunit
massat which heatis beingdepositedfrom externalsources,q. Thusthe Lagrangianinternal
energy equationis

De

Dt
�

p
D � 1� �!�

Dt
� q (2.4)

or �
e�
t
�

u � � e
�

p

�
1� ��

t
�

pu � � � 1� �!�#� q � (2.5)

In order to make this look more like an Eulerianconservation law we make useof this handy
identity for any function f :

� D f

Dt
�

�
� f�
t

�$��� ��� u f �&% (2.6)

which is easilyprovedby expandingthederivativesof theproductsandusingtheEulerianmass
conservationequation,(2.2). Whenthis identity is appliedto equation(2.4)multipliedby � , this
form of theinternalenergy conservationlaw results:�

� e�
t

����� ��� ue� � p
���

u ��� q � (2.7)

This is still notanexpressionof “energy conservation” becauseof thepressurework term, p
���

u.
In orderto eliminatethat,wefirst makeamechanicalenergy conservationlaw by formingthedot
productof thevelocitywith themomentumconservationequation,(2.3),andmakinguseof mass
conservationagain.Theresultis��

t
� 1
2
� u2 � ����� � 1

2
� uu2 � � u � � p � u � F � (2.8)

Thesumof the internalenergy equation,(2.7), andthemechanicalenergy equation(2.8) is
thetotalenergy equation��

t
��� e

� 1

2
� u2 � ����� ��� ue

� 1

2
� uu2 �

pu �'��� q
�

u � F � (2.9)

Thisis theform usuallyconsideredasthethird Eulerequation.Theconservedquantityis thesum
of internalandkinetic energy, andits flux hasa part from advectionwith the fluid andanother
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part dueto the pressure.The effect of this pressureterm is the sameasreplacingthe internal
energy flux by theflux of enthalpy, h � e

�
p� � .

ThewaythatthethreeEulerequationsareusedto solveahydrodynamicinitial valueproblem
is conceptuallysomethinglikethefollowing. Thecurrentvaluesof thethreeconservedquantities,� , � u and � e

�
1� 2� u2, aresolvedfor � , u ande. Given � ande, theequationof statesupplies

thepressurep. Theseareall thevariablesneededto determinethefluxesin thethreeconservation
laws,andthesourceterms,if any. Fromthesevaluesthethreetimederivativesarecalculated,and
theconservedquantitiescanbeadvancedto thenext time step.Refinedcalculationsmaydiffer
from this schemein detail,but theconceptis thesame.

2.3 Lagrangian equations

If we imaginethat at an initial time we draw a spatialmeshon the materialthat makesup our
problem,andthatsubsequentlythismeshis draggedalongwith thematerialasit moves,thenwe
have theLagrangianpicture. Theappropriatetime derivative,at a fixedpoint in theLagrangian
mesh,is D � Dt , whichweusedabove.Whenspatialderivativesarerequiredin theequationsthey
arewith respectto ordinaryfixed coordinates,andthey have to be calculatedfirst with respect
to thedragged-alongLagrangianmesh,thentransformedusingthechainrule to thefixed-space
variables. When the flow is highly rotational,not to mentionturbulent, the Lagrangianmesh
is increasinglydistortedastime goesby, andeventuallythis transformationintroducessomuch
error that theLagrangianmeshcanno longerbeused.Thusin rotationalproblems(in thesense�)(

u *� 0) Lagrangiancoordinatesare limited-life components.In somecases,for example
sphericalsymmetry, thisproblemneverarises,andtheLagrangianmeshcanbeusedindefinitely.

The main equationsof the Lagrangianmethodhave beenmentionedalready. Massconser-
vation deservesspecialmention. Becausethe meshfollows the material,conservationof mass
is guaranteed.What is needed,however, is theformula to computethedensityfrom thecurrent
mappingfrom Lagrangianspaceto fixedspace.If wecall ourLagrangiancoordinates+ , , , - , and
theEuleriancoordinatesx,y andz, thenthetruevolumeof a cell correspondingto a Lagrangian
volumed + d , d - is dV � d + d , d -

�
� x % y % z�"�

�
��+.%/,0%/-1� . The last factor is the Jacobianof the

mapping. Sincethe massof the cell is constant,the densityvariesexactly asthe reciprocalof
theJacobian.It is not hardto show thatthelogarithmictimederivativeof theJacobianis exactly���

u, asexpectedfrom D�!� Dt
� � ���

u � 0, anotherform of (2.2). TheLagrangianmomentum
equationis foundby applyingthe identity (2.6) in reverseto theEulerianmomentumequation,
(2.3) to give

Du
Dt

� 1� �
p � F� � (2.10)

In practicalcalculationsthetotal force is foundby combiningthespecifiedvolumeforce F and
thepressuregradientterm,of which thelatter is obtainedusingthechainrule for differentiation
asmentionedabove. Then the total force, convertedto an acceleration,is usedto updatethe
velocity of the Lagrangianmesh.The velocity is usedto move the meshto its positionfor the
next time step. After themeshis moved,the Jacobianof the mappingcanbe recalculated,and
with it thedensitiesof all theLagrangiancells.

Theenergy updateis donewith theLagrangianinternalenergy equation(2.4),whichwehave
discussedalready. The pdV term canbe evaluatedsincethe changein densityis now known,



2.4. MOVING MESH— ARBITRARY LAGRANGIAN EULERIAN 9

andthe result is a new internalenergy for every cell. This is enoughinformationto enablethe
new pressuresto beevaluated,andthecalculationcanproceedto thenext timestep.

2.4 Moving mesh— Arbitrary Lagrangian Eulerian

Thereare complementaryadvantagesof the Eulerianand Lagrangianpictures: The Eulerian
picturehasthe advantageof a regular mesh— often Cartesian— which makesit possibleto
constructrelatively sophisticatedfinite-differenceor finite-elementnumericalrepresentationsof
the Eulerequations.The truncationtermscanbe bounded,andadjustmentsto the time stepor
to themeshcanbemadeif theestimatederror is too great.A disadvantageis that theadvection
termsin theequations(termslike u � � � ), absentin theLagrangianpicture,arehardto represent
accurately, andEulerianmethodsin the pastoften producedunacceptablesmearingof contact
discontinuities,interfacescarriedalongwith thefluid thatseparatetwo differentmaterials,or re-
gionsof differententropy andtemperatureor transversecomponentof velocity. In theLagrangian
picturecontactdiscontinuitiesarenot a problem,sincethemeshfollows thematter. Theserious
problemis that the meshgetsprogressively distortedasthecalculationproceeds,andthe accu-
racy of differencingin thedistortedmeshis of a lower order. Eventuallythedistortionresultsin
zonesbeingturnedinsideoutor otherwisegrosslydisturbed,andthecalculationsimplystops.At
this point,a new meshhasto becreatedby hand,andall thefluid variablesmustbeinterpolated
from theold, distortedmeshto thenew one.This interpolationis by no meansveryaccurate,not
leastsincetheoperationis notapplieduntil themeshdistortionis alreadysevere.Theaccuracy in
following contactdiscontinuitiesnormallypossessedby theLagrangianmethodmayall be lost
in theinterpolationprocess.

Moderntechniqueshave improvedbothLagrangianandEulerianmethods.Advancesin nu-
mericalalgorithmshaveproducedtreatmentsof theadvectionproblemthatallow sharpdefinition
of contactdiscontinuitiesevenasthey propagateacrossmany cellsof theEulerianmesh,with the
resultthatadvectionis no longertheAchilles heelof Eulerianmethods.Sophisticatedrezoning
techniquesthatareappliedautomaticallywithin thecodeenableLagrangiancodesto keeprun-
ninglongafterthey wouldformerlyhavecrashed.A generalformulationthatamountsto applying
a rezoningoperationevery time stepis calledArbitrary LagrangianEulerian,or ALE. The idea
is thatthecomputationalmeshmoveswith respectto fixedspacewith avelocityvg, a functionof
spaceandtime that is whatever thehydrodynamicscode,thoughanadaptive procedure,decides
to make it. If vg werezero,the methodwould be Eulerian;if vg werethe fluid velocity u, the
methodwould beLagrangian.Sincevg is arbitrary, we have thenameof themethod.TheALE
equationsarefoundby replacingtheEuleriantime derivative

�
�
�
t with �

�
�
�
t � g � vg � � , where�

�
�
�
t � g is the time derivative at a fixed point in the mesh. The result is a setof Eulerian-like
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equationsincludingextra termsinvolving vg:�
��
t g

����� ���2� u � vg�"�#�3�2� ���
vg (2.11)�

� u�
t g

����� ���2� u � vg� u� ���
p � F �4� u

���
vg (2.12)��

t g
��� e

� 1

2
� u2 � ����� ���2� u � vg��� e �

1� 2u2� � pu�#�
� q

�
u � F �4�2� 1

2
u2 �

e� ���
vg � (2.13)

We seethat the advectionfluxes, insteadof beingproportionalto the massflux � u, as in the
Eulerianmethod,areproportionalto theflux �5� u � vg � thatcrossesthemoving zoneboundary.
Theresidualtermsin

���
vg aredueto thechangingvolumesof theALE zones.

We canmake a usefultransformationof theseequationsby introducingthe definition J ��
� x % y % z�"�

�
��+.%/,0%/-1� for theJacobianof themappingfrom ALE coordinatesto Cartesiancoordi-

nates.The volumeof an ALE zonevarieswith time in proportionto the local valueof J. The
product� J is proportionalto thezonemass.Theidentity relatingJ andvg is

1

J

�
J�
t g

� ���
vg � (2.14)

By introducingJ asa factorin thetime derivativesin (2.11–2.13)the
���

vg termsareabsorbed,
which givestheALE equations

1

J

�
� J�
t g

����� ���5� u � vg �"�#� 0 (2.15)

1

J

�
� Ju�

t g

����� ���5� u � vg� u� ���
p � F (2.16)

1

J

��
t g

� J e
� 1

2
u2 � ����� �5� u � vg �&� e � 1

2
u2 � � pu �

� q
�

u � F � (2.17)

Thereis agreatdealof freedomin choosingvg, andALE codesincludesophisticatedroutines
for makinganoptimumchoicein which thegoalsof following thematerialandkeepingthemesh
regular andorthogonal,if possible,arebalanced.The algorithmsfor doing this vary with the
ALE code.

Thenumericalmethodsusedto solvethissetof equationsaremuchlikethosefor theEulerian
method,which aretoo variedto discusshere.A strategy oftenusedfor bothEulerianandALE
codesis to breakthetimestepinto two parts:afirstpartin whichtheadvectionfluxesaredropped,
that is, a pure Lagrangianstep,followed by a remapprocessthat accountsfor the amountof
advectionduringthetime step.

2.5 Transport terms: viscosityand heatconduction

So far we have consideredideal fluids for which we cancompletelyignorethe possibility that
individual atomsmaymigratefrom a fixedpositionwith respectto themeanfluid. In reality, of



2.5. TRANSPORT TERMS:VISCOSITYAND HEAT CONDUCTION 11

course,the atomstravel a non-zerodistancebetweencollisions,andso the atomsthatpopulate
any smallparcelof fluid hadtheir lastcollisionssomefinite distanceaway, in variousrandomdi-
rections.Thismeansthatthelocalvelocitydistributionfunctionmaynotbeexactly isotropic,but
will includefluctuationsrelatedto thegradientsof temperatureandfluid velocity. For example,if
thefluid velocitycomponentuy is increasingin thex direction,anatomthatarrivesin theparcel
traveling generallyin the

�
x directionwill have a uy valuethat is biasednegatively compared

with the averagevaluein the parcel. The amountof bias is of the orderof the meanfree path
timesthex-gradientof uy. Alternatively, if the temperatureis increasingin thex direction,that
atomthatarrivesin theparceltraveling generallytoward

�
x will have a small negative biasin

its kinetic energy. Whenthesebiasesareevaluatedusinganaccuratekinetic theorymodel,what
resultarecorrections(viscousstress)to theidealpressureandanon-zeroheatflux.

The viscousstressand the conductive heatflux areexpressedin termsof coefficients that
areeitherempirical constantsor derived from kinetic theory. For terrestrialgasesand liquids
thevaluesaretabulatedin handbooks;for plasmasandfor conditionsvery differentfrom those
realizableon earth,theoreticalvaluesmustbe used.Viscosityresultsin the replacementof the
isotropicpressurewith astresstensor:

p6 i j 7 Pi j � p6 i j �48 i j % (2.18)

in componentnotation(i and j arefree indicesrunningfrom 1 to 3), and 6 i j is the Kronecker
delta,1 if i � j and0 otherwise.Theviscousstress8 i j is determinedby therate-of-straintensor
accordingto

8 i j ��9�� ui : j � u j : i � 2� 3uk: k 6 i j � � - uk: k 6 i j � (2.19)

(In tensorcomponentequationslike this a subscriptfollowing a commaindicatesdifferentiation
by thecoordinatewith that index, anda repeatedindex, suchask in this case,is to besummed
over.) The coefficient 9 is the (ordinary) coefficient of viscosity, and - is the coefficient of
bulk viscosity. The inclusionof the - term often causesa lengthydiscussion,sincethereare
somegoodreasonsfor thinking it shouldbezero,andthe kinetic theorymodelsgenerallygive
a zerovalue. Experimentalmeasurementsof the bulk viscosityareelusive, becauseits effect
vanishesin anincompressibleflow whereuk: k � ���

u � 0, andcompressibleflowsaregenerally
high-velocity flows, for which the Reynoldsnumberis large andviscouseffectsare therefore
unimportant.Theorderof magnitudeof 9 is � timesthemeanthermalspeedof anatomtimes
the atomicmeanfree path. Becausethe meanfree pathis proportionalto the reciprocalof the
atomiccrosssectiontimes the numberdensityof atoms,the densityfactorscancelout in the
coefficientof viscosity, which shouldthereforebenearlyindependentof density, thoughvarying
somewhatwith temperature.

Including the viscousstressin Euler’s momentumconservation equationleadsto the first
form of theNavier-Stokesequation:�

� u�
t

����� ��� uu� ���
p � (2.20)

F
����� ��9�� � u

� � � u� T �"� ��� �"��-;� 2� 39<� ���
u�&� (2.21)

Thenotationfor thetensorcomponentsthat is usedhereis that if i is therow index and j is the
columnindex, so that thedivergenceoperationinvolvessummingon i , thenthecomponentsof�

u areui : j andthoseof its transpose,
�

uT , areu j : i .
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As mentionedabove, theviscositycoefficientsarenot too stronglydependenton thestateof
thematerial.If thisdependenceis neglected,thenthecoefficientscanbetakenoutsidethespatial
derivativesto give thesecondform of theNavier-Stokesequation�

� u�
t

����� ��� uu� ���
p � F

� 9>= 2u
� ��- �

1� 39<� �0���
u % (2.22)

andsincewearefrequentlyinterestedin viscouseffectswhentheflow is incompressible(
���

u �
0), we havethethird form �

� u�
t

����� ��� uu� �$�
p � F

� 9<= 2u � (2.23)

As for viscouseffectson theothertwo conservationequations:For massconservationthere
arenone,sincethefluid velocity is definedasthemeanmassflux dividedby thedensity. Thevis-
coustermin theenergy equationwill beconsideredafterheatconductionis discussed.Thermal
conductionis verysimple;Fourier’s law is

Fheat �?� K
�

T � (2.24)

The thermalconductivity K is tabulatedin handbooksfor terrestrialmaterials,and estimated
theoreticallyusingmethodsof kinetic theoryor condensedmattertheoryfor others.Themagni-
tudeof K is approximatelythemassdensitytimesthespecificheatat constantvolumetimesthe
atomicmeanfreepath. So for gases,the thermalconductivity andviscosityarecloselyrelated.
Anticipatingsomeof thelaterdiscussion,we notethat theratio of thediffusivity of momentum,9<��� , to thediffusivity of heat,K ����� Cp � , definesthePrandtlnumber,andthat for a hard-sphere
monatomicgasit hasthevalue2/3. Theeffectof heatconductionontheenergyequationis to add
a volumeenergy source� ���

Fheatto theright-handside. Theeffect of viscosityon theenergy
equationcomesbecausetherateof doingwork by theviscousstresssubtractsfrom the internal
energy. Theterm p

���
u in (2.7) is modifiedby subtracting@A�B8 i j ui : j , wherea sumover i and

j is implied. This quantity @ is calledthedissipationfunction,andcanbewrittenas

@C� 1� 29�� ui : j � u j : i �&� ui : j � u j : i � � ��-D� 2� 39>�&� ���
u� 2 � (2.25)

Thedissipationfunction is never negative. The 9 part is non-negative,andvanishesif andonly
if the strainrateis isotropic, i.e., uniform dilation. The - part is alsonon-negative (for -FE 0)
andvanishesif andonly if thebulk expansion

���
u vanishes.Theinternalenergy equation(2.7)

is thereforemodifiedto� � e�
t

����� ��� ue� � p
���

u �G� q
� @ ����� � K �

T �&� (2.26)

The left-handsidecanalsobe written �2� De� Dt
�

pD � 1� �!�"� Dt � , which is equalto � Ds� Dt ,
wheres is thespecificentropy. Fromthis we seethat theviscousdissipationfunction @ always
actsto increasethe entropy. With the inclusionof bothviscosityandheatconduction,the total
energy conservationequationbecomes��

t
��� e

� 1

2
� u2 � �$��� � ue

� 1

2
� uu2 �

pu

�29H� u � � u
��� � 1

2
u2�"�>�I��-;� 2� 39<�&� ���

u� u � K
�

T

��� q
�

u � F % (2.27)
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wherenow q refersto heatdepositionotherthanfrom thermalconduction,andF continuesto be
theexternallyappliedforceperunit volume.

2.6 Bernoulli’ s equationand applications

A coupleof simplemanipulationsof Euler’s equationsgive resultsthat arevery useful for ap-
plications.Thefirst is Bernoulli’s equation.We begin by observingthis identity for thevelocity
gradienttermin theaccelerationequation:

u � � u � � 1

2
u2 � u

(2�)(
u � (2.28)

Furthermore,supposethat theexternalforce F is a bodyforcederivedfrom a potential,V , viz.,
F �3�2� � V . Thentheaccelerationequationbecomes�

u�
t
��� � 1

2
u2 �J� u

(5�)(
u
� 1� �

p
���

V � 0 � (2.29)

In the caseof steadyflow, whenall the variablesaretime-independent,we candrop the

�
u �

�
t

term,thenform thedotproductof thisequationwith u, andobtain

u � � � 1
2

u2 � dp� �
V �#� 0 % (2.30)

which saysthat thequantityin parentheseshasa constantvalueon any givenstreamline. This
is the weakform of Bernoulli’s law. It is usefulif thereis a functionalrelationbetweenp and� (barotropiclaw) suchasis providedin adiabaticflow or isothermalflow. In theadiabaticcase
the integral dp��� becomesthe enthalpy andin the isothermalcaseit becomesthe Gibbsfree
energy, for example.

A strongerform of Bernoulli’s law resultsfor irrotational flows, i.e., flows for which the
vorticity,

�K(
u, vanishes.As we know from electrostatics,when

�)(
u vanishesglobally u can

bederivedfrom apotential,u � �1L
. Making this replacementanddroppingthevorticity termin

(2.29)leadsto

� �
� L�

t
� 1

2
u2 � dp� �

V �#� 0 % (2.31)

whichsaysthatthequantityin parenthesesis constantin all space,thoughit mayvarywith time.
If theflow is bothsteadyandirrotational,the

� L �
�
t termmaybedropped,which thensaysthat

thesameBernoulli constantasin the weakform is in factuniform over all space,not just on a
streamline.

Potentialflow is thenamefor flowsthatarebothirrotationalandincompressible.By virtueof
thefirst assumptionwecanwrite u � �1L

; by virtueof thesecondwecanrequire
���

u � 0, sothe
velocity potential

L
mustsatisfyLaplace’s equation= 2 L � 0. Theproblemis virtually solved

at that point, sincewe canusethe methodsof potentialtheory, boundary-valueproblemsand
the like, to find thesolutionfor

L
. Thepressureneednot evenbeconsideredin this procedure,

dependingon theboundaryconditions.As a laststep,Bernoulli’s equationin its strongform is
usedto find thepressure.Incompressibleflow is alwaysbarotropicsince dp� �K� p� � when �
is uniformandconstant.
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As mentionedabove, the vorticity is definedby MN� �K(
u. A helpful equationfor under-

standingvorticity is foundby takingthecurl of theEulerianaccelerationequation(2.29)�
M�
t
� �)( � u ( MJ�>� � � (2�

p� 2 � �K( F� � (2.32)

This is aninterestingequation,sinceit saysthatvorticity cannotbeproducedin abarotropicflow
that hasan externalbody force derived from a potential,if any. This is becausethe barotropic
relation p � f ���!� impliesthat

�
p is parallelto

� � , andthereforethecrossproductterm,called
thebaroclinicterm,vanishes.Theintegral O of thevorticity overasurfaceSboundedby acurve
C is calledthecirculationaroundC, sinceby Stokes’ theorem,

OP�
S
MQ� dA �

C
u � dl � (2.33)

It is a calculusexerciseto show thattheequation�
M�
t
� �K( � u ( MJ� (2.34)

obtainedby droppingthebaroclinicterm andthe externalforce term implies that O is constant
in time for any curve C that is carriedalongby thefluid. In this sense,vorticity is a conserved
quantityin theabsenceof thegenerationterms.

Vorticity is alsothebasisof numericalmethodsfor incompressiblehydrodynamics.Usingthe
analogyu is to M asmagneticinductionB is to currentdensityJ, appropriatefor theincompress-
ible case,u canbereconstitutedfrom M . Thuswe canregard M asthebasicunknown andderive
u from it, thenusethe vorticity equationto updatethe vorticity, i.e., move the vortices. Vortex
dynamicsis thenamefor themethodthatusesthisapproachwith afinite setof line vortices.This
approachis outstandinglysuccessfulin modelingJupiter’sGreatRedSpot,to pick oneexample.
(SeeMarcus[178].)

Evenin a flow thathasquitea high Reynoldsnumber, andfor which, therefore,theviscous
effectsshouldbequitesmall,theremaybeviscousboundarylayers,sincetheflow solutionin the
interiorof theproblem,which is essentiallyinviscid,maynotobey thetrueboundaryconditions.
An exampleis flow over a surface,wherethe flow velocity mustbe zeroat the surface,but is
somefinite valuea moderatedistanceaway. In this casea rapid transitionoccursin a layernext
to the surfaceto join the interior solutionto the requiredboundarycondition. The thicknessof
thetransitionlayeris proportionalto thesmallviscosity, sinceonly by having alargegradientcan
thesmall viscositytermhave a macroscopiceffect. Theseboundarylayerscanactasproducers
of vorticity, which thenis transportedinto thebulk downstreamflow.

Depositionof heatis anothermechanismby which vorticity canbegenerated.Theaddition
of heatcaneasilyhave a spatialdependencethat resultsin thepressureno longerbeingstrictly
a functionof thedensity. Oncethis occursthereis baroclinicvorticity production.As we shall
see,thesameis trueof shockwaves.A shockwavethatis notuniformin thetransversedirection
resultsin anentropy increasethathasa transversegradient,andthereforea non-zerobaroclinic
term.

As anexampleof theuseof themethodof potentialflow andthestrongform of Bernoulli’s
law, weconsiderthecaseof two superposedincompressiblefluids,possiblyof differentdensities,
which may alsobe in relative horizontalmotion,andacteduponby vertical gravity. Whenthe
fluid interfaceis perturbedslightly, theremay be surfacewavesthat areproduced,or possibly
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instabilities.Thewavesaredeep-waterwaves,andtheinstabilitiesareRayleigh-Tayloror Kelvin-
Helmholtz,dependingon thesetup.

Theunperturbedstateis of density� 1 for z E 0 anddensity � 2 for z R 0, anda velocity in
thex-directionof U1 for z E 0 andU2 for z R 0. Theperturbedsurfaceis displacedby a small
amountzs in the z direction,which we take to be - exp � i kh � r � i S t � . Thevectorkh hasonly
x andy components,andwe arelooking for thedispersionrelationthatgives S in termsof kh.
A real S meanssurfacewaves;a complex S with a positive imaginarypart meansan unstable
interface.

In the unperturbedstate,the pressureis uniform acrossthe planez � 0, andhasthe same
valueon eithersideof theinterface.We will take this asthezeroof pressure.Whenthesurface
is perturbed,a flow exists in bothz E 0 andz R 0, but we expecttheflow in eachregion to be
irrotational. If U1 andU2 aredifferent,thereis a vortex sheetat z � 0 in theunperturbedstate,
andwe will seethat even whenU1 andU2 areequal,vorticity may develop on the perturbed
interface. So the solutionwe are looking for is a potentialflow in eachregion, for which we
thenrequirematchingon the interface.Thequantitiesthathave to matchat theinterfacearethe
normalcomponentof velocityandthepressure.

We let
L

1 and
L

2 be thevelocity potentialsin the respective regions. Eachof thesesatisfies
Laplace’s equation.Sincewe have chosenthe interfaceperturbationto have thehorizontalvari-
ationexp � i kh � r � , theappropriateharmonicfunctionsareexp ��T khz

�
i kh � r � , wherekh is the

vectormagnitudeof kh. Sincethefluctuationsshouldvanishfar from the interface,we choose
the � signfor z E 0 andthe

�
signfor z R 0. To theseareaddedthepotentialscorrespondingto

theunperturbeduniformflows,U1x or U2x. Thusweput

L � U1x
�IU

1 exp �"� khz
�

i kh � r � i S t ��� L
1 z E 0

U2x
�IU

2 exp � khz
�

i kh � r � i S t �#� L
2 z R 0 � (2.35)

The normalvelocity matchingproceedsasfollows. The directionof the surfacenormal is the
vector

� i kx - exp � i kh � r � i S t � ex � i ky - exp � i kh � r � i S t � ey
�

ez � (2.36)

Thevectorsex, ey andez areunit vectorsin thethreecoordinatedirections.Thecomponentalong
thenormalof thevelocityof theinterfaceis just

�
zs �

�
t to first order, or,

� i SJ- exp � i kh � r � i S t �&� (2.37)

Thefluid velocity in region1 at theinterfaceis

� U1
�

i kx
U

1 exp � i kh � r � i S t �"� ex
�

i ky
U

1 exp � i kh � r � i S t � ey �
kh
U

1 exp � i kh � r � i S t � ez � (2.38)

Takingthecomponentof this alongthenormalvectorgivesa part from U1 dueto thetilt of the
surfacein additionto theverticalcomponentof thefluid velocity, i.e.,

� i kx - exp � i kh � r � i S t � U1 � kh
U

1 exp � i kh � r � i S t �&� (2.39)

Matchingthis to thevelocityof theinterfacegives

� i SJ-V��� kh
U

1 � i kxU1 -W� (2.40)
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Repeatingtheargumentfor region2 gives

� i SJ-V� kh
U

2 � i kxU2 -W� (2.41)

Next we have to evaluatethepressureapproachingthe interfacefrom eachof the two sides,
andmatchthem. In eachregion the pressurefollows from the strongform of Bernoulli’s law,
which gives

p �3�2�2� gz
�

� L�
t
� 1

2
u2 � 1

2
U2X � (2.42)

in eachregion separately. HereUX is U1 or U2, asappropriate.This additive constanthasbeen
chosento ensurethat p matchesthe unperturbedvalue �2� gz far from the interface. We put in
expression(2.35)for

L
andu � �1L

, andexpand,droppingthesecondorderterms.Thensetting
z � 0 we gettheupper-sideandlower-sideinterfacepressures:

p � 0� �Y� �2� 1 � g-D� i S U 1
�

U1i kx
U

1 � exp � i kh � r � i S t ��% (2.43)

p � 0 �2�Y� �2� 2 � g-D� i S U 2
�

U2i kx
U

2 � exp � i kh � r � i S t ��� (2.44)

Wenext equatethesetwo expressionsto eachother, andsubstitutefor
U

1 and
U

2 from (2.40)and
(2.41).Cancelingthefactorzetaandtheexponentialthengivesthedispersionrelation

��� 2 �4� 1 � g �4� 1
��SQ� kxU1� 2

kh
�Z� 2

��S[� kxU2 � 2
kh

� 0 � (2.45)

Whenthis is arrangedasa quadraticequationin S , it becomes

��� 1
� � 2 �"S 2 � 2kx ��� 1U1

� � 2U2�"S �
k2

x ��� 1U2
1
� � 2U2

2 �J�\��� 2 �]� 1 � khg � 0 � (2.46)

Solvingit, we get

S^� kx
� 1U1

� � 2U2� 1
� � 2

T � 2 �4� 1� 1
� � 2

khg � k2
x
� 1 � 2 � U1 � U2 � 2��� 1

� � 2 � 2 � (2.47)

This is the main result. We can directly apply it to threedifferent problems: The first is
deepwaterwaves,for which � 1 is negligible (sinceregion1 is air) andU1 andU2 arebothzero.
The dispersionrelationgivesreal frequenciesS3�_T�` khg. Thesearedispersive waves,and
the phasevelocity Vp �_S>� kh � ` g� kh increaseswith the wavelength. The groupvelocity
d S>� dkh � 1� 2̀ g� kh is half thephasevelocity. Sofor a wave packet of waterwaves,thewave
crestsappearat therearof thepacket,ride up over thetop,anddisappearat thefront.

ThesecondcaseisRayleigh-Taylorinstability,for which � 1 E[� 2 andU1 � U2 � 0. Theval-
ues of S are imaginary, and in particular one root is S �
i ` ��� 1 �Z� 2 � khg����� 1

� � 2� . This root leadsto exponentialgrowth in time with a growth rate
given by the squareroot factor. We seethat the rate dependson the Atwood number ab���� 1 �I� 2 �"����� 1

� � 2 � , which is a positive numberlessthan 1. The growth rate dependsonly
on thevectormagnitudeof kh, soany planformzh thatsatisfies��= 2

h
�

k2
h � zh � 0, whetherrolls,

checkerboardor Besselfunction,will leadto thesamegrowth rate.
The third caseis the Kelvin-Helmholtzinstability, with � 1 �c� 2 andU1 *� U2. The roots

areimaginary, andthegrowth rateis � 1� 2� kx d�e U d . The analysishere,it mustbe remembered,
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hasneglectedviscosityandsurfacetension,amongotherthings. Thesedissipative effectswill
stabilizetheinstabilitiesif thewavenumbersarehigh,for this increasestheir relative importance.

A final remarkconcernsthevorticity in theRayleigh-Taylorproblem.All thevorticity lies in
theinterfaceitself; it is avortex sheet.But at theinitial timetheamountof vorticity is negligible.
As the instability grows, however, a sheardevelopsacrossthe interfacesince

U
1 and

U
2 have

oppositesigns,aswe seefrom (2.40) and (2.41). So we have zonesof positive andnegative
vorticity in the interfacethat exponentiatein magnitudewith time, along with the sizeof the
interfaceperturbation.Thetotal vorticity may remainnearlyzero,but thepositive andnegative
accumulationsbothincrease.Eventuallythisshearhelpsamplify theinstability, asin theKelvin-
Helmholtzcase.Thisexamplehelpsillustratethepoint thatvorticity canbecreatedin aproblem
throughtheactionof discontinuitiesor theboundaries.

2.7 Soundwaves

We will illustratehow to derive linear wavesfrom the Euler equations.As additionalphysical
processesareaddedto theequations,thecharacterof thewaveschanges,andperhapsnew wave
modesappear;exploring theseis a way of gaininginsight into the consequencesof thosenew
processes.A systematicpresentationof the interactionof waveswith radiationis containedin
Chapter8 of MihalasandMihalas[189].

For thesimplestpossiblewaves,supposewehaveabasestateconsistingof auniformmedium
at rest, andwe supposethat this stateis perturbedby small amountsin density, velocity and
pressure,andsupposefurther thata barotropicrelation p f��!g describesthevariations.Let �!h
and ph bethefluctuationsin densityandpressure,andu itself is thefluctuationin velocity since
thebasestateis atrest.WelinearizethecontinuityandmomentumequationsbyTaylor-expanding
aroundthe basestate,anddiscardall termsof secondor higherorder in the fluctuations. The
flow variablesfor the basestatewill keeptheir usualnamesafter linearizing,sincethereis no
possibilityof confusingthemwith thefluctuations.Thecontinuityequationbecomes�

�!h�
t
� � ���

u � 0 % (2.48)

andthemomentumequationbecomes�
u�
t
�ji p� 2

� � h � 0 � (2.49)

Now we seeksinusoidalwave solutionsthat are proportionalto the complex exponential
factorexp � i k � r � i S t � . That is, we canreplacethe time derivative operatorby � i S andthe
gradientoperatorby i k. After doing this, our two equationsturn into this 4x4 linearsystemfor�!h andthethreecomponentsof u:

�2S � kT

� i p� � 2 � k �2S I
�!h
u

� 0 % (2.50)

wherek standsfor thewave vectorasa columnvector, kT is its transpose,a row vector, andI is
the3x3 identity matrix. In orderfor a wave modeto exist, this homogeneouslinearsystemmust
haveanon-zerosolution,whichmeansthatits determinant,thedispersionfunctionD � k %/SJ� , must
vanish.Thedeterminantis evaluatedby adding � kx ��S timesthe secondrow plus � ky ��S times
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thethird row plus � kz � S timesthefourth row to thefirst row, which eliminatesall theelements
of � kT in thatrow. Thenexpandingby theelementsin thefirst row, asmodified,gives

D � k %/SJ���3�"�2S �ji p� k � kS �&�k�2S 3 �#��S 2 ��S 2 � i p� k2 �&� (2.51)

We write scalark for the magnitudeof the vectork. We usethis dispersionrelationin the
following way. Let k be any realvector. Thensolve D � k %/S>�l� 0 for the roots, S . SinceD is
fourth orderin S , therearefour roots,correspondingto thefour flow variables� , ux, uy anduz.
Eachroot givesa wave mode. However the pair SN�mT ` i p� � k representthe two directions
of propagationfor this k andarethusconsideredtogetherasonemode. The wave speedis the
barotropicsoundspeedc � ` i p� � . ThedegenerateS^� 0 modesexist becausethetwo possible
transversepolarizationsdo not produceany densityfluctuationandthereforeno restoringforce.
We can find the modeshape,i.e., the proportionalityof �!h , ux, uy and uz for that mode,by
substitutingvaluesof S andk that obey the dispersionrelationinto (2.51)andsolving for the
amplitudes.For thenon-degeneratemodesin this caseweget

u � c2 �!h� kS � c
�!h� k

k
% (2.52)

so the modeis longitudinalandthe velocity fluctuationis the soundspeedtimesthe fractional
densityfluctuation.

For a given mode,the phasevelocity vector is in the directionof k with the magnitudeofS<� k. For the caseof the positive root, this is c. The groupvelocity is the gradientof S with
respectto k, whereS is consideredasa functionof k andis evaluatedon a consistentbranchof
themulti-valuedfunction. For thepositive S branch,this alsois a vectorof magnitudec in the
directionof k, the sameasthe phasevelocity. They agreebecausethesesoundwavesarenot
dispersive.

For asecondexamplewewill includetheenergy equationinsteadof assumingthebarotropic
relation,andsupposethat thereis a Newton’s cooling typeof couplingto anexternalheatbath,
perhapsby meansof radiation.(SeeMihalasandMihalas[189], §101.)This meansthattheheat
depositionterm is proportionalto the negative of the temperaturefluctuation. We will usethe
idealgasrelatione � p���"� i � 1�"�!� , andtake q to begivenby

q � e� �!h� � ph
p

� 1� i � 1�"� p�!h� 2
� ph� � (2.53)

Thequantity � , with dimensiontime, is the time constantfor the temperatureto relax to thatof
theheatbath.

Thelinearizationof theinternalenergy equation(2.7)multipliedby i � 1 givesFig. 2.1

� i S ph� � p� 2
� h �

i S �!h� 2
p � i � 1�#�3� i � 1� q � 1� p�!h� 2

� ph� � (2.54)

We canaddthis asa fifth equationto theprevioussetof four, andtreat ph and �!h asindependent
variables.Expandingthe 5 n 5 determinantleadsto a dispersionfunction that is fifth orderinS andsecondorder in k. A somewhat shorterroute to the dispersionrelation is to solve the
linearizedenergy equationfor theratio ph � � h , namely

ph� h � p� i SJ� �
iSJ� �

i
% (2.55)
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in otherwords,exactlyasif i werereplacedby therationalfunction

i SJ� �
iS>� �

i
� (2.56)

Thephysicalsignificanceof this functionis thattheeffective i tendsto 1 whenthewave period
is longcomparedwith thecoolingtimeconstant,sincethentheoscillationsarenearlyisothermal,
andit tendsto theusualvaluewhentheperiodis muchlessthanthecoolingtimeconstant,since
thereis toolittle timefor any coolingto occur, andtheoscillationsarenearlyadiabatic.Whenthe
effective i is substitutedinto thedispersionrelationfor theacousticmodeswefind, afterclearing
thelinearfunctionof S in thedenominator,

��S>� �
i �kS 2 � c2

i � i SJ� �
i � k2 � 0 � (2.57)

This cubicequationfor S hastwo rootsthatbelongto theacousticmode,anda singleroot that
representsthecoolingmode.We make this into a real,non-dimensionalequationby introducing
avariable+V� i SJ� . Theequationfor + is then

+ 3 �Z+ 2 � � kc��� 2+o� � kc��� 2i � 0 � (2.58)

Theexactrootsof this cubicaremessy(illustratedin Fig. 2.1),but therootsareeasilydiscussed
in the limits of largeandsmallkc� . Whenkc� is large,which is thehigh frequency limit, then
oneapproximateroot will be found by balancingthe third andfourth termsin the polynomial,
andthe othertwo comefrom approximatelybalancingthe first andthird terms. Thefirst gives+Dp 1� i , or SCpq� i ��� i ��� . Theothertwo are +DpjT i kc� , or SIprT kc. Sothis is anadiabatic
soundwave, anda cooling modein which the specificheatat constantpressure,not constant
volume,givesthedecaytime. This modeoccursat constantpressuresinceit is slow compared
with thesoundpropagationtime.

In the limit of small kc� oneapproximateroot comesfrom balancingthe first andsecond
terms,andtheothertwo comefrom balancingthesecondandfourth. Thefirst is thus +Dp 1, orSFpm� i ��� , andtheothertwo are +)p�T i kc�
� ` i , or SAp�T kc� ` i . So in this low-frequency
limit, thesoundwave is isothermal6322wave!sound!isothermal0,andthecoolingmodeusesthe
specificheatat constantvolume,sincecoolingoccurstoo quickly for any motionto affect it.

Thecoolingtermcausesthesoundwave to bedamped;therootsfor S havea smallnegative
imaginarypart. To seethis, we apply onestepof Newton-Raphsoniterationto accountfor the
termsin thecubicthatwereneglectedin thepreviousparagraph.For thekc� largecase,we get

S^p kc � i
i � 1i � % (2.59)

while for thesmallkc� casetheresultis

Ssp kc

` i � i
i � 1

2i � kc� 2 �1� (2.60)

Interestingly, thedampingis small in boththecaseof no coolingandthecaseof strongcooling.
Maximumdampingoccurswhenthecoolingtimeandthewaveperiodarecomparable.
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All this analysiscanbeusedvirtually intact if we replaceNewton’s cooling,dueperhapsto
couplingwith a radiationbath,with thermalconductivity. The only differenceis that the time
constant� is replacedwith 1��� k2 t �J�Y� C ��� k2K � . HereK is thethermalconductivity, C is the
specificheat,and t is the correspondingthermaldiffusivity. The dimensionlessparameterkc�
becomesc��� k t � . The role of long andshortwavelengthsis now reversed.Heatconductionhas
thelargesteffect for shortwavelength,sincethediffusionof heatincreasesfasterwith k thanthe
frequency does.Sothelongwavelengthlimit is theadiabaticone,andtheshortwavelengthlimit
is isothermal.

Spacedoesnotpermitanalyzingany moredispersionrelations,but this techniqueis apower-
ful onefor aidingtheunderstandingof complicatedhyperbolicsystems.

2.8 Characteristicsand simplewaves

Themethodof characteristicsfor solvinghyperbolicPDEsis primarilyhelpfulfor analyticstudies
of thepropertiesof thesystems,andnot somuchfor practicalcomputations.(Theexceptionis
Godunov’s method— seebelow.) It is alsoa 1-D method. Characteristicsin 2-D and3-D are
of a differentnaturethanthosein 1-D, andwill not be discussed.Characteristicsarevery well
explainedby CourantandFriedrichs[74], asaredeflagrationanddetonationwaves,which are
analogousto ionizationfronts,to bediscussedin thelastchapterof thepresentwork.

A 1-D hyperbolicsystemof partialdifferentialequationsis representedasfollows�
U�
t
�

�
F � U ��

x
� G % (2.61)

whereU is avectorof unknowns,andF is avectorwhoseelementsarefunctionsof theelements
of U . Thedefinitionof a characteristicis a curve in space-timealongwhich a total differential
equationinvolving elementsof U is obeyed.

Hereis how we find thecharacteristicsof a systemlike (2.61). We expandthederivative of
F usingthechainrule: �

U�
t
�

A

�
U�
x

� G % (2.62)

wherenow A is thesquareJacobianmatrix

�
F �

�
U . Supposewe canfind a left eigenvectormT

of A, a row vector, sothat

mT A � cmT % (2.63)

wherec is a scalarthathasdimensionsof velocity. Multiplying (2.62)from theleft by mT gives

mT

�
U�
t
�

c

�
U�
x

� mT G � (2.64)

This is ourcharacteristicequation.It saysthatalongthecurvedx � dt � c in space-time,thetotal
differentialsof thecomponentsof U obey

mT dU � mT Gdt � (2.65)

Eachdifferenteigenvectorof A givesadifferentcharacteristic.If A hasafull setof eigenvectors,
asmany asthe componentsof U , then that is the numberof characteristics.If A is defective
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andhasfewer independenteigenvectorsthen the systemis in fact not hyperbolic. The fan of
characteristicsgoingbackinto thepastfrom a point � x % t � in spacetimecoversall thepointsthat
directly influencetheflow at � x % t � . Adding on all the fansfrom thosepointsaswell fills out a
cone-likeregion,calledthedomainof dependenceof thepoint � x % t � . Whathappenedin thepast
ata point outsidethatconecannot possiblyaffect conditionsat � x % t � .

If the systemof PDEsis not in conservation-law form, we canstill find the characteristics.
Supposethesystemis

M

�
U�
t
�

N

�
U�
x

� G � (2.66)

Thenwe look for generalizedeigenvectorsmT thatobey

mT N � cmT M � (2.67)

Givensuchaneigenvector, we againleft-multiply thesystemby mT andobtainin this case

mT M

�
U�
t
�

c

�
U�
x

� mT G % (2.68)

or

mT MdU � mT Gdt % (2.69)

which, like (2.65),is a total differentialequationalongdx � dt � c.
Let’s take theparticularcaseof theEulerianequationsnot in conservation-law form, viz.,�

��
t
�

u

�
��
x
� �

�
u�
x

� 0 % (2.70)�
u�
t
�

u

�
u�
x
� 1�

�
p�
x

� 0 % (2.71)�
s�
t
�

u

�
s�
x

� 0 � (2.72)

Themomentumandenergy sourceshave beenomittedfor simplicity. Theenergy equationhas
beenreplacedby the entropy equation. (Algebraically equivalent systemsof PDEsgive rise
to exactly the samecharacteristics,so we are free to do this.) If we take � , u and s as the
componentsof U , thenwestill needto expandthepressurederivativeto gettheform (2.66).The
thermodynamicrelationstell usthat

dp � c2d� � � i � 1�"� Tds (2.73)

for anidealgas,wherec is theadiabaticsoundspeed,̀ i p� � .
After substitutingrelation(2.73)for

�
p�

�
x, we canwrite thesystemin theform��

t

�
u
s

� u � 0
c2� � u � i � 1� T

0 0 u

��
x

�
u
s

� 0 � (2.74)

We needthe eigenvaluesof the matrix N in the secondterm. Expandingthe determinantof
N �P	 I, whereI is the 3x3 identity matrix, yields � u �[	����"� u �P	
� 2 � c2 � . So the eigenvalues,
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which wewill now call 	 to avoid confusionwith thesoundspeed,are 	u� u andu T c. Theleft
eigenvectorfor 	o� u is � 0 % 0 % 1� , theonefor 	v� u

�
c is � c2 %w� c %x� i � 1�"� T � , andtheonefor	�� u � c is � c2 %y�2� c %y� i � 1�"� T � . Soourcharacteristicequationsare

c2d� � � cdu
� � i � 1�"� Tds � 0 onCz :

dx

dt
� u

�
c (2.75)

c2d�K�Z� cdu
� � i � 1�"� Tds � 0 on C{ :

dx

dt
� u � c (2.76)

ds � 0 on C0:
dx

dt
� u � (2.77)

Werecognizethedifferentialof thepressurein thefirst two equations,sowecanwrite thesystem
in thesimplerform

du
� dp� c

� 0 onCz :
dx

dt
� u

�
c (2.78)

du � dp� c
� 0 on C{ :

dx

dt
� u � c (2.79)

ds � 0 on C0:
dx

dt
� u � (2.80)

In an isentropicflow theentropy is not only constantfollowing a parcelof fluid, which is what
adiabaticmeansandwhichis expressedby theC0 characteristicequation,but is spatiallyuniform
aswell, so the entropy is everywhereandalwaysthesame(barringshocks).If this is thecase,
thendp����� c� is a total differentialof thethermodynamicfunction

dp� c
� 2ci � 1

% (2.81)

wheretheequalityis valid for gamma-law gases.For this specialcasethefirst two characteristic
equationsareintegrable,andtake theform

r | u
� 2ci � 1

� constant on Cz :
dx

dt
� u

�
c (2.82)

l | u � 2ci � 1
� constant onC{ :

dx

dt
� u � c � (2.83)

Thesetwo functions,r andl , arecalledtheRiemanninvariants.Theroyal roadto solving ideal
gasdynamicsproblemsof thisclassis to selectapointwhereyouwantto know theflow variables,
traceaCz characteristicbackto to thestarttimeandevaluater there,whichis thereforethevalue
at thedesiredpoint. Also tracebacka C{ characteristicto thestarttime andget l . (This tracing
backmaybeeasiersaidthandonein somecases!)Theaverageof r andl is thevelocity at the
desiredpoint, andtheir differencedeterminesthesoundspeed.Throughtheadiabaticrelations,
sinceweknow thevalueof theentropy, we cangetdensity, pressureandsoon.

Thisprescriptionactuallyworksin thecaseof whatarecalledsimplewaves.Theseareisen-Fig. 2.2
tropicflowsof anidealgasfor which oneof thetwo Riemanninvariantsis thesameeverywhere.
To bespecific,supposel is thesameeverywhere.Thenconsiderwhathappensalonga particular
Cz characteristic.This characteristicwill have its own valueof r , which will beconstantalong
it. Soon thischaracteristicbothl andr areconstant,which meansthatu andc arealsoconstant,
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which meansthat thecharacteristicvelocity is constanttoo. I.e., this characteristicis a straight
line in space-time.With differentCz characteristicshaving differentvaluesof r theirslopeswill
differ, so they will form a fan. If the fan openswith time it is a simplerarefactionwave; if it
is converging with time it is a simplecompressionwave. In the latter case,the characteristics
eventuallyintersectforming a cusp,anda discontinuity, a shock,is generatedat thatpoint. This
situationin which oneof theRiemanninvariantsis constanteverywhereariseswhena largearea
hasuniformdensity, temperatureandentropy at theinitial time. Thecharacteristicsthatemanate
from therewill carrya constantRiemanninvariantwhenthey crossinto anadjacentregion. The
resultis thetheorem,“The flow adjacentto a regionof constantstateis a simplewave” [74].

A simplecenteredrarefactionwave is anillustrationof this. Supposethata uniform blockof
idealgaslocatedat x } 0 is confinedby amembranethatis removedat t � 0. Whathappensis a
rarefactionwavethateatsinto thegasatx R 0 with avelocityof � c0, wherec0 is thesoundspeed
in theundisturbedgas.Thegasthat is disturbedmovesin the

�
x directionwith a velocity that

increaseswith x. Thedensitydropsfrom theundisturbedvalueto very small valuesat positive
x. In this problemthereis a region of constantstateon the left, so the Riemanninvariantr is
constanteverywhere,andhasthevaluer � 2c0��� i � 1� . Thewholeregionof rarefactionbelongs
to thefanof C{ characteristicsthatemanatefrom thepoint � x % t ����� 0 % 0� . This is whatmakesit
a centeredrarefaction.Theslopeof theC{ characteristicthroughthepoint � x % t � is theslopeof
theline connectingthis point to � 0 % 0� , namelyx � t . Thus

x

t
� u � c � (2.84)

Combiningthis relationwith

r � u
� 2ci � 1

� 2c0i � 1
(2.85)

gives

u � 2i �
1

x

t
�

c0 (2.86)

c � i � 1i �
1

2i � 1
c0 � x

t
% (2.87)

from which wecanalsogetthedensityprofile

�K��� 0
i � 1i �

1

2i � 1
� x

c0t

2~�� g { 1� % (2.88)

with asimilar relationfor thepressure.Weseethatatany giventime t E 0 thevelocity increases
linearly from 0 at the headof the rarefaction at x ��� c0t to a maximumvalue at the tail,
x ��� 2��� i � 1�"� c0t , at which point the velocity is 2c0 ��� i � 1� , the sameasx � t . The sound
speeddecreaseslinearly from c0 to 0 over the sameinterval. The densityvariesasc raisedto
the2��� i � 1� power; this exponentis 3 for a monatomicgas.It meansthedensityreachesvery
low valuesas the tail is approached.Theseresultsareshown in Figure2.2. In a Lagrangian
calculationof a freerarefactionsuchasthis, the tail maybeunphysicallytruncatedbecausethe
remainingmassis lessthanthemassof asinglezone.Thetail velocity for thefreerarefactionin
amonatomicgasis 3c0, which is a usefulrule of thumbto keepin mind.
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2.9 Shockwaves: Rankine-Hugoniot relations

Shocksaresurfacesof discontinuityof the inviscid flow equations,or representregionsinterior
to theflow wheretheviscosityandheatconductiontermsarelocally important— like internal
boundarylayers.CourantandFriedrichs[74] developthetheoryof shockwavesin considerable
detail. An aerodynamicratherthanphysicalpoint of view is containedin thetext by Liepmann
andRoshko [171]. This hasa usefulanalysisof theshocktubeproblem.Theexcellentstandard
referenceon hydrodynamicwavesis Linear and NonlinearWavesby Whitham[264]. For the
outer inviscid solution shockwaves are fully describedby the jumps acrossthem. Here we
discussthesejumpconditions— theRankine-Hugoniotrelations.Wewill gobackto theNavier-
Stokesequationsandlook at thesein the small, in a region that includesa patchof the shock
front. In a coordinatesystemthatis comoving with theshockfor a shorttime, theflow is almost
steady. The reasonis that u � � termsarelarge comparedwith

�
�
�
t terms,so the latter canbe

neglected.Similarly, if theshocknormalis thex direction,then

�
�
�

y and

�
�
�

z termsarelocally
negligible comparedwith

�
�
�

x terms. The assumptionsneedto be verified after the fact by
showing thattheactualshockthicknessis negligible comparedwith lengthscalesin theproblem.
Theapproximationsallow usto treatthesmallregionaroundthefront usingslabsymmetry.

Let v betheflow velocity in this shockframe;it is equalto u � Us, whereUs is thevelocity
of theshockfront. (Thecomponentof Us parallelto thefront will turn out to beirrelevant.) We
look ateachof theNavier-Stokesequationsin turn,anddiscardthetimederivativesandgradients
in the y andz directions.Thecontinuityequationgivessimply

d

dx
���!	 x �'� 0 � (2.89)

TheNavier-Stokesmomentumequationturnsinto

d

dx
���!	 xv � � dp

dx
ex � d

dx
9 dv

dx
� d 	 x

dx
ex

� ��-;� 2

3
9>� d 	 x

dx
ex � 0 � (2.90)

Thetotal energy equationbecomes

d

dx
�!	 xe

� 1

2
�!	 x 	 2 �

p	 x �49 	 x
d 	 x

dx
� d

dx

1

2
	 2 �

��-;� 2

3
9>�"	 x

d 	 x

dx
� K

dT

dx
� 0 � (2.91)

The sourcetermson the right-handsideof the energy andmomentumequationsareneglected
sincethey are small comparedwith the large d � dx terms. As we see,the threeconservation
equationsimply that threefunctionsareconstantin theflow (five, if we countthe threecompo-
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nentsof momentum).In otherwords,

�!	 x � constant� C1 (2.92)

�!	 2
x
�

p �\� 4
3
9 � -�� d 	 x

dx
� constant� C2 (2.93)

�!	 x 	 y �49 d 	 y

dx
� constant� C3 (2.94)

�!	 x 	 z �49 d 	 z

dx
� constant� C4 (2.95)

�!	 xe
� 1

2
�!	 x 	 2 �

p	 x � 4

3
9 � - 	 x

d 	 x

dx

�29 	 y
d 	 y

dx
� 	 z

d 	 z

dx
� K

dT

dx
� constant� C5 � (2.96)

Thefirst constantis simplythemassflux throughtheshock.Thethird andfourthequationsimply
that 	 y and 	 z arethemselvesconstant,with the valuesC3 � C1 andC4 � C1, respectively. That
enablesus to discardthe 	 y and 	 z gradienttermsin the fifth equationandabsorbthe constant
term � 1� 2�"�!	 x ��	 2

y
� 	 2

z � into C5. Themodifiedfifth equationis

�!	 xe
� 1

2
�!	 3

x
�

p	 x � 4

3
9 � - 	 x

d 	 x

dx
� K

dT

dx
� constant� C5 � (2.97)

The internal structureof shockwaves is beyond the scopeof theseremarks,but a rough
guideto therelevantlengthscaleis providedby examiningtheseequations.Thesecondequation
suggeststhat the scalein x is of order 9>�����!	 x � . Since 	 x is of order the soundspeed(aswe
will see),and 9 is roughly � timesthe meanthermalspeedtimesthe meanfreepath,thescale
in x is very roughlyjust themeanfreepath.We getthesameresultfrom theviscoustermin the
energy equation.If thePrandtlnumberis of orderunity, theconclusionfrom theheatconduction
term is the same. Now, if the shockthicknessis comparableto the meanfree path then ipso
facto the fluid approximationis not accurate.The true shockstructureis a problemin particle
transport. In plasmas,the transportprocessesresult in a separationof charge within the shock
anda substantialelectricfield is created.All thesecomplicationscanbe significantif atomic
processessuchasionizationandphoto-recombinationtakeplaceatanappreciableratewithin the
front. We will considertheseproblemsno furtherhere.

Let us thenbackaway from the shockfront a small distanceon eachside,so that we are
far enoughaway from the shockfor the viscosity and heatconductiontermsto have become
negligible, but adisplacementthatis still smallcomparedwith themainlengthscalesof theflow.
Thenwhenwe comparethethreefunctionswhosevaluesareC1, C2 andC5 betweenthesetwo
points,oneupstreamandonedownstreamof theshock,we getthejumpconditions

e ���!	 x ��� 0 % (2.98)

e � p � �!	 2
x ��� 0 % (2.99)

e e
� p� � 1

2
	 2

x � 0 % (2.100)

to which we canaddthetwo we have seenalready, namely e ��	 y �5� e ��	 z �5� 0. Thesearethe
Rankine-Hugoniotrelations.
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We might countthenumberof relationsandcomparewith thenumberof variables.Theup-
streamstateis definedby five variables,� , ux, uy, uz ande. (Rememberthat thev components
areu � Us.) Therearefive moredownstreamvariables,andthe shockvelocity Us in the nor-
mal directionis an additionalvariable. So the Rankine-Hugoniotrelationsgive five conditions
constrainingthe eleven unknowns. Hereis how it works out that the flow is fully determined:
The shockmovessupersonicallyinto the materialin front of it, aswe will see,so the stateof
thatmaterialis fully determinedwithoutany informationabout,or from behind,theshock.Thus
the pre-shockvaluesof � , ux, uy, uz ande areknown. The jump conditionsthengive all the
post-shockvalues,if onemorepieceof information is provided. The shockvelocity Us itself
is not known, andin fact theshockmayspeedup or slow down in responseto what theflow is
doing.Theextrapieceof informationis theonethatis carriedalongtheforwardcharacteristicin
thepost-shockregion; thischaracteristicovertakestheshockfrom behindsincetheshockmoves
subsonicallywith respectto the region behindit. Thusthe pre-shockconditions,plus the one
pieceof informationfrom the post-shockflow, determineall thepost-shockflow variables,and
alsotheshockvelocity.

A numberof importantresultsemerge from manipulationof the jump conditions,suchas
thepropertymentionedalreadythat theshockpropagatessupersonicallywith respectto thegas
in front andsubsonicallywith respectto the gasbehind. In the presentationbelow we usethe
notation 	 0 , � 0, p0, etc., for quantitiesin front of the shock,anda subscript1 for quantities
behindthe shock. The specificvolume, 1� � , will be denotedby V . The massconservation
relationbecomes

	 0 � C1V0 and 	 1 � C1V1 % (2.101)

so

V0

V1
� 	 0	 1

� (2.102)

Since

p0
�

C2
1V0 � p1

�
C2

1V1 % (2.103)

themassflux is givenby

C1 � p1 � p0

V0 � V1
% (2.104)

andthereforethepre-andpost-shockflow speedswith respectto theshockare

	 0 � V0
p1 � p0

V0 � V1
(2.105)

and

	 1 � V1
p1 � p0

V0 � V1
� (2.106)

Thereforethevelocity jump is

	 0 �]	 1 � � p1 � p0 �&� V0 � V1 �&% (2.107)
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andthekineticenergy jump is

1

2
	 2

0 � 1

2
	 2

1 � 1

2
� p1 � p0��� V0

�
V1 �&% (2.108)

which,becauseof theenergy jumpcondition,alsogivestheenthalpy jump:

h1 � h0 � 1

2
� p1 � p0��� V0

�
V1 �&� (2.109)

Subtractingp1V1 � p0V0 from bothsidesgivestheinternalenergy jump:

e1 � e0 � 1

2
� p1

�
p0 �&� V0 � V1 �&� (2.110)

(Noticethe
�

and � switched!)Thesetof all thermodynamicstatesP1, V1 thatsatisfyeitherof
thelasttwo equationsfor a specificinitial statep0, V0 definetheHugoniotcurve for thatstate.

Usingtheidealgaslaw all therelationscanbemadeexplicit. For theidealgas,

e � PVi � 1
% (2.111)

sotheHugoniotequation(2.110)canbesolvedfor thepressureratio to give

p1

p0
� � i �

1� V0 �I� i � 1� V1� i �
1� V1 �I� i � 1� V0

� (2.112)

This is theequationof a hyperbolain the P % V diagram.Theverticalasymptoteis at

V0

V1
� � 1� 0

� i �
1i � 1
% (2.113)

which thereforeis the maximumpossiblecompressionin a singleshock. This ratio is 4 for a
monatomicgas,for which i � 5� 3. Thehorizontalasymptoteis

p1

p0
��� i � 1i �

1
� (2.114)

ThecurvecrossestheV axisat

V1

V0
� i �

1i � 1
� (2.115)

Of course,valuesof V1 that are larger than V0 representexpansion,which cannot occur in a
shock.TheMachnumberequationsare

M2
0 | 	 0

c0

2 � � i � 1� � � i �
1� p1� p0

2i (2.116)

and

M2
1 | 	 1

c1

2 � � i � 1� � � i �
1� p0� p1

2i � (2.117)
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Since p1 E p0, M0 E 1 and M1 R 1, substantiatingthe earlierclaim aboutsupersonicand
subsonic,at leastfor idealgases.Therelationis alsotruefor ageneralequationof state,although
theproof is moresubtlein thatcase.

Theentropy jump is

s1 � s0 � e0

T0
log

p1

p0

� i � 1� p1 � p0
� � i �

1�� i �
1� p1 � p0

� � i � 1� g � (2.118)

This is positive for all shocks. It is 0 for p1 � p0, the limit of a weakshock,and increases
indefinitely as p1 � p0 7 � . It remainsvery small for modestvaluesof p1� p0 � 1, and is
proportionalto thecubeof p1� p0 � 1 (or of M0 � 1) for weakshocks.

Thejump conditionsfor a strongshockareoftenusedasa limiting case.Besidesthedensity
jump

� 1 � i �
1i � 1
� 0 (2.119)

thatwesaw before,theothertwo relationsare

	 1 � i � 1i �
1
	 0 (2.120)

and

p1 � 2ii �
1

	 2
0

c2
0

p0 � 2i �
1
� 0 	 2

0 � (2.121)

Theinternalenergy behinda strongshockis

e1 � p1� i � 1�"� 1
� 4� i �

1� 2 1

2
	 2

0 � (2.122)

theenthalpy is

h1 � 4i� i �
1� 2 1

2
	 2

0 � (2.123)

Thusa largefractionof thekinetic energy enteringtheshockis turnedinto heat,but not all of it,
sincethereis still residualkinetic energy in theflow behindtheshock.For the i � 5� 3 gas,the
post-shockinternalenergy is 9/16 of the incomingkinetic energy, andthe enthalpy is 15/16of
theincomingkinetic energy.

2.10 The Taylor-Sedov blast wave

This is theclassicalexamplethatdemonstratesa self-similarsolutionof a gasdynamicproblem.
The discussionherefollows LandauandLifshitz [156], but the readershouldbewareof typo-
graphicalerrorsin the first edition, mentionedbelow. Thereis a gooddiscussion,lacking the
mathematicaldetails,in Zel’dovich andRaizer[270]. Theblastwave is alsodiscussed,without
typographicalerrors,in Sedov’s book[236], theclassicof similarity methods.Consideran infi-
nite spacefilled with a gasat restat a uniform density, � 0, with negligible pressure.At t � 0 a
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certainamountof energy E is depositedin a tiny regionat theorigin. Thedetailsof how theen-
ergy is distributedamongthermalandkinetic,andthespatialdistributionof thedepositedenergy
within thetiny volumearesoonforgotten.Onesignificantpoint is thattheamountof extra mass
in the tiny volume,above the amountexpectedfrom the ambientdensity, is not large enough
to be important. What follows is an expandingsphericalshockfront, behindwhich is a radial
distributionof density, pressureandvelocity. Theideaof self-similarityis thattheradialdistribu-
tionsat differenttimesarescalable.That is, they arethesameif theradialscaleandthescaleof
thevariablearestretchedappropriately. Thescaletransformationsin self-similarproblemsoften
follow from dimensionalanalysis,asthey do in this case.

Theonly datafor thisproblemaretheambientdensity� 0 andtheenergy, E. At acertaintime
t the threequantities� 0, E andt canbeusedto constructcombinationswith thedimensionsof
radius,velocityandpressure.Theseare

r1 � Et2

� 0

1~ 5
(2.124)

u1 � 2i �
1
+ 0

dr1

dt
� 4

5

+ 0i �
1

E

t3 � 0

1~ 5
(2.125)

p1 � 2i �
1
� 0 + 0

dr1

dt

2 � 8

25

+ 0� i �
1� 2 E2 � 3

0

t6

1~ 5 � (2.126)

Thereasonfor theextra numericalfactorsin theseexpressionswill becomeapparentshortly. Fig. 2.3
Thesimilarity assumptionis thatthescaledvariables

�
u � u

u1
(2.127)

�
p � p

p1
(2.128)

�� � i � 1i �
1

�� 0
(2.129)

arefunctionsonly of thescaledradius

+�� r

r1
(2.130)

andnot of radiusandtime separately.
Thesesubstitutionsaremadeinto theEulerequationsand,if wehavedoneourwork correctly

andtheproblemis reallyself-similar, thefactorsinvolving E, � 0 andt all cancelout,andweare
left with threeordinarydifferentialequationsin + for theunknowns

�
u,

�
p and

�� . Thelocationof
theshockin the + coordinate,+ 0, is to bedetermined.Givena valuefor + 0, thejump conditions
(for a strongshockp1 � p0) determinethevaluesof

�
u ,

�
p and

�� at thatpoint, just behindthe
shock. The factorsintroducedin the definitionsof u1 and p1 above, andin the definition of

�� ,
arebasedon thejumpconditions,andleadto thevaluesat +���+ 0�

u � �
p � ���� 1 � (2.131)

Inward radial integrationsgive a provisional structure.But the integral of the total kinetic and
internalenergywithin theshockedregiondoesnotnecessarilyequalE; thevalueof + 0 is adjusted
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to make it so. The detailsof the analyticintegrationof the equationsaregivenby Landauand
Lifshitz [156]. (Usersof the first editionof theLandauandLifshitz referenceshouldbe aware
of typographicalerrors:theexponent� 5 in [99.10]shouldbe2��� i � 2� , not 1��� i � 2� , andthe
power of + multiplying ph in [99.11] shouldbe 4 not 9. Furthermore,the variable + for all the
termsin theintegral in [99.11],andtheintegrationvariable,shouldbe +
� + 0.)

The resultsfor the i � 5� 3 caseare that + 0 � 1 � 152, and the distributionsof u, p and� areasshown in Figure2.3. Someinterestingfeaturesof the solutionarethat the velocity is
almostlinear in r , which is the ballistic relation 	Q� r � t . The pressuredropssteeplybehind
theshock,but only by a factorof about2.5,andis nearlyconstantover mostof thesphere.The
densityhasa very largedynamicrange.Theinnerpartof thesphereis almosttotally evacuated,
andthemassthat formerly occupiedthevolumeof thespherehasbeenpackedinto a thin shell
behindthe shock. The temperatureandentropy, not shown in the figure, aremuchlarger near
the centerthanjust behindthe shock. That is becauseeachparcelof materialremembershow
strongtheshockwaswhenit passedthroughtheshock.(Theentropy of a parcelis preservedin
inviscid flow, apartfrom shocks.)At earlytime theshockis strongerandtheentropy increaseis
correspondinglylarger thanat later time; this mapsinto an increaseof entropy, andthereforeof
temperature,towardthecenter.

2.11 The shocktube

Oneof the bestshockwave examples,often usedasa testproblem,is the shocktube. This is
a modelof a laboratoryexperimentin which a long gascell initially containsa high pressure
gason onesideof a membraneanda muchlower pressuregason the otherside,possibleof a
different temperatureor composition. At time 0 the membraneis removed. What resultsis a
shockwave propagatinginto the low-pressuregas,followedby a region of constantstatemade
up of theinitially low-pressuregas.This joins anotherconstantstateregion madeup of initially
high-pressuregas,but thesetwo constantstateregionshave the samepressureandvelocity at
thispoint. Next is ararefactionprogressinginto thehigh-pressureregion. Beyondtherarefaction
on onesideandbeyondthe shockon the othersidearetheundisturbedhigh- andlow-pressure
gases.Theanalysisof theshocktubedemonstratesseveralof the methodsof compressiblegas
dynamics.

The solutionfor a typical shocktubeproblemis shown in Figure2.4. We supposethat the
high-pressureregion is to the left, andthe low-pressureregion is to the right. The four regions
of constantstatearenumbered1 through4 going from left to right: 1 is the undisturbedhigh-
pressuregas,2 is the region of expandedinitially high-pressuregas,3 is the region of shocked
initially low-pressuregas,and4 is theregion of undisturbedlow-pressuregas.Coordinatex1 is
theheadof the rarefactionwave; x2 is the tail of the rarefaction;x3 is thecontactdiscontinuity
separatingwhatwasoncehigh-pressurematerialfrom whatwasoncelow-pressurematerial;and
x4 is thelocationof theshock.

A contactdiscontinuityhasto satisfyjumpconditionsjustasashockdoes,but thesearevery
simple.Thereis no flow throughthediscontinuity, sothefluid velocity on eachsideis thesame
asthevelocityof thediscontinuity;thefluid velocity thereforemustbecontinuous.Thepressure
jump conditionreducesin thecasethat thereis no flow acrosstheinterfaceto thestatementthat
the pressureis continuous.The energy jump conditionis automaticallysatisfiedif thefirst two
conditionsareobeyed.

For the shocktube this meansthat constant-stateregions2 and 3 sharethe samevelocity
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andpressure.The densitiesandsoundspeedscanbe, and indeedwill be, different,however.
The first stepin the procedurefor solving a shocktubeis to find the pressureandvelocity in
regions2 and3. Thepressurewill beintermediatebetweentheinitial valuesp1 and p4, andthe
velocity will be somepositive value. The methodfor doing the solutionis to usethe centered
rarefactionrelationsto expressthevelocitydifferenceacrosstherarefaction,whichwill beu2, as
a functionof theunknown pressureratio p1� p2. Likewisetheshockjumpconditionsareusedto
expressthevelocity jump acrosstheshock,which will beu3, asa functionof thepressureratio
p3� p4. But u2 andu3 mustbethesame,and p2 and p3 arethesame,so p3� p4 canbeexpressed
as � p1 � p4�"��� p1� p2 � . The ratio p1� p4 is part of the datafor the problem,so thereis a single
unknown, p1� p2. Theequationu2 � u3 becomesanalgebraicequationfor p1� p2. This hasto
besolvednumerically. Hereis theequationwhenwe allow thetwo gasesto havedifferent i s:

2c1i 1 � 1
1 �I� p2� p1� � g 1 { 1��~�� 2g 1�

� ` 2c4 � p3� p4 � 1�` i 4 � i 4 � 1
� � i 4

�
1� p3� p4 � % (2.132)

wherep3� p4 is to bereplacedby � p1 � p4�"��� p1� p2 � . In practiceweusearoot-findermethodsuch
asNewton-Raphsonto find thesolution.Oncethis equationhasbeensolved,theleft or theright
sidegivesthevalueof u2, andtheadiabaticrelationacrosstherarefactiongives � 2 andc2. Other
shockjump conditionsgive � 3 andtheshockvelocityUs sincep3� p4 is known.

Thespatialstructureof theshocktubesolutionis self-similarin time, sinceall thevariables
arefunctionsof x � t , assumingthattheinitial membranelocationwasx � 0. Thelocationsof the
four featurescaneasilybe readoff. Theshocklocationx4 is givenby x4� t � Us. Thecontact
discontinuityis locatedat x3 givenby x3� t � u2. Theheadof the rarefactionis at x1 givenby
x1� t ��� c1, andthe tail is at x2 givenby x2 � t � u2 � c2. Thatdefineseverythingexceptthe
shapeof therarefactionwave. As in theexampleof a freerarefaction,this is a simplewave,and
theRiemanninvariantr is constantthroughoutthewave. Following thesamealgebraasabove
(cf., equations[2.84] – [2.87]) leadsto theresults

u � 2i 1
�

1

x

t
�

c1 (2.133)

c � 2c1i 1
�

1
� i 1 � 1i 1

�
1

x

t
(2.134)

for x � t in therange� c1 R x � t R u2 � c2. Thepressureanddensitydistributionsarethenderived
from c usingtheadiabaticrelationsconnectingeachpoint with region1.

Obtainingthis solution with acceptableaccuracy is found to be a challengingtest for nu-
mericalhydrodynamicscodes,particularlywhenextremevaluesarechosenfor thepressurera-
tio p1 � p4. Euleriancodesmay have problemssmearingout the contactdiscontinuity,andLa-
grangiancodessometimesdonotdowell with therarefactionwavebecausetheLagrangianzones
endup beingpoorly distributedin the x coordinatebecauseof the largedensityvariation. Both
codessometimeswill have ringing ononesideor theotherof theshockjump.

Figure2.4showsashocktubewith apressureratioof 105:1 andadensityratioof 103:1 with Fig. 2.4i � 5� 3 gaseson bothsides.Thesolutionof theshocktubeequationgives p2 � p1 � 0 � 0122so
thepressureratio acrosstheshockis 1222.TheshockMachnumberturnsout to be23� 4, which
makesit a very strongshock. As expectedin this case,the densityratio � 3 ��� 4, 3.988,is very
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closeto thelimiting value4. Thedensityratioacrossthecontactis large,17.8:1.Thismeansthat
theshockedgasis muchhotterthantherarefiedformerhigh-pressuregas,eventhoughthelatter
began100timeshotterthanthelow-pressuregas.



Chapter 3

Numerical hydrodynamics

In Chapter2 we have alreadydiscussedthe EulerianandLagrangianformulationsof the equa-
tionsof fluid mechanics.Now we wantto describesomeof thenumericalsolutionmethodsthat
have beendevelopedto solve them,and in particular, in the morechallengingtwo and three-
dimensionalcases.Thepresentdiscussionwill focuson hydrodynamicswithout radiation,and
themethodsfor treatingcoupledhydrodynamicsandradiationwill bementionedlater, in Chapter
11.

Thereareexcellentreferencesonthissubject,amongwhicharetheclassicbookby Richtmyer
andMorton[217], thetext by BowersandWilson [36], thecollectionof papersby Norman,etal.
[244], vanLeer[256], ColellaandWoodward[69], Caramana[50], andJiangandShu[135].

3.1 Lagrangian methods

3.1.1 staggered-meshhydrodynamicsfor 1-D slabgeometry

The motherof all numericalhydrodynamicsmethodshasthe namevon Neumann-Richtmyer
staggered-meshhydrodynamics.In its simplestincarnation,for 1-D slabgeometry,it is described
asfollows. The materialof the problemis divided into N zoneswith fixed masses,dividedby
N � 1 materialinterfaces. Including the outerboundaries,that makes N

�
1 interfacesin all.

The basicsetof unknownsis the list of z coordinatesof theseinterfaces:zI % I � 1 %y���&�.% N
�

1. Time is discretizedaswell, andtheseinterfacepositionsareto be found at a successionof
times: t1 % t2 %y�&��� . The positionof interface I at time t � tn will be denotedby zn

I . The zone
betweeninterface I andinterface I

�
1 will carry the index I

�
1� 2, and its fixed amountof

mass(perunit area)is mI z 1~ 2. Fromthe zonethicknessandthe masscomesthe massdensity,� n
I z 1~ 2 � mI z 1~ 2 ��� zn

I z 1 � zn
I � . Therewill alsobezone-centeredvaluesof internalenergy en

I z 1~ 2
temperatureTn

I z 1~ 2 andpressurepn
I z 1~ 2.

The otherbasicsetof unknownsconsistsof the interfacevelocities. Thesecarry the same
spatialindexing astheinterfacesthemselves,but arestaggeredin timeby half a timesteprelative
to thepositions,sothatunz 1~ 2

I representsthevelocityof interfaceI in thetimeinterval tn to tnz 1.

33
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Thusoneof thetime-integrationequationsis

znz 1
I � zn

I

tnz 1 � tn
� unz 1~ 2

I � (3.1)

In orderto find theevolution of uI we needto relateit to thepressuregradient,etc. Becauseof
the staggeringin time, the accelerationthat changesun{ 1~ 2

I to unz 1~ 2
I is centeredin time at tn,

andthereforeit canbecalculatedfrom theinformationavailableat thattime:

2
unz 1~ 2

I � un{ 1~ 2
I

tnz 1 � tn{ 1
� 2

pn
I { 1~ 2 � pn

I z 1~ 2
mI { 1~ 2 �

mI z 1~ 2 � (3.2)

Thishasassumedthatthevelocityunz 1~ 2
I is centeredin themiddleof thetime interval � tn % tnz 1 � ,

andthatthebaselinefor thepressuregradientis from themidpointof zoneI � 1� 2 to themidpoint
of zone I

�
1� 2. This equationhasa flaw thatwill bementionedshortly. Thepressurepn

I z 1~ 2
must be calculatedfrom the equationof stateusing the density � n

I z 1~ 2 andeither the internal
energy or temperature,andthereforetheenergy equationwill beneeded.

Thetime-centeredinternalenergy equationis (from equation2.4)

enz 1
I z 1~ 2 � en

I z 1~ 2 � 1

2
pn

I z 1~ 2 �
pnz 1

I z 1~ 2 1

� nz 1
I z 1~ 2 � 1� n

I z 1~ 2 � 0 � (3.3)

Thisis animplicit equationfor enz 1
I z 1~ 2 sincepnz 1

I z 1~ 2 dependsonit, or, equivalently, bothdependon

Tnz 1
I z 1~ 2. Thework flow is thefollowing: Thepressuredataat tn areusedto updatethevelocitiesto

tnz 1~ 2; thenew velocitiesarethenusedto updatetheinterfacepositionsanddensitiesto tnz 1. The
densitiesbeingknown, theinternalenergy equationsmaybesolvedfor theenz 1

I z 1~ 2 values.With a

gamma-law equationof statepnz 1
I z 1~ 2 ��� i � 1�"� nz 1

I z 1~ 2enz 1
I z 1~ 2 thiscanbedonedirectly, otherwise

a Newton-Raphsonproceduremay be needed.Oncethe new internalenergiesareknown, the
new pressuresfollow, andthetimestepis complete.

In thelimit of infinitesimaltime stepstheinternalenergy equationabovebecomestheequa-
tion for an isentrope,and in that limit the entropy of zone I

�
1� 2 would never change.This

causesa problem. We know that the Euler equationscanproduceshocks,andthat the entropy
mustincreaseacrossa shock.Thereforethefinite-differenceequationsaswrittensofarwill give
thewronganswerfor aflow containingashock.Richtmyer[217] illustratesthenumericalresults
in this case:In whatwould bethepost-shockregion therearehugezone-to-zonefluctuationsof
theflow velocity andpressure.TheNavier-Stokesequationscangive a smoothtransitionacross
what would be a shockfor the Euler equations,andthis is the key to the successfulnumerical
method.A dissipative term,a pseudo-viscouspressureq, mustbeaddedto themomentumand
energy equations.In thosecases,themajority, for which theEulerequationsarea goodapproxi-
mation,thepseudo-viscouspressureis muchlargerthanthetrueviscousstress.It doesnotmatter
verymuchexactlywhatq is, providedthat(1) it is positive,(2) it is negligible awayfrom shocks,
(3) it is includedin themomentumandenergy equationsin sucha way that total energy is still
conserved. It thenacts,like trueviscosity, to turn kinetic energy of fluid motion into heat.The
von Neumann-Richtmyerprescriptionis

qn
I z 1~ 2 � CQ � n

I z 1~ 2 max� un{ 1~ 2
I � un{ 1~ 2

I z 1 % 0� 2 � (3.4)



3.1. LAGRANGIAN METHODS 35

ThefactorCQ is a constantthatmaybe1 or 2 or whatever valueseemsto give goodresults.It
maybe notedthat the velocity is half a time stepbehindthe otherfactorsin the expressionfor
qn

I z 1~ 2. This is anecessitysincetheadvancedvelocityis notavailablewhenq mustbecomputed.
Laggingthe velocity is found not to have a deleteriouseffect. The pseudo-viscosityspreadsa
shockoverabout� CQ zones,soa largerCQ meansasmoother, lessnoisycalculation,while a
smallerCQ givesimprovedresolution.

Whenpseudo-viscosityis addedthemomentumandinternalenergy equationsbecome

2
unz 1~ 2

I � un{ 1~ 2
I

tnz 1 � tn{ 1
� 2

pn
I { 1~ 2 � qn

I { 1~ 2 � pn
I z 1~ 2 � qn

I z 1~ 2
mI { 1~ 2 �

mI z 1~ 2 � 0 (3.5)

enz 1
I z 1~ 2 � en

I z 1~ 2 �
1

2
pn

I z 1~ 2 � qn
I z 1~ 2 � pnz 1

I z 1~ 2 � qnz 1
I z 1~ 2 1

� nz 1
I z 1~ 2 � 1� n

I z 1~ 2 � 0 � (3.6)

It canbeshown thatwith this finite-differencesystemthediscretetotal energy of theproblem

�
tot �

I

1

2
� mI { 1~ 2 �

mI z 1~ 2 � 1

2
� uI � 2 �

I

mI z 1~ 2eI z 1~ 2 (3.7)

is preciselyconserved in the limit of short time steps,provided the boundaryconditionsare
suitable:rigid boundariesor zero-pressureboundaries.

Whenwe speakof boundaryconditions,we recall that they must, of course,be included.
Whenthefinite differenceequationswould incorporatedatathatdo not exist, sincea boundary
intervenes,eitherthemissingdataaregeneratedfrom thespecifiedboundaryvalues,or thatpar-
ticular differenceequationis replacedby a constraint.Thusat a rigid boundarytheacceleration
neednotbecomputedsincethevelocity is forcedto bezero.At a freeboundary,wherethepres-
surevanishes,thepressureof thephantomzoneoutsidetheboundaryis obtainedby extrapolating
from thezoneadjacentto theboundaryon theinsideandusingtheconditionthatthepressureat
theboundaryinterfaceshouldvanish.

A very importantlimitation of all themethodsof numericalhydrodynamicswe will discuss
is thatthecomputedsolutiondivergeswildly from theright answerif thetimestepis excessivein
comparisonwith thezonesizes.This is theCourant-Friedrichs-Lewy condition,Courantor CFL
for short[75]. A linearized1-D Lagrangianproblemcanhelpmotivatethecondition. Consider
this idealizedsystem:

znz 1
I � zn

Ie t
� unz 1~ 2

I (3.8)

unz 1~ 2
I � un{ 1~ 2

Ie t
� a2 1

zn
I � zn

I { 1
� 1

zn
I z 1 � zn

I
% (3.9)

in which a is theeffectivespeedof sound.Now we perturbarounda statein which thematerial
is at restandthezonesizeis uniform � e z. Denotingtheperturbationsto theinterfacepositions
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by 6 zn
I leadsto theselinearizedequations:

6 znz 1
I �Z6 zn

Ie t
� unz 1~ 2

I (3.10)

unz 1~ 2
I � un{ 1~ 2

Ie t
� a2

� e z� 2 6 zn
I { 1 � 26 zn

I
� 6 zn

I z 1 � (3.11)

We now look for a solutionof this homogeneouslinearsystemin which both thevelocitiesand
theinterfacepositionsareproportionalto gn exp � i � I � , with � a specifiedanglebetween�2� and� , andg is an amplificationratio to be found. Whenthe factorsareeliminatedthis quadratic
equationis foundfor g:

g2 � 2 1 � 2C2 sin2 �
2

g
�

1 � 0 % (3.12)

whereC standsfor the Courantratio a e t � e z. This equationhasa pair of complex conjugate
rootswith d g d � 1 providedC sin ��� 2 } 1, but it hasreal roots,oneof which hasa magnitudeE 1, if C d sin ��� 2 d E 1. Since d sin �
� 2 d canbeaslargeas1, in thecase����T�� , therewill be
instability if C E 1, theCFL result.Themostunstablemodeis theonein which thefluctuations
alternatein signat consecutive zones.In practice,a smallerlimit is setfor C, suchas0.5. This
accountsfor non-linearinstability effects. Richtmyerdemonstrateshow the upperlimit for C
dependson shockstrength.

Thesolutionfor theamplificationfactorin thecontinuumlimit e z 7 0 % e t 7 0 canbeused
asa checkon theaccuracy of the numericalsolution. The valueof gn for the analyticsolution
is exp � i S t �H� exp � i kat �H� exp � i ka e tn� , andthereforeg shouldbe exp � i ka e t ��� exp � i C ���
whenwe identify � with k e z. In otherwords,for theanalyticsolution

g � 1
�

i C �o� 1

2
C2 � 2 � 1

6
i C3 � 3 �

O � C4 � 4�0� (3.13)

Theexpansionof thenumericalamplificationfactorin powersof � is

g � 1
�

i C �o� 1

2
C2 � 2 � i C

3C2 �
1

24
� 3 �

O ��� 4 �0� (3.14)

The expansionsagreethroughtermsof order � 2, andso the numericalmethodis second-order
accurate.Thethird-ordertermsdiffer exceptin thecaseC � 1. In thatmarginally-stablecircum-
stancethenumericalmethodis actuallyexact.

This is theessenceof 1-D staggered-meshLagrangianhydrodynamics.Thevariationscome
in slight changesin the way the time-centeredfactorsare constructed,and variationsin the
pseudo-viscosity. Sometimesa linearpseudo-viscosityis used:

qn
I z 1~ 2 � CQan

I z 1~ 2 � n
I z 1~ 2 max� un{ 1~ 2

I � un{ 1~ 2
I z 1 % 0�0% (3.15)

in which the factoran
I z 1~ 2 is of the orderof the soundspeedin the zone. The linear pseudo-

viscosityis quiteabit moredissipativefor weakshocks,andfor noshockatall, thanthequadratic
one. This makes the calculationquite smooth,perhapsspuriouslyso. The two examplesof
pseudo-viscositywe have seenso far arenon-zerofor zonesbeingcompressed(asin a shock)
andvanishfor zonesin expansion.A further stepin the directionof smoothnessis to let q for
a zonein expansionbe the negative of the q with the samevelocity differencein compression.
This is usuallyundesirable.Wewill seea typeof q laterthatvanishesexceptin shocksof at least
moderatestrength;this is theso-calledmonotonicq.
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3.1.2 staggered-meshhydrodynamicsin 2-D—quadrilateral zones

In 2-D Lagrangianhydrodynamicswith quadrilateralzonesthemeshconsistsof a more-or-less
distortedmapof auniformCartesiangrid. Thisunderlyinglogicalmeshhasthecoordinatesk and�
, andthemeshspacingin eachcoordinateis unity. Thenodesof the logical meshhave integer

valuesof k and
�
, themeshconsistsof k-lineswith integervaluesof k andvariable

�
and

�
-lines

with the reverse.Thezoneshave half-integervaluesof bothk and
�
. Eachzoneis supposedto

have a fixed mass. The fluid velocity is centeredat the nodes,andstaggeredin time from the
otherquantities.Thetimeadvancementproceedsby moving thenodesaccordingto theircurrent
velocities,computingthe new areaof all the zonesandtherebygettingthe new densities;next
applyingthe internalenergy equationto find thenew internalenergy andpressurein eachzone;
finally usingthepressuresin thezonessurroundinga givennodeto computetheaccelerationof
thenodeandobtainthetime-advancednodalvelocity.

Thefirst respectin whichthe2-D caseis harderthanthe1-D caseis computingthezonearea,
which is neededto obtainthedensity. Thefollowing is oneway to obtaintheresult.We suppose
thatour problemhasxy geometry, that is, it hastranslationalinvariancein the z direction. Our
coordinatesarex and y, andwe canspeakof the positionvectorr ��� x % y � . The zoneareais
givenby

A �
Z

dxdy �
R

�
� x % y ��
� k % � � dkd

� % (3.16)

in which Z representsthephysicalzone,andR representsthecorrespondinglogical zone.Here
weareformally usingthecoordinatesin logicalspace,theindices,asrealvariables,andtheJaco-
bianof themappingfrom logical spaceto physicalspaceappears.Of course,we do not actually
know thatmappingexceptat the integer logical meshnodes.For definitenesslet’s considerthe
zoneboundedby the meshlines k � 0, k � 1,

� � 0 and
� � 1. Within this zonelet’s also

assumea bilinearmapping

r � r00 � 1 � k �&� 1 � � � � r10k � 1 � � � � r01 � 1 � k � � � r11k
� % (3.17)

wherethe vectorsr00, r10, r01 and r11 are the four cornersof the quadrilateral. The bilinear
mappingis consistentwith the quadrilateralshapesincethe k � 0 andk � 1 lines and

� � 0
and

� � 1 lineswill bestraightlinesconnectingthecorners.TheJacobianis J � rk n r � , where
thez componentof thevectorcrossproductis needed,andthesubscriptsk and

�
indicatepartial

differentiationby thatvariable.But sincerk is a linear functionof
�

alone,andlikewise r � is a
linearfunctionof k alone,theaverageof J is thecrossproductof theaveragerk with theaverage
r � . Thisgives

A � d 1
4
� r10 � r00

�
r11 � r01�JnC� r01 � r00

�
r11 � r10� d

� 1

2
d � r10 � r01��n\� r11 � r00� d � (3.18)

This canbe arrangedin a variety of ways; the last expressionis half the crossproductof the
two diagonalsof thequad.Thereis a fallacy in this calculation,which popsup if thesignof the
Jacobianchangeswithin the zone. Suchzonesarecalled“bowtie” zones,sincethey look like
two trianglesthat touchat a singlepoint. The calculationabove givesthe net areaof the two
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triangles,treatingoneaspositiveandtheotherasnegative,not thesumof theareas.Lagrangian
hydrodynamicscodesgenerallycrashwhena bowtie zoneoccurs,which is not infrequentunless
stepsaretakento preventit.

Thenext challengeis to calculatetheaccelerationsof thenodes,which dependon a pressure
gradient.Oneway to do this is the following. We focusour attentionon a particularnodeand
constructaroundit a “dual zone”madeup of piecesof all thezonessurroundingthatnode.In a
quadrilateralmeshtherearefour surroundingzonesin general.For example,we canconstructa
contourC that joins themidpointof onezoneedgewith thecenterof theadjacentzone,thenon
to themidpointof thenestedgearound,thenthenext zonecenter, andsoon backto thestarting
point. This contourenclosesroughlyonequarterof eachof thesurroundingzones.We call this
enclosedregion thedual zoneanddenoteit by Z h . Its areaandmasscanbe found in the same
way astheareacalculationabove. Next we applya form of thedivergencetheoremto this dual
zone:

Z �
�

pdA �
C

pn ds ��� ez n
C

pds % (3.19)

in which n is the unit outward normalvectorto the zoneat pointsalongC, ds is the element
of arc lengthalongC, ez is the unit vectorin the z directionandds is the vectorpathelement
for traversingC counterclockwise.If the last integral is brokeninto piecesbelongingto eachof
thesurroundingzones,andif we approximatep asconstantwithin eachof thesezones,thenthe
integral for eachpieceis just thepressureof thezonetimesthevectorjoining themidpointof one
edgeto themidpointof thenext edge.Sofinally we get the integral of

�
p over thewholedual

zone.Thenegativeof this dividedby thedualzonemassis thenodalacceleration.
For auniformor verysmoothmeshthisapproximationfor

�
p is second-order. Unfortunately,

when the meshis severely distortedthe accuracy is not at all good. Specifically, if a Taylor
expansionof thepressureis madein the region surroundinga node,andthis is usedto evaluate
thegradientusingtheline integral formula,thenit is foundthatthesecond-ordertermsintroduce
anerrorin thederivedgradientunlessthemeshis orthogonalandregular, where“regular” means
that thezoneshapeanddimensionsareslowly varying in themesh;that is, thechangesof zone
dimensionsbetweenadjacentzonesarethemselvessecondorder. This is a limitation thatmany
Lagrangiancodessuffer with, althoughsomeimprovementshave beenmade(cf., Caramana’s
work [50]).

The final complicatedingredientis the pseudo-viscosity.Thereis considerableambiguity
involvedin thecenteringof q in multidimensionalproblems.Thedifferenceof thevectorvelocity
betweenthenodes� k % � � and � k �

1 % � � , projectedon theedgeconnectingthosenodes,leadsto
a q that is naturallycenteredat themidpointof thatedge.This would have to beaveragedwith
thesimilar quantitydefinedfor the

� �
1 sideof thequadto obtaina zone-centeredq thatcanbe

addedto thenormalpressurein thezone.Clearly, therearemany alternativesto thisprescription.
It is alsopossibleto useadifferentq in computingthex accelerationthanwhencomputingthey
acceleration.

3.1.3 unstructured meshes

Thelogic for calculating
�

p aboveisnotcritically dependentonhaving exactlyfour zonesaround
eachnode,nor of eachzonehaving exactly four edges.In anunstructuredmeshcodethemesh
consistsof an arbitraryassortmentof polygons(in 2-D). Theremay be any numberof edges
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meetingatanode,andazonewill haveasmany neighborsasit hasedges,whatever thatmaybe.
Theareacalculationis simpleenoughif thezoneis first brokeninto triangles.Thealgorithmfor
finding

�
p worksfineoncethelist of zonessurroundingthenodeis constructed.

In codesof thiskind themeshconnectivity maybedynamic:As themeshbecomesdistorted
someof the meshlines may be removed and/orcreated.Zonesandnodesarenot indexed by
k and

�
, which implies quadrilaterals,but form two long lists. Associatedwith eachnodeis its

currentlist of neighbors,andthelist of zonesthatsharethemeshline connectingthis nodewith
theneighbors.As connectionsaremadeandbroken in the courseof thecalculation,theselists
areupdated. The indexing overheadand the cost of dealingwith many-sidedpolygonsmake
unstructuredmeshcodesmore costly than quad-basedcodes,but therecan be advantagesin
amelioratingmeshdistortion.

3.2 Eulerian methods

While in Lagrangianhydrodynamicsthe coordinatesof the mesharedynamicvariables,from
which thedensityis calculated,in Eulerianhydrodynamicsthemeshis fixedandthedensityis
oneof theprimaryvariables.In eachcasetheothervariablesarefluid velocityandinternalenergy
or temperature.

TheEulerianmethodsfall into two groups:finite differencemethodsandfinite volumemeth-
ods. In the former groupthe flow variablesareconceivedasbeingsamplesat certainpointsin
spaceandtime, andfrom thesesampledvaluesthe partialderivativesarecomputedthatarere-
quired to obey the Euler equations.For methodsof the finite volumeclassthe unknowns are
understoodto be averagevaluesover certainfinite volumes—thezones—andthesemustobey
theconservationlaws in integral form. Thedifferenceis subtleandthefinal equationsarequite
similar for thedifferentviewpoints.

3.2.1 finite-differ encemethods;Lagrangian plus advection

Thisapproachis describedverywell in thebookby BowersandWilson[36]. TheEulerequations
arefirst written in this way �

��
t

� � ��� ��� u� (3.20)�
� u�
t

� � �
p � ��� ��� uu� (3.21)�

� e�
t

� � p
���

u � ��� ��� eu�0� (3.22)

In the methodof BowersandWilson a time stepconsistsof a “Lagrangian”stepfollowed by
an advectionstep. The ideaof operatorsplitting is appliedhere,which meansthat for eachof
thesesubstepsjust part of theexpressionfor thetime derivativeof eachvariableis applied.The
unknowns � , � u and � e areupdatedusingthosepartsof their time derivatives,andtheupdated
valuesarethe startingpoint for the next partial time step. The philosophyof operatorsplitting
is describedmore in §11.1. For the Lagrangianstepthe densityis left alone,the momentum
densityis updatedusingjust thepressuregradient,afterwhich a new flow velocity is calculated
by division. As in staggered-meshLagrangianhydrodynamics,the velocity (and momentum
density)componentsarecenteredin time at tnz 1~ 2. The new velocitiesareusedto calculated
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���
u andtheinternalenergy densityis updatedusingjust thefirst termon theright-handsideof

equation(3.22).ThatcompletestheLagrangianstep.
The accelerationof the materialby the pressuregradientis more easily calculatedin this

methodthanin theLagrangiancodes,for two reasons.Oneis theregularity of themesh,which
lendsitself to a very naturalexpressionfor

�
p. The other is the frequentchoiceto centerthe

velocity(andmomentumdensity)componentsoncell edges.Thex-momentumis centeredat the
midpointsof theedgesboundingthezonesin thex direction,andlikewisefor the y-momentum.
Thismeans,for example,that � pkz 1~ 2: � z 1~ 2 � pk{ 1~ 2: � z 1~ 2�k� e x is thenaturalexpressionfor the
gradientto acceleratethex velocityatpoint k % � � 1� 2.

For theadvectionsteptheserelationsareused:

d

dt
��� V ��� �

S

� u � dA (3.23)

d

dt
��� uV h ��� �

S�
� uu � dA (3.24)

d

dt
��� eV ��� �

S

� ue � dA � (3.25)

Here V is a zonal volume and V h is a dual zonal volume, sincethe velocity componentsare
staggeredin spacefrom the quantitieslike densityand internalenergy. The surfacesS and Sh
representthe boundariesof V and V h . The surfaceintegrals becomesumsover the edgesof
eachzoneor dual zoneof the advectionflux througheachedge. The challengefor Eulerian
hydrodynamics,to be accurateandminimize numericaldiffusion, is the constructionof these
advectionfluxes.Sincetheflow is in onedirectionor theotherthrougheachedge,therewill be
a donorzoneanda receiver zone. The advectionflux is the appropriateedge-centerednormal
componentof velocity multiplied by anappropriatelyaveragedvalueof theconservedquantity:
massdensity, momentumdensityor internalenergy perunit volume. Stability requiresthat the
edge-centeredconserveddensitybe calculatedfrom the propertiesof the donorzone. If this is
just setequalto theaveragedensityof thedonorzone,theresultis calleddonor-cell advection.
Alas, this method,while verysimple,is verydiffusive.

The improvementon donor-cell advection is to notice that the contentsof the donorzone
within a distanceu � n e t will be advectedout of the zoneduring the time step,wheren is the
unit vectornormalto the zoneedge. If we canconstructan interpolationfunction representing
the variationof � or theotherconservedquantitieswithin thezone,thenthe integral of this in-
terpolationfunction over the volumethat will be advectedgivesa muchbetterestimateof the
advectionflux. This conceptis now usedin virtually all Euleriancodes.Onevery commonin-
terpolationschemeis themonotonicpiecewise-linearschemeintroducedby vanLeer[255]. This
is a 1-D interpolationmethod.Indeed,commonpractice,asdescribedby BowersandWilson, is
to operator-split theadvectionby direction:first advectin thex direction,thenin the y direction.
(Or thereverse.Or first oneway thentheother.) Constructingthepiecewise-linearinterpolation
function in onecoordinate,sayx, for, let’s say, � , comesdown to finding theslopewithin each
zoneof � vs. x. The goal of monotonicinterpolationis to ensurethat the zone-edgevaluesof
theinterpolantdo not fall outsidetherangeof � betweenthegivenzoneandits neighborin that
direction.If thegivenzoneis in facta localextremum,thentheslopemustbezero.Theformula
canbeillustratedeasilyif thezoningis uniform. Thesloped�!� dx in zonek

�
1� 2 multipliedby
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e x will be e � givenby e �K� 0 if zonek
�

1� 2 is anextremum,otherwise

e � � Smin � 2 d � kz 1~ 2 �4� k{ 1~ 2 d % 2 d � kz 3~ 2 �4� kz 1~ 2 d %
0 � 5 d � kz 3~ 2 �]� k{ 1~ 2 d �0% (3.26)

whereS is 1 if � kz 1~ 2 ��� k{ 1~ 2 E 0 and � 1 if � kz 1~ 2 ��� k{ 1~ 2 R 0. Theformulafor variablezone
sizesis only a little morecomplicated.The interpolationfunction for zonek

�
1� 2 is thenthe

straightline thatpassesthrough� kz 1~ 2 at zonecenterwith this slope.Theadvectedflux during
thetime stepis thentheintegral of this functionovera distanceux e t adjacentto thezoneedge,
asdescribedabove.

Staggered-meshfinite-differenceEulerianhydrodynamics,like Lagrangianhydrodynamics,
cannotcalculateshockssuccessfullyunlesspseudo-viscosityis included. The prescriptionsfor
pseudo-viscosityareverymuchthesame,apartfrom thedifferencesowing to thecenteringof the
velocity componentson zoneedgesratherthanat vertices.VanLeer interpolationlendsitself to
a very usefulexpressionfor thepseudo-viscosity, calledthemonotonicq. Thex componentsof
velocity, centeredatk % � � 1� 2, canbeinterpolatedin thevanLeerfashion,wherenow thezones
becomethedualzonesthatextendfrom thecenterof oneregularzoneto thecenterof thenext.
Thepiecewiseinterpolantsin thesedualzoneswill in generalnot becontinuousat thedualzone
edges,i.e., at the regular zonecenters.The amountof the discontinuitywill typically be very
small in smoothregionsof the flow, andbecomelargewherethe velocity hasa sharpgradient,
thatis, nearashock.Themonotonicq is proportionalto thezonedensitytimesthesquareof this
velocity jump. Of course,thevanLeerinterpolationis doneonedirectionata time,andthis is an
instancein whichq definitelydiffersfor thetwo directions.ThustheLagrangianstepmomentum
updatemustbesplit into anx updateanda y update.

The CFL conditionappliesto Eulerianmethodsjust asto Lagrangianmethods,exceptthat
theexpressionfor C is somewhatmodified:

C | max
� a � d ux d � e t

e x
% � a � d uy d � e t

e y
R 1 � (3.27)

In fact,asmallerupperlimit to C maybeset,suchas0.5,asmentionedearlier.

3.2.2 Godunov methods;PPM

Thenumericalmethodsdescribedsofar arequiteelderly, datingin largepart to the1940s.Now
we cometo themethodsof the1970sand1980s.Godunov’s method[101] andits descendents
areamongthese.Thesearefinite-volumemethods.Thismeansthatwenow considerall theflow
variablesto bezonalaverages,andwefind their evolutionby determiningthegainsandlossesof
conservedstuff by eachzone. The naturalplaceto begin is with the Eulerequationswritten in
conservationlaw form, asin equation(2.61),which for our purposebecomes�

U�
t
�����

F � U �'� 0 � (3.28)

The vectorU containsthe conserveddensities� , � ux, � uy and � e
� � u2 � 2. The components

of theflux vectorare � u, � uux
�

pex, � uuy
�

pey and � ue
� � uu2 � 2

�
pu. In orderto have

theEulerequationsin conservation-law form wemustusethetotalenergy equation(2.9),not the
internalenergy equation(2.7).
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All our flow variablesarezone-centeredquantitiesnow. Furthermore,all arespecifiedat the
sametime points,tn. Theevolution equationis foundby averagingequation(3.28)over a zone
volumeV andovera time interval � tn % tnz 1 � :

V
e�� U �
e t

�3�
S

� F �J� n dA � (3.29)

The expression� U � representsthe zoneaverageof U at the beginningor endof the time step;
theseareour unknowns.Thequantity � F �J� n representstheflux of a conservedquantitythrough
theedgeof a zoneaveragedover thetimestep.If we canconstructaccuratevaluesof theseedge
fluxesfrom the beginning-of-stepvaluesof � U � , thenthe advancedvaluesfollow immediately.
Fromthecomponentsof U it is simplearithmeticto find u ande, andthenthepressurecanbe
calculated.Thequestionremains:Whatarethefluxes?

Godunov’s original methodis describedas follows. At the beginning of the time stepwe
imaginethateachzoneis uniform, with its averagefluid quantities� , u and p. At an interface
betweentwo zonestherewill thusbea discontinuity, asin a shocktubeat the initial time. The
namefor thesituationin whichtwo regionsof constantfluid propertiesmeetatadiscontinuityis a
Riemannproblem;ashocktubeis aspecialcasein whichthevelocitiesvanish.At thenext instant
this discontinuitywill be resolved into a pair of shocks,a shockanda rarefactionwave, or two
rarefactionwaves,onetraveling into eachof thetwo zones.At thematerialinterface,which was
thezoneboundary, therewill becontinuousvaluesof pressureandvelocity. Godunov’smethod
is to usetheseconditions,derivedfrom thesolutionof theRiemannproblem,to evaluatetheedge
fluxes,thento usetheconservationlaw to updatetheconservedquantitiesto thenext time step.

ThegeneralRiemannproblemcanbesolvedgraphicallyasfollows. Let theinitial statesbeFig. 3.1
state0 on the left of the interfaceandstate1 on theright. Plot the locusof pointsin the � u % p�
diagramthatcanbereachedfrom state0 eitherby a shock(p E p0) or a rarefaction(p R p0)
usingtheserelations,assuminggamma-law gases:

u � u0 � 2c0g 0 { 1 1 �I� p� p0� � g 0 { 1��~�� 2g 0� p R p0 %
� � 2c1 � p~ p0{ 1�� g 1 � g 1 { 1z � g 1 z 1� p~ p0� p E p0 � (3.30)

Thenplot thelocusof pointsthatcanbereachedfrom state1 using

u � u1 � � 2c1g 1 { 1 1 �\� p� p1� � g 1 { 1��~�� 2g 1� p R p1 %
� 2c1 � p~ p1 { 1�� g 1 � g 1 { 1z � g 1z 1� p~ p1� p E p1 � (3.31)

The intersectionof the loci is thesolutionof theRiemannproblem.This is illustratedin Figure
3.1 for u0 � 2 % u1 � 1 % p0 � 15% p1 � 2 % c0 � 2 % c1 � 1. This caseproducesa shockmoving
right into material1 andararefactionmoving left into material0, asin anormalshocktube.The
figurealsoshows,asadashedcurve,thereleasepathif therelationfor ashockwereusedinstead
of the correctrelation for a rarefaction. The locus is almostexactly the same,andthis canbe
a usefulapproximation,asdiscussedby Colella andGlaz [68]. The solution for the Riemann
problemcontainsacontactdiscontinuity,whichemanatesfrom theinitial interface.Thevelocity
of this discontinuityis u. Thusthestationaryinterfacelies on thematerial0 sideof thecontact
if u E 0 andon thematerial1 sideof thecontactif u R 0. This influencesthecorrectchoiceof� at the interface,which enterstheexpressionsfor thefluxes. Efficient methodsfor solving the
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Riemannproblem,includingin somecasestabularequationof statedata,havebeendiscussedby
vanLeer[256] andColellaandGlaz.

Godunov’soriginalmethodandsomeof its successorsareactuallyoperator-split Lagrangian-
remapmethods,asdiscussedabove. TheLagrangianmethodstill fits within theconservation-law
framework, exceptthat, in 1-D, thespacecoordinateis the arealmassm, the solutionvectoris
U �����1% u % E � , with �v� 1� � andE � e

�
u2 � 2, andtheflux vectoris F ���"� u % p % up� , viz.,��

t

�
u
E

�
��
m

� u
p

up
� 0 � (3.32)

The reasonfor doing separateLagrangianand remapstepsin Godunov’s method,ratherthan
a direct Eulerianstepas implied above (seealso Godunov [102]), is that it is assuredin the
Lagrangiancasethat one characteristicapproacheseachinterfacefrom the left and the right;
if the flow is supersonicthis is not true for Euleriancharacteristics.This is importantfor the
higher-orderGodunov methods.The remapstepcanmake useof van Leer interpolation: The
interpolantis constructedfor eachconservedquantityin thedistortedzonethatfollows from the
Lagrangianstep,andan integrationover the fixed Eulerianzonevolumeproducesthe desired
Eulerianquantity. In 2-D or 3-D boththeLagrangianandremapstepsaredirectionallysplit.

Godunov’s methodis first-orderaccurateowing to its useof the zone-averagequantities
for the initial statesof the Riemannproblem. Van Leer [256] extendedit to a second-order
Lagrangian-remapmethodcalledMUSCL,whichstandsfor MonotonicUpwind-centeredScheme
for ConservationLaws. Thekey elementin MUSCL is theintroductionof vanLeerinterpolants
for the beginning-of-stepflow variables,andobtainingleft andright statesat eachinterfacefor
the middle of the time stepby tracingright-facingandleft-facingcharacteristics,respectively,
from theinterfaceat themiddleof thetime stepbackto thebeginningof thetimestep.Theflow
variablesat thesepoints, locatedsomewherewithin the left andright zones,determinevia the
characteristicequationsthe left andright statesthatareusedfor the Riemannproblem. Thusa
first-orderaccuratesolutionof the flow equationsin characteristicform providesthe datathat,
throughthe Riemannsolution,determinethe fluxesthatgo into the conservative updatefor the
Lagrangianstep. The remapstepin MUSCL is the sameasjust described,a van Leer interpo-
lation on thedistortedmeshfollowedby integrationover theEulerianzones.In two dimensions
theoperatorsplitting follows theschemeXYYX, whereX andY representLagrangian

�
remap

stepsfor theindicateddirections.Doing thestepstwice with theorderreversedthesecondtime,
suggestedby Strang[245], eliminatesthesecond-ordererrorassociatedwith directionalsplitting.
TheMUSCL codeis secondorderaccurate,exceptnearshocks,whereit andalmostall others,
becomefirst order.

Thenext developmentsof Godunov-typemethodswereintroducedby ColellaandWoodward.
Colella [67] provided a second-ordermethodcomparableto MUSCL, but basedit on a single
EulerianstepratherthanLagrangian

�
remap.Thenecessityof convertingbackandforth between

EulerianandLagrangianquantities,and interpolantsin massvs. space,were eliminated,and
somelinearizationsthat van Leer found necessaryin the Riemannsolutionwerealsoavoided.
Theaddedcomplicationis dealingwith thealternativesof two characteristicsfrom the left, one
eachfrom left andright, andtwo characteristicsfrom the right, in finding the Riemanninitial
states.Thismethodis now referredto asPiecewise-LinearMUSCL DirectEulerian,or PLMDE,
to distinguishit from thecommonimplementationof thenext methodwewill discuss,Piecewise-
ParabolicMUSCL Lagrangian-Remap,or PPMLR,calledPPMfor short.
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ComingsoonafterColella’ssecond-orderMUSCLwastheintroductionof piecewise-parabolic
monotonicinterpolation,replacingvan Leer’s piecewise-linearmonotonicinterpolation. This
makesthe spatialaccuracy third order, but the accuracy of the characteristictracingandof the
directionalsplitting in multi-dimensionalproblemsreducesthe overall order to second. The
piecewiseparabolicmethod(PPM) is describedby ColellaandWoodward [69] andWoodward
and Colella [267]. Both Lagrangian

�
remapand direct Eulerianversionsare presented.The

Lagrangian
�

remapversionhasseenconsiderablymoreusein theinterveningyears.
The detailsof PPM areratherintricate,andthe readeris referredto the basicpapers.The

essentialelementsarethese:Zoneaveragedataat thebeginningof thetime stepfor a specified
zone, its two neighborson the left and its two neighborson the right, are combinedto form
a quadraticinterpolationfunction in the zonethat is exactly consistentwith the specifiedzone
average. The coefficients are then modified in ways describedby Colella and Woodward to
producemonotonicityandcontactdiscontinuitysteepening.Next the region of influencein the
left zoneandtheright zonefor theconditionson thezoneedgethroughthetime steparefound
by tracingcharacteristicsbackfrom the endof the time step. This determinesa portion of the
left zone,at the beginning of the time step,that influencesthe left-sidezoneedgeconditions,
and likewise a portion of the right side. The fluid variablesare averagedin theseregions of
influenceto give the left-side and right-sideconditionsfor the Riemannproblem. The space
averageovertheregionof influencegivesthecorrecttimeaveragealongthezoneedgeapartfrom
termsarisingfrom thevariationof thecharacteristicslopesduringthetimestep.Thefluxesin the
conservativeLagrangianequations(3.32)arecomputedfrom thesetime-averageedgeconditions.
In most casesno additionaldissipationsuchas pseudo-viscosityneedsto be included in the
method.Thereareexceptions,however. If a shockis nearlystationarywith respectto themesh,
oscillationswill developunlessthemeshis jiggled slightly, asWoodwardandColelladescribe.
This jiggling is comparableto artificial viscosityor artificial heatconductionin its effect, but
is an orderof magnitudesmallerthanthe pseudo-viscosityusuallyusedin the staggered-mesh
methods.

The testcasesshown by Woodward andColella [267] demonstratethe improved accuracy
with PPMrelative to MUSCL for calculationson thesamemesh.Despitetheconsiderablecost
in CPU time per zoneper cycle, PPM compareswell with othermethodsin the cost to obtain
a specifiedaccuracy. Thewidths of shockscomputedwith PPM areaboutonezone,not a few
zonesaswith pseudo-viscositymethods.

3.2.3 WENO

Thenext classof Eulerianhydrodynamicsschemesis theEssentiallyNon-Oscillatoryclass(ENO)
andits descendentWeightedEssentiallyNon-Oscillatory(WENO).To explain what theseareit
is helpful to stepbackanddiscusstheLax-Wendroff method[165]. It is amethodfor asystemof
conservation laws in onespacedimension,suchastheEulerequations,in the form of equation
(3.28).Thetwo-stepLax-Wendroff methodis apredictor-correctormethod:

Unz 1~ 2
j z 1~ 2 � 1

2
Un

j z 1
�

Un
j � e t

2 e x
Fn

j z 1 � Fn
j

Unz 1
j � Un

j � e t

e x
Fnz 1~ 2

j z 1~ 2 � Fnz 1~ 2
j { 1~ 2 � (3.33)

To conformto thenotationin Richtmyer’s book [217] andtheWENO literature[135] thezone
centersare given integer spatial indicesand the edgeshave half-integer indices. We seethat
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the predictorequationfinds an edge-centeredsolutionvectorat the half-time-steppoint using
thebeginning-of-stepvaluesof thefluxesevaluatedat zonecenters.Thecorrectorstepusesthe
edge-centeredfluxesderived from the half-time-stepunknowns to make the usualconservative
updateof thezone-centeredunknowns.

The two-step Lax-Wendroff method is secondorder and the dissipationis quite small,
O � e x2 e t2 � [217]. The paperby Sod[242] shows the numericalresultsfor this anda number
of other methodson his now well-known shocktube problem. While Godunov’s [102] first-
order methodsmearsthe shockand contactdiscontinuityslightly while avoiding ringing, the
second-orderLax-Wendroff methodhasfairly sharpjumpscombinedwith a substantialamount
of ringing. The ringing hasgrown to be consideredunacceptable,andthis wasa principal mo-
tivationfor developinghigherorderGodunov schemesin which theringing couldbeminimized
by monotonicityconstraintsandnon-linearfilters.

TheENOapproachis anotherpathtowardthisgoalwhichavoidstheuseof aRiemannsolver.
The conservation laws are written in a form in which spacehasbeendiscretizedbut time is
continuous:

dU j

dt
� 1

e x

�
F j { 1~ 2 � �

F j z 1~ 2 % (3.34)

in which thefluxes
�
F j z 1~ 2 comefrom theapplicationof anappropriateoperatorto theU j . This

operatorwill acton valuesof U in perhapsseveralzonessurroundingtheedge j
�

1� 2 in order
to obtain

�
F j z 1~ 2. Thenext essentialpartof theENO conceptis theuseof Runge-Kuttamethods

for the integrationof equation(3.34). Thepredictor-correctormethodis a kind of second-order
Runge-Kutta. The two-stepLax-Wendroff methoddepartsfrom a second-orderRunge-Kutta
solutionof equation(3.34)by usinga spatiallystaggeredpredictorstep.Oneof thegoalsin the
ENOandWENOschemesis to avoid theintroductionof oscillations—ringing—hencethenames
of the methods. One aspectof this is the useof Total Variation Diminishing (TVD) or Total
VariationBounded(TVB) time integrators.TVD meansessentiallythatthespatialfluctuationin
thesolutionat theendof thetime stepcannot be largerthanit wasat thebeginningof thetime
step. TVB meansthat, while the fluctuationmay grow, it will alwaysbe lessthansomefixed
bound. SomeRunge-Kutta integrationschemesareTVD andsomearenot. A popularchoice,
referredto asRK3, is this third ordermethod:

U � 1� � Un � e t L � Un � (3.35)

U � 2� � 3

4
Un � 1

4
U � 1� � 1

4
e t L � U � 1� � (3.36)

Unz 1 � 1

3
Un � 2

3
U � 2� � 2

3
e t L � U � 2� � % (3.37)

in which L � U � standsfor theoperatorthatyieldstheright-handsideof equation(3.34).
Theheartof theENOandWENOschemescomesin choosingthespatialdifferenceoperator.

To begin with, this is an interpolationproblem. Givendata,in this casethe Fn
j � F � U j

n � , that
representtheaveragevaluesin thespatialzones� x j { 1~ 2 % x j z 1~ 2� , for acertainspanof zones,find
thepolynomialof suitableorderthatfits thesedata,andtherebyderive theedge-centeredvalues
Fn

j z 1~ 2. Then L � Un � follows asin equation(3.34). For uniform spatialzoningandfor stencils
(thecollectionof zone-centersthatareusedfor theinterpolation)thatconsistof somenumberof
contiguouszones,theformulaeareeasilywrittendown. Thesingle-zonestencils:

F j z 1~ 2 � F j % F j z 1~ 2 � F j z 1 � (3.38)
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thetwo-zonestencils:

F j z 1~ 2 � 1

2
� F j { 1

�
3F j % F j z 1~ 2 � 1

2
F j

�
F j z 1 %

F j z 1~ 2 � 1

2
3F j z 1 � F j z 2 � (3.39)

andthethree-zonestencils:

F j z 1~ 2 � 1

6
2F j { 2 � 7F j { 1

�
11F j %

F j z 1~ 2 � 1

6
� F j { 1

�
5F j

�
2F j z 1 %

F j z 1~ 2 � 1

6
2F j

�
5F j z 1 � F j z 2 %

F j z 1~ 2 � 1

6
11F j z 1 � 7F j z 2

�
2F j z 3 � (3.40)

Theorderof the interpolationpolynomialis onelessthanthenumberof zonesin the stencilin
eachcase;theresultis anapproximationto L � U � thatis accurateto anorderequalto thenumber
of zones.

Next we discussselectingamongthestencils.As we know, stability of themethodis aided
by usingpreferentiallydataon the upwind side in spacefor the calculationof the flux. For a
scalarequationthe wind blows in the direction indicatedby

�
U F � U � : in the

�
x direction if�

U F � U �oE 0, in the � x directionif

�
U F � U �DR 0. We thusdiscardonestencil from eachlist

of candidates,the lastonein eachgroupfor

�
U F � U ��E 0 andthefirst onefor

�
U F � U �uR 0. If

F � U � is not a monotonefunctionthenit mustbesplit into partsthatare:

F � U �'� F
z � U � � F { � U �0% (3.41)

with

�
U F z � U �KE 0 and

�
U F { � U � R 0; theremay be several waysto do this. The valueof�

F is thencalculatedby summingthe valuesof
�
F z , calculatedon stencilsbiasedtoward � x,

with
�
F { calculatedon stencilsbiasedtoward

�
x. For systemsof conservationslaws thereis

not just one derivative

�
U F � U � to examine,but the signsof the characteristicspeeds,which

arethe eigenvaluesof the Jacobianmatrix. The eigenvectorsof the Jacobianareformedinto a
groupwith positivecharacteristicspeedandagroupwith negativecharacteristicspeed.Projection
operatorsfor thepositiveandnegativesubspacesareformedfrom these,andthefinal

�
F is built by

combiningtheupwindstencilsfor eachgroupusingtheseoperators.This is not theonly method
for splitting

�
F into

�
F z and

�
F { . A simpleralternative that seemsto work well is basedon the

Lax-Friedrich[164] method,for which

F ¡¢� U �'� 1

2
� F � U �!TCa U � (3.42)

with aK� max d
�

U F � U � d , takenover thefull sampledrangeof U .
Now we cometo theENO/WENOconcept.Considerthethree-zonestencils,of which three

survive afterdroppingthedownwind-mostof theoriginal four. A figureof merit is constructed
locally for eachstencil by combiningthe squaresof estimatesof the first and secondspatial
differencesof the Fs. Thepreferredstencilis theonefor which thisfigureof merit is least.Near
a shockor otherdiscontinuityin theflow, this stencilwill betheonethatsamplestheproperties
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downwind of the jump theleast.For theENO methodtheresult,for this flux, is takento bethe
onefrom the preferredstencilandthe othersarediscarded.For the WENO methodthe flux is
givenby a weightedsumof the flux from the surviving stencils,with weightsinverselyrelated
to thefigureof merit mentioned.Theseweightshave theeffect, in smoothregions,of canceling
someof thetruncationerrorin theindividualstencils.Thuseachof thethree-zonestencilsgivesa
resultthatis third-orderaccurate,theweightedsumis fifth-orderaccurate.For anr -zonestencil,
eachindividual is r -th orderaccurateandthe weightedsumis � 2r � 1� -th orderaccurate.The
detailedexpressionsfor theweightsandtheerroranalysisarefoundin [135]. This is thescheme
referredto asWENO5. BalsaraandShu[23] have givena ninth-orderWENO schemethatuses
five differentfive-zonestencils.Ninth orderpertainsto thespatialdifferencing;WENO9riastill
usesthethird-orderRK3 Runge-Kuttatime integrationscheme.

ThetestresultsusingWENO5in [135] onSod’sproblemandsomeof Woodward’sproblems
[267] look quiteacceptable.Thecharacteristicprojectionmethodfor flux splittinghastheedgein
accuracy overtheLax-Friedrichssplitting. Shi,ZhangandShu[237] show WENO5andWENO9
resultsfor Woodward’s doubleMachreflectionproblemanda Rayleigh-Taylor instability prob-
lemthatcontaina profusionof small-scalefeaturesfor thehigh-ordermethods.

3.2.4 AdaptiveMeshRefinement—AMR

An Eulerianhydrodynamicsvariationis Adaptive MeshRefinement,or AMR. The conceptof
AMR is to provide greatergrid resolutionin the partsof the spatialdomainthat mostneedit
any given time. While AMR might be possiblein a Lagrangianframework, the needfor this
capability is lesssincethe Lagrangianzonesalreadyfollow the materialandtendto be where
they areneededautomatically. This is not completelytrue,sinceextra resolutionmaybeneeded
nearshocks,for example,which move throughthe material. The secondreasonfor not using
LagrangianAMR is thatit maybeexceedinglycumbersome.Theunstructured-meshLagrangian
codeswouldbethebestLagrangianAMR vehicle,but wewill discussthatno further.

The seminalpaperdescribingblock-structuredAMR, a methodthat appliesrefinementin
rectangularsubdomains(patches),is by BergerandColella [31]. Detailsof the implementation
aregivenby Bell, ColellaandGlaz[29] andBell, et al. [30]. A very nicecapsuledescriptionof
themethodhasbeengivenby GrauerandGermaschewski [104]:

We startby integratingthe equationsunderconsiderationon a singlegrid with
fixed resolution. Then, we constantlyverify if the resolutionis still sufficient by
someappropriatecriterion. If it is not we mark all pointswherethe resolutionis
insufficient. Next, we try to cover theseunderresolved points by a collection of
rectangles(or boxesin 3D) aseffectively aspossibleusingmethodsfrom imagepro-
cessing.Thesenew rectanglesneedto becorrectlyembeddedin their parentgrids,
otherwisethey have to bemodifiedaccordingly. Whentherectanglesarefilled with
data,they areintegratedusingadiscretizationlengthandtimestepdividedby certain
refinementfactors. In addition,all the stepsdescribedabove areperformedrecur-
sively. Importantis the communicationamongthe grids. The necessaryboundary
dataareobtainedfrom neighboringgrids if presentandotherwisefrom the parent
grids.Similar treatmentis appliedto newly generatedgrids.Dataareobtainedfrom
theold gridsof thesamelevel wherepossible,otherwisefrom theparentgrids.This
allows for effectively following moving structures.Finally, aftereachtime stepthe
coarsegridsareupdatedusingdatafrom finergrids.
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TheAMR meshmaybethoughtof ashierarchical;at thetop level is a uniform fairly coarse
mesh,calledthelevel 1 mesh.Portionsof thisarerefinedto producea level 2 mesh,andsoon to
a maximumdepthof refinement,perhapsto the3rd level, perhapsmore.Thedatain any zoneat
a certainlevel aresupersededby thedataat thenext level down if this zoneis in a patchthat is
refined.Therefinementfactormaybechosen,for example,to befour. With a refinementfactor
of two a few morelevelsareneeded.Whatever refinementfactoris usedspatially, in eachof the
coordinatedirections,thesamefactoris usedfor temporalrefinement.Thusapatchthatis refined
4 n in spaceis sub-cycledin thetime integration;four of therefinedtimesstepsarecomputedto
bringtherefinedpatchupto thesamenew timelevelasthecoarserregionin whichit isembedded.
This is donesothateachlevel of refinementusesthesameCourantratio. Of course,this is also
donerecursively whenthereareseverallevelsof refinement.Themaximumdepthof refinement
is a critical parameterin theapplication.If this is settoo small, thenimportantfeatureswill not
beresolved. If it is settoo large,thensomehydrodynamicsproblemswill “refine themselvesto
death”becausethecriterionfor acceptingthecurrentmeshmaynotbesatisfieduntil theavailable
storageis exhausted.Themaximumrefinementdepthmustbechosenby theskilledcodeuserto
meettherequirementsof theproblemat hand.

The criterion for refinement,like the maximumdepthof refinement,mustalsobe tunedto
fit theproblem,andfor thesamereason:insufficient refinementdefeatsthehoped-foraccuracy,
andexcessive refinementstopsthe calculation. The generalcriteria, suchas the Richardson’s
extrapolationestimateof BergerandColella[31], canbeuseful,but without adjustmentcanalso
leadto excessiverefinement.Hereagain,theskill of theexperiencedcodeuseris necessary.

SinceAMR putsthemeshwhereit isneededto resolvefeaturesin theflow, thetotalnumberof
zones,countingall thelevelsof refinement,is muchlessthanfor theuniformmeshthatprovides
thesamemaximumresolution.Thatis, this is thecaseif theareasof refinementarerelatively few
andlocalized. Thereareproblems,suchashomogeneoushydrodynamicturbulence,for which
refinementwould benecessarythroughoutthe entireproblem,andfor which AMR is therefore
of little value.Problemsof this kind benefitfrom PPMor theWENO methods.

One group of closely relatedAMR codesis describedby Klein, Greenough,Howell and
co-workers[252, 144, 147, 253, 146]. They useblock-structuredAMR asdescribedabove, and
employ the PLMDE Godunov method. Block-structuredAMR is not the only approach.The
RAGE codedevelopedby Gittingsandothers[100, 118] usescell-by-cell refinement.All these
codeshave3-Daswell as2-Dversions.Thedirectionalsplittingcanaseasilydothreedimensions
astwo.

3.3 ALE

The ALE methodswill not be describedin detail. The differencebetweenthe ALE equations
andtheEulerianequationsis slight,asweseefrom acomparisonof equations(2.15)–(2.17)with
equations(2.2),(2.3),(2.9). Thecomputationalprocedurein mostof the ALE codesfollows the
outlineof thestaggered-meshEulerianmethoddescribedearlier. Onedifferenceis that,sincethe
meshis distortedratherthanorthogonalasis theEulerianmesh,thecomputationof thepressure
gradientfollows the prescriptionusedin the Lagrangiancodes.The ALE modificationsto the
Eulerianequationsare treatedfully by Bowers and Wilson [36]. What is left unaddressedis
the very importantquestionof specifyingthe grid motion. The grid motion algorithmshave
the vital taskof following thematerialascloselyaspossiblewhile at thesametime preventing
excessivedistortionof thegrid. Therecipesfor doingthisaremany, derivedfrom agreatnumber
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of hydrodynamicsimulationsthat failed andneededa new grid motion algorithm to succeed.
Unfortunatelythis experienceis poorly documented.Someinkling asto the algorithmscanbe
derivedfrom theuser’smanualfor CALE, Tipton’spopular2-D ALE code[251].

3.4 3-D

Thediscussionof 3-D codeswill alsobevery brief. The3-D AMR codeshavebeenmentioned.
The extensionfrom 2-D to 3-D of orthogonal-meshEuleriancodesis relatively simple. There
aresomenotablecomputerscienceissuesinvolvedwith maintainingthe datastructuresfor the
hierarchicalmesh. The individual patchesleadto box objectsthat carry the informationabout
thecellsthey containandalsoabouthow they interfaceto theboxesin which they areembedded.
Therearemany moresuchitemsof informationfor the3-D box thanin 2-D.

Besidesthesetwo codesthereis PPM,whichhasbeendescribedalready, andwhichexistsin a
3-D version.Thisis thecodethatwonthe1999GordonBell awardfor its teraflopperformanceon
aproblemof Richtmyer-Meshkov instability [190]. Anotheris theFLASH codedevelopedby the
ASCI Centerfor ThermonuclearFlashesat theUniversityof Chicago[97]. FLASH incorporates
PPMasoneof its hydrodynamicoptions,but canalsouseblock-structuredAMR.

Thereareno goodexamplesof a strictly Lagrangian3-D code.This is for thesimplereason
that Lagrangiancodesfail to run pastthe point in time whenthe meshtangles,producingthe
bowtiesmentionedabove. In 3-D theopportunitiesto tanglearemuchricher, andtheLagrangian
codessimply do not run long enoughto be useful. An exceptionmustbe madefor structural
dynamicscodessuchasDYNA3D [106]; thesedealwith solid materialsthathave strengthand
thatthereforecanresistthetanglingto which fluidsaresusceptible.

Thereare3-D ALE codes.We will mentiontwo: the AREScode[27] andtheKULL code
[214], bothdevelopedat LawrenceLivermoreNationalLaboratoryaspartof theDepartmentof
Energy’s AdvancedSimulationandComputingeffort, which in fact supportsall the 3-D codes
mentionedabove aswell. ARESandKULL have many similarities,but AREShasa structured
meshthat is almostentirely built of hexahedra,that is, deformedcubes.The ARES meshcan
have a limited numberof pointsof irregularity wheretheconnectivity is differentfrom that for
hexahedra.TheMESHin KULL is unstructured,soin principleit is built of arbitrarypolyhedra,
but in practiceKULL mostoftenusesa hexahedralmeshlikeARES’s.

3.5 Other methods— SPH and spectralmethods

Two other computationalmethodsfor hydrodynamicsare currentthat avoid, eitheraltogether
or largely, the useof finite-differenceor finite-elementequationson a spatialmesh. Theseare
SmoothedParticle Hydrodynamics(SPH)andthe spectralmethod. Thereis no meshat all in
SPH,unlessself-gravity or MHD are to be included. In the spectralmethodthe meshthat is
usedis in Fourier(or Chebyshev) space,andnormalspaceis usedonly for evaluatingnon-linear
products.

The SPH methodwas introducedby Lucy [175] andGingold and Monaghan[99]. Good
descriptionsof it are found in the papersby Monaghan[192], Hernquistand Katz [116] and
Rasio[213]. At first blushSPHis a MonteCarlomethod,sinceit usesa sampledsetof discrete
particlesto representthecontinuousfieldsof densityandvelocity. But theinitial particlesarenot
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selectedrandomly, andthetimeadvancementis completelydeterministic.SPHis bestthoughtof
asa meshlessLagrangianmethod.

Thefollowing descriptionof SPHis basedlargely on thearticleby Rasio[213]. Eachof the
N particlesin thesimulationcarriesits particularvaluesof massm, velocityu, internalenergy e
andfor somemethodsalsothedensity� . Theparticlehasan“uncertaintycloud” thatis described
by thefunctionW � r � r i % hi � , wherer i is thecurrentlocationof theparticleandhi is aparameter
that setsits spatialextent. If the density is not an explicit attribute of the particlesit can be
computedfrom

� i �
j

m j W � r i � r j % h j �0� (3.43)

ThekernelfunctionW mightbea Gaussian,or thissplinefunction:

W � r % h ��� 1� h3
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2

r
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2 � 3
4

r
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3 % 0 } r
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3 % 1 } r

h } 2

0 otherwise.

(3.44)

Thescalelengthh mustbechosento besmallcomparedwith thesizeof featuresin thesolution,
but large enoughto encompassseveral of the neighborsof eachparticle. Theseare the same
criteriaonewoulduseto selecta zonesizein a mesh-basedsimulation.

Theevolutionequationsfor r i , ui andei arethefollowing, for thesimplestimplementation:

dr i

dt
� ui % (3.45)

dui

dt
� �

j

m j
pi� 2
i

� p j� 2
j

�
i Wi j % (3.46)

dei

dt
� 1

2
j

m j
pi� 2
i

� p j� 2
j

� ui � u j �J� � i Wi j % (3.47)

whereWi j � Wj i � W � r i � r j % h� . (If h differs for differentparticles,a symmetrizationpro-
cedureis required.) An importantaspectof the summationsover particlesthat appearin the
dynamicalequationsis that,becausethekernelW hasa finite range,thereis avery limited num-
berof non-zerotermsin thesum. Thesumexpressionfor � i above introducesproblemsat free
boundaries,andtheprocedureof carrying � explicitly on eachparticlemaybepreferred,using
thefollowing form for theequationof continuity:

d� i

dt
�

j

m j � ui � u j �J� � i Wi j % (3.48)

Thepressurepi is to becomputedfrom theequationof statein termsof � i andei .
Thesearethe essentialequationsof the method. The further detailsinvolve including vis-

cosity, constructinga dynamicalequationfor hi , andother refinements.The TREESPHcode
describedby HernquistandKatz [116] addsthe additionalphysicsof self gravitation usingthe
treemethod.Thatis, a givenparticleexertsa forceon its closeneighborsthatis calculatedfrom
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theinverse-squarelaw, but for remoteparticlestheforceis givenby thegradientof a smoothed-
out potential.A hierarchyof meshesis laid on theproblemso that thecells in which thegiven
particle lies, at all the levels of the hierarchy, form onebranchof a tree. For eachcell of the
hierarchya few of its multipole momentsarecomputed.Thesemultipolemomentsprovide the
forceon thegivenparticlefrom themoreremotepartsof theproblem. If N is thetotal number
of particles,thenthenumberof close-neighborinteractionsis O � N � , and,remarkably, the cost
of the computationof the hierarchicalmultipole momentsand their useto provide the remote
contribution to theforceis only O � N log N � .

The time integration is commonlychosento be the secondorder leapfrogmethodfamiliar
from the staggered-meshLagrangiancodes,cf., equations(3.1),(3.2). Thereis a Courant-like
limit to thetime stepfor stability of order0 � 5h� a. Thespatialaccuracy is first order, that is, the
error is O � h2 � , andso the methodis first-orderaccurateoverall. The SPHresultconvergesto
thecontinuumsolutionif h 7 0 but alsothenumberof particlesNN within thevolume4� h3 � 3
tendsto infinity, which means,of course,that N 7£� . Monaghan[192] describesa numberof
teststo which SPHhasbeensubjected,includingstandardgasdynamicsproblemssuchasSod’s
shocktubeandWoodward andColella’s flow over a step; the resultsareacceptable,with the
errorsthatwouldbeexpectedfor afirst-ordercode.Monaghanalsoprovidesanimpressivelist of
astrophysicalapplicationsof SPH,rangingfrom tidal disruptionin binarystarsystems,through
asteroidimpactson the earthandmolecularcloud fragmentationto large-scalestructurein the
universe.

Spectralmethods,or morepreciselypseudo-spectralmethods,have a significantpresencein
theworld of turbulencesimulationsandNavier-Stokescalculations.A standardtext on spectral
methodsin fluid dynamicsis theoneby Canuto,etal. [49], andanotherrecentreferenceis Boyd’s
book[37]. Themajorfeatureof themethodsis theexpansionof theunknowns � , u andsoforth
in termsof globalbasisfunctionssuchastrigonometricfunctions(Fourierseries)or orthogonal
polynomials(Chebyshev series).Thespatialderivativesof theexpandedfunctionsareeasilyeval-
uatedusingthederivativesof thebasisfunctions,which areavailableanalytically. Thetechnical
distinctionbetween“spectral”and“pseudo-spectral”methodsis in whethertheexpansionshould
approximatethecontinuoussolutionin thesenseof integralprojections(theGalerkinconcept)—
thespectralmethod— or shouldbeaccurateatacertainsetof meshpoints(collocationpoints)—
thepseudo-spectralmethod.Theequationsof fluid dynamicsarenonlinear, of course,andterms
suchasu � � u and

�
p� � in theEulerequationareonly convenientlyevaluatedby combiningu

and
�

u or
�

p and � at thecollocationpoints,but relying on Fourieror Chebyshev spacefor the
derivativecalculations.

An idealfluid dynamicapplicationfor thepseudo-spectralmethodis directnumericalsimu-
lation (DNS) of homogeneousturbulenceat low MachnumberusingtheincompressibleNavier-
Stokesequation �

u�
t
�

u � � u �3� 1� �
p
� �
= 2u % (3.49)

in which thedensity� andthekinematicviscosity � areconstants,andfor which thepressureis
to befoundfrom theincompressibilityconstraint,���

u � 0 � (3.50)

Equation(3.49)canbewritten like this:�
u�
t
� u

( MQ� ��¤P� ��= 2u % (3.51)
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in which M$� �K(
u is the vorticity and

¤
is the Bernoulli “constant”

¤ � p��� �
u2 � 2. The

divergenceof equation(3.51)leadsto this Poissonequationfor
¤

:

= 2 ¤ � ��� � u ( M � % (3.52)

sothat,in principle,
¤

canbeeliminatedfrom equation(3.51).
Poisson’sequationis readilysolvedin Fourierspace.Wedefinethetransformof avariableX

by
�
X �$¥ k � X � � d3r exp � i k � r � X � r � . Thetransformof equation(3.52)gives

� k2
�¤ �?� i k � s % (3.53)

in whichthequantitys is thetransformof thenonlineartermu
( M . Thetransformof thevorticity

itself is givenby ¦MP�?� i k
( �

u � (3.54)

Usingequation(3.53),
�¤

canbeeliminatedfrom thetransformof equation(3.51),which leadsto

d

dt
� � k2 �

u � I � kk
k2 � s � (3.55)

ThetensorI � kk � k2 is theprojectionoperatorperpendicularto k, so its effect is to make only
thetransverse(divergence-free)componentof u

( M appearin theaccelerationequation.
The integrationof equation(3.55) is doneby first choosinga uniform meshin r space,to

which correspondsa similarly shapedmeshin k space.An integrationmethodsuchasRunge-
Kuttais appliedto follow theevolutionof

�
u on thisk mesh.Theevaluationof d

�
u� dt ateachstep

in theintegrationrequiresfirst forming
¦M from

�
u, applyingFFTsto eachof theseto giveu and M ,

forming thecrossproduct,thenanotherFFT to gives, from which d
�
u� dt follows. An additional

FFT provides
¤

andhencep if desiredfor edit purposes.
A very large-scaleexampleof this approachto a DNS problemmaybefoundin ref. [269].

3.6 Summary

Numericalhydrodynamicsis a very rich field. It is a gardenwith many beautifulflowers,and
it is not easyto comparethem. Someof the methodshave beendevelopedwithin a certain
areaof application,and thesemethodsarewell suitedto their area. We think of SPHand its
astrophysicalapplications,for which a very robustLagrangianmethodis highly desirableeven
if it is somewhatmoredissipative thancompetingmethods,andif thedifficultiesof addingother
typesof physicssuchasMHD or radiationtransportcanbeovercome.Spectralmethodsmight
beverycumbersomeindeedif appliedto problemswith realmaterialpropertiesandcomplicated
structures,but for theultimatein accuracy, asin DNS, they areperfectlysuited.Thework-horse
1-D method,for everythingfrom inertial fusioncapsuleimplosionsto pulsatingstarsandthebig
bang,is von Neumann-Richtmyerstaggered-meshLagrangianhydrodynamics.In 2-D and3-D,
for theproblemsthatdo have realmaterialsor complicatedstructures,therearehardchoicesto
make. TheALE codesnaturallyput theresolutionwhereit is neededin thespatialstructure;their
down sideis a lack of robustnessthat is constantlybeingimprovedby moresophisticatedgrid-
motion algorithms.The Euleriancodesaremuchmorerobust,but accuracy andfreedomfrom



3.6. SUMMARY 53

numericaldiffusionhave traditionally beentheir weakpoints. The Godunov andENO/WENO
methodshavedefinitelycorrectedthat.If asufficientlyfinemeshis usedto resolveall thefeatures
of interest,or with AMR to achievethat,Eulerianmethodsarequiteattractive.

The Godunov vs. ENO/WENOcompetitionis in a stateof flux at this time, and the best
methodsmaynot havebeencreatedyet. It is interestingto look at thecomparisonsin thepapers
by Liska andWendroff [174] andRider, GreenoughandKamm [218], aswell asthe examples
shown by Shi, ZhangandShu[237]. Liska andWendroff do not includePLMDE or any AMR
codein thelist of testedcodes,but they do includeaWENO3code,with simplifiedflux splitting,
anda WENO5codewith characteristic-basedflux splitting,aswell asPPMandothers.Thetest
suiteconsistsof 17Riemannproblems,theNohproblem[196], aRayleigh-Taylorbubblegrowth
problem,an implosion problemand an explosion problem. As the authorspoint out, no one
codeis beston all theproblems,althoughWENO5 andPPMarenearthe top on mostof them.
Interestingly, WENO5crashedattemptingto run theNohcylindrical stagnationproblem.On the
Rayleigh-Taylor bubbleproblemthe amountof fine-scalestructurethat developson the edges
of the bubbledueto secondaryKelvin-Helmholtzinstability wasquite different in the various
codes. The low-order, ratherdissipative codesshowed quite smoothbubbles,while PPM had
quitea largeamountof suchstructure;WENO5lessso. This is alsosimilar to the result in the
Holmes,et al. [118], paper, wheretheAMR codeRAGE wascomparedwith PROMETHEUS,
a codequitesimilar to PPM,anda front-trackingcodeFronTier [105] on a Richtmyer-Meshkov
instability growth problemrathersimilar to the Rayleigh-Taylor one. In this caseRAGE and
FronTier were relatively smoothand PROMETHEUS stoodout for its amountof small-scale
structure.Shi, ZhangandShualsoshow a Rayleigh-Taylor problemascomputedby WENO5
andWENO9;thefine-scalestructurein thehighly-zonedWENO9calculationis prodigious.The
experimentdescribedby Holmes,etal., didnothavesufficientspatialresolutionto selectbetween
thecodeson thebasisof thefinestructure,sothis issueremainsunsettled.

Rider,GreenoughandKamm[218] focuson comparisonsof WENO5with severalPLMDE
andPPMvariants.ThetestproblemsweretheSodshocktube,theWoodwardandColellacol-
liding blastwaveandtheShuandOsher[238] steepeningwavetrain. Thehighorderaccuracy of
WENO5did not resultin anappreciablylowererrorfor thoseproblemsfeaturingastrongshock.
NeitherwasWENO5muchworsethanthe others;the errormeasuresfor thedifferentmethods
spanneda surprisinglysmall range.An interestingcomparisoncanbe madeif the accuracy re-
sultsarenormalizedby the computingtime required. That is, the codesarecomparedon the
basisof costto obtaina specifiedaccuracy. Sincefor a givenmeshWENO requiresaboutthree
timesthe floatingpoint operationsof a Godunov methodlike PLMDE, andthe accuracy is not
verydifferentfor shockproblems,theefficiency of WENO5comparespoorly with thePLM and
PPMmethods.It shouldbenotedthat this statementis specificto shockproblems;in flows that
areeverywheresmooththehigh-orderWENO performanceis very good.Rider, Greenoughand
Kamm alsoincludein their papera new methodthat addssomeextremum-preservingfeatures
derived from WENO to the basicPPM scheme;that is, the slopelimiting that is a normalpart
of PPM is relaxed somewhat to avoid clipping the peaks. This methodturnedout to perform
exceptionallyon the testproblems,andto be efficient aswell. Time will tell whetherthis new
variationwill fulfill its earlypromise.

It doesseemthat the high-accuracy Eulerianmethodsarecontinuingto developandto rep-
resenta very attractivealternative to ALE methods.As thescaleof computingsystemsexpands,
theability of Euleriancodesto resolve all therelevantspatialstructureswill improve,andwhen
thathappensthescaleswill tip stronglyin theEuleriandirection.
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Chapter 4

Description of radiation

We turn now to the subjectof radiationtransport. As muchaspossible,the presentgoal is to
de-mystifythis subject.Photonsarejust particleslike theothersthatmake up our systems;they
just happento go fasterand farther, andare thereforeoften of specialimportancein carrying
energy andmomentumfrom oneplaceto another. In kinetic theoryweintroducethephase-space
distribution functionfor theatoms,developthetheoryof theBoltzmanntransportequation,and
comeupwith somesatisfactoryapproximatemethodsfor solvingit. Radiationtransportis exactly
the same;the transportequationis aboutthe same,andthe approximatemethodsareaboutthe
sameaswell. Thedifferenceis thatthesubjectof radiationtransportwaselaboratedby different
peoplethanwaskinetic theory, usinganentirelydifferentnotation,andwe have thatdifference
with ustoday. In thelasttwo or threedecadesyetanothercommunityhasjoinedthediscussionof
radiationtransport,andthesearethenuclearengineers,whohaveevolvedacollectionof methods
for describingneutrontransport,methodsthat areuseful for photonsaswell asneutrons.The
presentdiscussionwill not attemptto show, Rashomon-like, the samephysicalconceptsfrom
thevariedpointsof view of severaldisciplines.We will stick with one,mainly theastrophysical
notationfound, for example,in MihalasandMihalas[189]. The elementarydefinitionsof the
radiationfield quantitiesarefoundin many astrophysicsbooks.Onegoodtreatmentis Mihalas’s
Stellar Atmospheres [186], and this is also found in [189]. The coordinate-freeequationsare
presentedby Pomraning[206] andby Cox andGiuli in thefirst volumeof Principlesof Stellar
Structure [79].

4.1 Intensity; flux; energy density; stresstensor

Fig. 4.1
Astrophysicalradiationtransportbegins with the intensity I § as the fundamentalconcept

insteadof thephasespacedistribution function;thecontentis equivalent,aswe will see.Histor-
ically, this mightbedueto thefactthatyoucandiscusstheintensityentirelyin thewavepicture,
andnevermakereferenceto thosepesky quanta.With sufficienteffort it is possibleto derive the
transportequationdirectly from Maxwell’s equationsof electromagnetismandavoid quantum
theoryentirely. In thepresentdaythis seemslike a silly thing to do, andcertainlymoretrouble
thanit is worth. As soonasonehasto dealwith matter-radiationinteractionsthequantumpicture

55
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quickly becomesindispensable.Soour presentdiscussionwill begin with theclassicalintensity,
I § , but we will noticeright away that it hasan interpretationin termsof a distribution function
for photons.

So let usdefinethe intensity. It is a functionof threespatialcoordinates,two anglecoordi-
nates,the radiationfrequency, andtime, sevencoordinatesin all. (Polarizationof the radiation
is describedwith an additionalcoordinate,but for the momentwe will lump the polarizations
together.) The anglecoordinatesspecifywhich directionthe radiationis going, the spatialco-
ordinatesspecifythe locationof the intensitymeasurement.Thefrequency coordinatesaysthat
we measurethe intensity in a small spectralbandaroundonefrequency in the spectrum.The
intensityis in powerunits,energy perunit time,but is alsoexpressedperunit area,perunit solid
angleandperunit frequency bandwidth.

Theper-unit-areaandper-unit-solid-angleattributeswork in this way: We makeanidealap-
paratus,apinholecamera,to measureintensityby settingupascreenat theplacewherewewant
to know theintensitythatis opaqueexceptfor anaperturethathasanareaA1. This is illustrated
in Figure4.1. This screenis orientedperpendicularto the directionwe want to measure.The
aperturehasa shutter, andwe will openthe shutterat time t and leave it openfor a duratione t . On thedownstreamsideof thescreenwe arrangefor thematterto beclearedaway, so the
radiationstreamsfreely through.At a suitabledistanceaway from thescreenwe setup a second
screen,which is usedasadetector. Thesecondscreenhasto beatadistancefrom thefirst screen
that is muchlarger thanthe sizeof the aperture.At a locationon the secondscreenexactly in
line with the ray throughthe aperturethat is going in the desireddirection,thereis a sensitive
detectorareaof sizeA2. This is a clever detectorthatrespondsonly to thefrequency bandwidthe � aroundfrequency � . The sizeof A2 asviewed from A1 hasto be largecomparedwith the
diffractionanglefor theapertureradius.Thedefinitionof intensityI § is thattheenergy collected
by this detectoris

e E � I § A1A2

r 2 e t e �.� (4.1)

The combinationA2 � r 2 is the solid angled ¨ subtendedby A2 at the aperture,so we say
the intensityis the energy crossinga unit areaat a givenpoint per unit time per unit frequency
andperunit solid anglein thedirectionof interest.In this constructionit is obviousthatwe can
increasethedistancer by a factor f , andenlargebothof the lateraldimensionsof the detector
by the samefactor thusincreasingA2 by a factor f 2, without changingd ¨ , andthereforethe
intensityis really a propertyof theradiationfield at theplacewherewe put theaperture.

Thephotonsthatcompriseourbundleof radiantenergy thatwill beregisteredby thedetector
travel a distancec e t during the time the shutteris open. Thusat any given time they occupy
a cylindrical volume c e t long with a crosssectionA1, and thereforea total volume cA1 e t .
Dividing e E by the volumetells us that thereis a contribution to the radiationenergy perunit
volumeof � I § � c��� A2� r 2 � e � from thesolid angleA2 � r 2 andthefrequency band e � . Thus I § � c
is theradiationenergydensityperunit solidangleperunit frequency. If thisquantityis integrated
overall directionsfor theradiation,weightedby d ¨ , wehavethespectralenergydensity,thetotal
radiationenergy densityperbandwidthin thespectrum.This quantityis sometimesdenotedby
u§ andsometimesby E§ ; we will adoptthelatternotation,sowehave

E§ � 1

c 4© I § d ¨4� (4.2)
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If our ideal detectorrespondsequally to energy of all frequencies,then we measurethe
frequency-integratedintensity and frequency-integratedenergy density. One notationfor this
is to simply dropthesuffix � . Thusthetotal radiationenergy densityof whateverkind is

E � 1

c
d �

4© I § d ¨4� (4.3)

Of course,we mayhavedroppedthesuffix for notationalsimplicity whenwestill arediscussing
thespectraldensity;thecontext mustmake it clear.

If we want to emphasizethe particlepictureof the radiation,we canintroducethe quanta.
Eachoneof the little guyshasan energy h � . Whenwe countan energy e E thenthis consists
of e E � h� photons.ThereforeI § � h� is thenumberof photonscrossinga unit areaperunit fre-
quency per unit solid anglein the specifieddirectionper unit time, and I §&� h� c is the number
densityof photonsperunit solid angleperunit frequency. We canmake theconnectionwith ki-
netictheorycloserstill by observingthatthephotonmomentumis h �x� c, andthatthemomentum
spacevolumeelement,in sphericalmomentum-spacecoordinates,is

d3p � h

c

3 � 2d � d ¨4� (4.4)

Thatmeansthatif we divide I § � h� c by h3 � 2 � c3 wegetthephasespacedensity:

f � dN

dVd3p
� I §

h4� 3 � c2
% (4.5)

which is theusualunknown in theBoltzmanntransportequation.
Along with the intensity, we will oftenwork with its anglemoments.The first of thesehas

beenintroducedalready, theenergy density:

E§ � 1

c 4© I § d ¨4� (4.6)

Thenext momentis thevectorflux

F §¢�
4© nI § d ¨4� (4.7)

If weconsideranorientedareaelementrepresentedby thevectorA, andform F � A, thenwesee
thatit is thesumof contributionslike n � A I § d ¨ , which give thesignedflow of energy from one
sideof theelementto theother, positive if going towardA, andnegative for going toward � A.
In otherwords,F§ is a properenergy flux for radiationwith thefrequency � perunit bandwidth.
Notice that the flux momentdoesnot containa factorc asdoesthe energy density. The ratio
of F § to E§ is the “fluid velocity” of the radiationconsideredby itself as a fluid. From the
integralsit is evidentthatits magnitudemustbeno largerthanc. As aconceptthis radiationfluid
velocity hasnot beenfound to be especiallyuseful,althoughthe parameterF ��� cE � doesenter
someapproximationschemes.

Thethird momentis definedby

P§ � 1

c 4© nnI § d ¨4� (4.8)
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By appealingto ourknowledgeof kinetic theorywecanrecognizethisasthepressuretensor,i.e.,
thepressureperunit bandwidthdueto the radiationof frequency � , to beexact. We have to be
carefulto rememberthat lower casep is thematerialpressure,andcapitalP refersto radiation.
Notice that the factor1� c thatwaspresentin the definition of energy densityandabsentin the
definitionof flux is presentagainin thedefinitionof theradiationpressure.

In muchof theastrophysicalradiative transferliteraturethemomentsaredefinedasaverages
oversolid angle,i.e., aredividedby 4� , andthefactorsof c areomitted.ThusthequantitiesJ§ ,
H § andK§ aredefinedby

J§ � 1

4� 4© I § d ¨4% (4.9)

H §ª� 1

4� 4© nI § d ¨4% (4.10)

and

K§«� 1

4� 4© nnI § d ¨4� (4.11)

Thesedefinitionsremovesomeof the4� ’s andc’s from radiative transfertheory, at theexpense
of introducingthosefactorsinto theradiation-hydrodynamic equations.We will stick with E, F
andP.

ThepressuretensorP§ is representedby a 3 n 3 matrix. Thetraceof thatmatrix is defined
asthesumof its diagonalelements.If we performthatoperationon equation(4.8), theeffect is
to replacethefactornn with n � n insidethe integral. But n � n is 1 sincen is a unit vector, and
therefore

Tr � P§ �#� E§ � (4.12)

Deepinsideanopaquematerialall directionslook thesame,sincethestuff farenoughawayfrom
any givenobservationpoint to havedifferenttemperature,densityandsoon is hiddenfrom view
by the opacityof the interveningmaterial. Thusthe radiationfield tendsto be isotropic,being
thesamein everydirection.Thismakesthepressuretensorascalartensor,thatis, onewhich is a
factortimestheunit matrix. Thereasoninggoeslike this: thediagonalelementsshouldall bethe
samesincewecanturn x into y andvice-versaby makingasuitablerotationof 90degreesabout
the z axis,andthis rotationdoesnothingto the isotropicintensity. Likewise for x andz andy
andz. Theoff-diagonalelementsshouldvanish,sinceotherwisea reflectionlike x 7 � x would
flip thesignsof Pxy andPxz; but this reflectionleavestheintensityunchangedandthereforethe
tensorelementsshouldstaythesame.Whenthepressuretensoris a scalartensor, say

P§ � P§ I % (4.13)

thenthetraceis

Tr � P§ �#� 3P§ � (4.14)

Sincethetraceis E§ accordingto equation(4.12),thediagonalelementsareall equalto E§&� 3:

P§ � 1

3
E§ I � (4.15)
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(Theunit matrix is denotedby I not I to avoid confusingit with the intensity.) This relationfor
pressureandenergy densityis exactly thatfor a i � 4� 3 idealgas.Radiationis a i � 4� 3 ideal
gasif themeanfreepathsareshortenoughthattransporteffectsaresmall.This worksverywell
insidestars.

For a final remarkon the intensityconcept,let’s returnto the topic of wave-particleduality
andthecoarse-grainingthatwasslippedin earlierwhenwe said,“take a distancelargeenough
to avoid thediffractioneffects.” Therewill notbesuchadistanceunlessthesystemis quitelarge
comparedwith thewavelength.And if wehavechosena truly tiny bandwidthe � , thenthewave
train will beat least1� e � in duration,sinceotherwisethe light pulsehassidebandsoutsidethe
chosenbandwidth.It caneasilyhappenthat1� e � is longerthantheshuttertime e t weselected.
In otherwords,the Fourier relationsbetweenlocalizationin coordinatespaceandspreadingin
Fourierspace,andbetweenlocationin time andspreadingin frequency, will make theclassical
definitionof theintensitygivenherenonsenseunlessthesystemis very largecomparedwith the
wavelengthandthetimesof interestaremuchlongerthanthewave period.Radiative transferis
ageometricalopticsconceptthatmakesno allowancefor waveoptics.

4.2 The transport equation; absorptivity, emissivity

The ideaof the transportequationis very simple: the intensitydoesnot changeasa bundleof
radiationtravels along. If we think againof that cylindrical chunk of radiationthat contains
a total energy I § A1 e � e td ¨ , we seethat at a later time t

� � the samechunkof radiationis
locatedat a differentplace,but occupiesthe samebandwidth e � andfills thesamesolid angle
d ¨ ; furthermoreit will take the sametime e t to passby thenew location. In otherwords,the
intensityat the displacedlocationat the later time is also I § , unless,that is, radiationhasbeen
gainedor lost by thechunkthroughinteractionwith thematterit hadto passthrough.

We needa notationfor thedirectionof theradiationpropagation.We will usetheunit vector
n for that. The vectorn canbe definedby two angles,suchasco-latitudeandlongitude. We
mightsay

n � sin � cos
L

ex
�

sin � sin
L

ey
�

cos� ez % (4.16)

with � for the co-latitudeand
L

for the longitude. In 3-D spacethe vectorsn traceout a unit
sphere;theelementof areaon thatsphereis d ¨ . In termsof theanglecoordinates,it is

d ¨G� sin � d � d
L � (4.17)

The anglethetagoesfrom 0 to � , and
L

goesfrom 0 to 2� . It is easilychecked that the total
solid angle,thesurfaceareaof theunit sphere,is 4� . Thereis a conceptualpitfall in usingthese
coordinates� and

L
for anglespace.We might confusethemfor theanglesthatarepartof the

sphericalcoordinateset in real space! In fact, they arecompletelyindependent.Onesetis for
momentumspaceandtheotheris for configurationspaceor realspace.Someauthorsuse¬ and@ for the momentumcoordinatesand � and

L
for the real spacecoordinates,hopingto avoid

confusionthatway.
Theothernew notationwe needis thenameof thepositionvector,i.e., thevector � x % y % z� in

realspace.Wewill user for that.Theboldfacemattershere;vectorr is � x % y % z� while scalarr is
thedistancebetweentwo points.Returningto thechunkof radiation,we now have thenotation
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to saythat I § doesnot changeasthechunkmovesover thetime � :

I §�� r � nc�1% n % t � ���­� I §�� r % n % t �&� (4.18)

Next we Taylor-expandtheleft sidearoundthepoint r andtime t , anddiscardthetermsof order� 2 or higher. Subtracttheterm I §�� r % n % t � , divideby c� andwehave it:

1

c

�
I §�
t

�
n � � I §®� 0 � (4.19)

(Theoperator
�

is thespatialgradientoperator, andit will keepthatmeaningfor ushereafter.)
This is the radiationtransportequation,minusthe sourceandsink terms,which comenext. If
this resemblesthe Boltzmanntransportequation,that is not an accident. The latter equation
might have extra termsinvolving the momentumderivativesof the phasespacedensity, which
areproportionalto theforcesactingon theparticles.Thereareno forcesactingon our photons,
sothosetermsaremissinghere.

Next weconsidertheabsorptionandemission.First theabsorption.Theempiricallaw is that
radiationimpingingon a thin slabof matteris attenuatedby a small fraction. This is a definite
fraction thatdoesnot dependon the intensity, so if the intensitydoubles,sodoestheamountof
energy removedfrom thebeam.Thefraction is alsoproportionalto the thicknessof theslab,if
this is not too large.Sotheintensitychangeis

e I § �3� k§ c� I § (4.20)

if noneof theabsorbedenergy is replaced.Theproportionalitycoefficientk§ is theabsorptivity,
or absorptioncoefficient.1 If thismodelof pureattenuationis appliedto a thickerslab(thickness
L), theresultis

I § � I 0§ exp �"� k§ L �&% (4.21)

which is calledBeer’s law after an applicationin atmosphericphysics. In the atomicmodelof
radiation-matteraction,we would saythat thereis a probabilityperunit lengthk§ thata photon
will interactwith the matter. For a thin slab c� thick, thereis a probability 1 � k§ c� of no
interaction,so the photonmakesit throughto the otherside,anda probability k§ c� of having
an interaction,in which caseit is gonefrom this beam.Themeanlossto I § is thenk§ c� I § , as
before.

Optical depth,a well-lovedconceptin astrophysics,is definedto be the exponentin Beer’s
law: k§ L, or k§ dl in general.Theusualnotationfor opticaldepthis � , perhapswith asubscript� , andwe will adoptthis in later sectionswhenwe areno longerusing � for the lag time in
discussingthetransportequation.

Theemissivity determinestheamountof energy addedby a thin slabto a beamof radiation
thatis passingthroughit. Normally thisdoesnotdependonwhattheintensityof thebeamis, but
it doesdependon thethicknessof theslab:

e I § � �
j § c�1� (4.22)

1Thereis a morepreciseterminologythat is usedwhentheprocessof scattering,in which the radiationis modified
andredirectedby its interactionwith thematter, is distinguishedfrom trueabsorption,in which theradiationis actually
removed. Then the coefficient of absorptiongives the probability of the secondprocessalone,while the combined
probabilityof bothprocessesis calledtheextinctioncoefficient.
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Theemissivity or emissioncoefficient j § andtheabsorptivity k§ arenot in thesameunits. Ab-
sorptivity hasthedimensionsof inverselength,while emissivity hasthedimensionsof I § divided
by length,thatis, energy perunit volumeperunit bandwidthperunit solid angleperunit time.

Theconsiderationof what theabsorptivity andemissivity actuallyarewill be takenup later
on; this is a topic in atomicphysics. We shouldmentionherethat thereareprocessesthat are
nonlinearin the intensity, for example,multiphotonabsorption,for which the energy loss is
proportionalto two or morefactorsof theintensityfor differentfrequenciesanddirections.This
problemis so specializedthat it canbe treatedin its own context shouldthe needarise. One
importantprocessthat modifiesthis discussionis stimulatedemission. This will be treatedat
morelengthlater, but theendresultis that j § containsa part that is proportionalto theintensity
in the beamto which j § is contributing, i.e., to I § . This is exactly accountedfor by makinga
subtractionfrom k§ (“negativeabsorption”).In thermodynamicequilibriumthesubtractedpiece
is exp �"� h �x� kT � timestheoriginal value,andthereforethesubtractioncanbeperformedat the
outset.We will talk moreaboutscatteringlateraswell, which is normallya linearprocess,i.e.,
scatteringcontributessomethingto k§ , andthephotonsthusremovedarereturnedatotherangles
andfrequencies(perhaps),andwhich thereforeappearasa term in j § involving an integration
of I § over angleand frequency. Stimulatedemissionraisesits headhereaswell, making the
out-scatteringandin-scatteringtermsquadraticin theintensity. For thepresent,we will suppose
thatk§ hasbeencorrectedfor stimulatedemission,andthat j § haslumpedinto it any of themore
complex processes.We proceedto put the lossandgain termsinto the intensitybudget,Taylor
expandandcancelasbefore,andendupwith theradiationtransportequationin themostgeneral
form weneedright now:

1

c

�
I §�
t

�
n � � I § � j § � k§ I § � (4.23)

If we preferto call out thescatteringprocessesexplicitly, thentheequationtakesthis form (cf.,
§12.3)

1

c

�
I §�
t

�
n � � I § � j § � k§ I § � 8 § X

0
d � h

4© d ¨ h � R ��� h n h %/� n� �� h I § 1
� c2I § �

2h� h 3 �

R ��� n %/� h nh � I § � 1
� c2I §

2h� 3 % (4.24)

in which j § andk§ now pertainonly to absorptiveprocesses,8�§ is thescatteringcoefficient and
the R function is the(normalized)scatteringredistribution function in frequency andangle.As
we will discussin §§8.3,12.3,the frequency shift in scatteringis oftennegligible andthecross-
producttermsdueto stimulatedscatteringcancelout; furthermore,isotropicscatteringcanbea
goodapproximation.In this casethetransportequationwith scatteringis simpler:

1

c

�
I §�
t

�
n � � I § � j § � 8 § J§ �I� k§ � 8 § � I § � (4.25)

4.3 Radiation moment equations

Earlierwediscussedthefirst threeanglemomentsof theintensity, namelytheenergy density, the
flux andthepressuretensor. If we choseto, we couldaddtensorsof higherrank to this set,the
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momentsof rank 3, 4, ... . We canalsotake momentsof the transportequationby integrating
overanglesaftermultiplying by 1 % n % nn %y���&� . Sadto say, eachmomentof thetransportequation
introducesthenext highermomentof theintensity, sothesetof momentequationsup througha
givenorderis alwaysoneequationshortof having asmany equationsasthereareunknowns.The
systemof equationsmustbe closedby usingan ad hoc relationthatgivesthe highestmoment,
say, asanexpressioninvolving lower moments.Thekinetic theoryof gasesandplasmaphysics
arericherin closuretheoriesthanis radiationtransport;in thelattercasenoclosuretheorybeyond
thepressuretensorhashadany currency. Ourdiscussionherewill thereforebelimited to thefirst
two momentsof the transportequation. In the kinetic theoryof gasestheseare preciselythe
momentsthatleadto Euler’sequationsafterthepressuretensoris approximated.

We will starttaking integralsof the transportequation(4.23),but two pointsmustbe men-
tionedfirst. Thetransportequationis written above in a coordinate-freenotation. Its simplicity
in thatcaseis somewhatdeceptive. If acurvilinearsystemof spatialcoordinatesis usedthenit is
not correctto think of n asa constantvectorduringspatialtransport.Insteadwe haveto imagine
thatthevectorn is movedalongremainingparallelto itself in aphysicalsense,whichmeansthat
its componentsalongthethreecoordinatedirectionsarechangingasit goes.Thisgetsusinto the
businessof Riemanniangeometryin a majorway, which cannotbeundertakenin theselectures.
This is avoidedif we alwaysrefer to a Cartesiansystemof fixed-spacecoordinates,for thenthe
componentsof n truly areconstant.

Thesecondpoint is that isotropick§ and j § is by no meanstheonly possibility. Theabsorp-
tivity candependon directionif theabsorbersarepreferentiallyorienteda certainway, asis the
casewith ice crystalsin cirrusclouds,for example,sincethecrystalstendto float with their flat
sideshorizontal.Anotherexampleis givenby ahighly magnetizedplasma,for which thenormal
processesof atomicabsorptionarehighly modifiedby theZeemaneffectanddependon thepho-
ton directionwith respectto the magneticfield. Anisotropy of the emissivity is morecommon,
sincescatteringis in mostcasesdifferentfor differentanglesbetweentheincomingandoutgoing
photons;sincethe intensityitself maybequiteanisotropic,thescatteredintensityis anisotropic
too. An additionalreasonfor anisotropy will be discussedbelow, which is that absorptionand
emissionthat occur isotropically is the rest frameof the materialfluid arenot isotropic in the
fixed frameowing to the Dopplerandaberrationeffects. Having saidthis, we will proceedto
ignoretheseanisotropiesfor now, but you werewarned.

As a first stepto takinganglemomentswe take advantageof theconstancy of n andtake it
insidethespatialderivative in thetransportequation:

1

c

�
I §�
t

����� � nI §��#� j §®� k§ I §�� (4.26)

Now wemultiply successively by 1 andn, andintegrateoverangles.Thefactorn passesthrough
thedivergenceby thesameargumentwe just gave. We immediatelyobtain�

E§�
t

�����
F§¯� 4� j §®� k§ cE§�% (4.27)

1

c

�
F §�
t

�
c
���

P§ � � k§ F§ � (4.28)

SinceE§ , F § andP§ area properscalar, vectorand tensor, respectively (not in space-timeas
we discusslater, but just in space),we arefree to usecurvilinearcoordinatesfor thesemoment
equations,which arewritten in coordinate-freeform.
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Ratherthancommentingon the meaningof theseequationswe passon to their frequency-
integratedform: �

E�
t
�$���

F � d ��� 4� j § � k§ cE§ � (4.29)

1

c

�
F�
t
�

c
���

P � � d � k§ F § � (4.30)

For a non-relativistic gasthe first two momentequationsexpressmassconservation and mo-
mentumconservation. Thesecondof theradiationmomentequationsis indeedanexpressionof
conservationof radiationmomentum.But photonshave no restmass,andthefirst equationhere
is not abouttheconservationof that. Rather, it is abouttheconservationof relative mass,which
is to say, of energy. The termson the left sideof the first equationhave the normalconserva-
tion law form for anenergy densityandanenergy flux. Theintegral on theright siderepresents
the ratesof gainandlossof radiationenergy perunit volume. Emissivity is anenergy gain for
the radiation;it would bea lossfor materialenergy. Likewise the absorptivity term is a lossof
radiationenergy; it wouldbea gainfor thematerial.

Turningto thesecondequation,thefirst thing weneedto do is divideby c:

1

c2

�
F�
t
�����

P �3� d � k§ cF§
c2

� (4.31)

Now wereadoff theterms:TheradiationmomentumdensityisF � c2 andtheradiationmomentum
flux (pressure)is P. On theright-handsidewe canregardk§ c astheabsorptionprobabilityper
unit time andF§ � c2 asthespectralmomentumdensity, sotheintegral is themomentumlost per
unit timeby theradiationandtransferredto thematter. Importantcaveat:theneglectedanisotropy
of absorptionandemissionintroducesan importantcorrectionto this term if thematerialis not
at rest;this is treatedin §6.3.

4.4 Diffusion approximation

Diffusionis by far themostimportantapproximatetreatmentof radiationtransport;it pertainsto
thelimit in which radiationis treatedasanidealfluid with smallcorrections.Theapproximation
becomesaccuratewhenthephotonmeanfreepathsaresmallcomparedwith otherlengthscales,
that is, whenk§ L � 1, whereL is a typical length. Diffusion is found to be so muchsimpler
thansolving the full transportequationthat every effort is madeto adaptit to problemswhere
k§ L R 1, for which it is not expectedto beaccurate.In this casethegoal is somewhatdifferent:
it is understoodthattheresultswill notbeprecise,but they maywell bequalitatively correct,and
theerror, perhaps20–30%,maybetolerable.

The following developmentof the diffusion approximationis motivatedby the discussion
in Cox and Giuli [79], §6.3, and a similar discussionin Schwarzschild’s book Structure and
Evolutionof theStars [233].

The diffusionapproximationis an expansionin a small parameter— the meanfree pathor
1� k§ — truncatedafterthefirst two terms.Webegin by rearrangingthetransportequationin this
way:

I § � j §
k§ � 1

k§ 1

c

�
I §�
t

�
n � � I § � (4.32)
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Sincewe supposethatk§ is largethesecondexpressionon theright handsideshouldbea small
correctionto the first term. So we usethis equationasa basisfor obtaining I § by successive
approximations.Thefirst approximationis

I 0§ � j §
k§ � (4.33)

This is a local balanceapproximationwhich saysthat the radiationis in equilibrium with its
sources.If thesourceandsink termsarethosefor matterat a temperatureT , then I 0§ shouldbe
the thermodynamicequilibrium radiationfield, which is the Planckfunction B§ � T � . The next
stepof thesuccessiveapproximationsis to put I 0§ in for I § ontheright handsideof (4.32),which
leadsto

I 1§ � j §
k§ � 1

k§ 1

c

�
j § � k§�

t
�

n � � j §
k§ � (4.34)

For the standarddiffusion approximationwe stophere. We could includemoreterms,but
thereis no goodreasonto do so. If k§ is indeedlarge,thenthenext termwould betoo small to
careabout.If k§ is not large,thenwe anticipatethatincludingmoretermswill make theanswer
worseratherthanbetter. Theinfinite seriesis really anasymptoticexpansion,andincludingone
termafteranotherwill make theanswerbetterfor a while, thenit will startto diverge. Thuswe
may aswell stopafter the secondterm. You will notice that this seriescontainsno reference
whatsoever to the possibleexistenceof a nearbyboundarythat may have a large effect on the
intensity;perhapsthereis vacuumjusta shortdistanceaway, andthereforesomeof theradiation
that would have comefrom that direction if the mediumhad goneon indefinitely is actually
missing.A helpfulwayof lookingat this is thatthepresenceof aboundarymodifiesthesolution
for a certaindistanceinto the interior (SeeFig. 4.2.); this region of boundaryinfluenceis the
boundarylayer. Thediffusionexpansionwill never give theright answerin theboundarylayer;
if wearelucky theerroris tolerable.Fartherinto theinteriorof theproblemis aregionwherethe
boundaryinfluenceis not felt. It is herethatthediffusionapproximationis valid.

At first sightwewouldsaythatthethicknessof aboundarylayershouldbeoneor two meanFig. 4.2
freepaths,sincethatis thedistanceaphotonis likely to penetratebeforebeingabsorbed.Indeed,
in many casesthis is a goodestimate. But we mustmentionherethat scatteringcomplicates
this discussionconsiderably. Scatteringis describedwith analbedo,which is theprobabilitythat
the photonsurvivesoneinteractionwith the matter. If the albedois very closeto unity, thena
photonwill survive a largenumberof scatteringsbeforefinally beingdestroyed. In this casethe
thicknessof theboundarylayerbecomesthedistancethephotoncanmovein arandomwalk with
thatmany steps;thiscanbemany meanfreepaths,dependingonthealbedo.Thuswith scattering
theboundarylayersarethicker andencompassa largepartof whatwe might have thoughtwas
the interior of theproblem. In the limit of unit albedotheproblemis all boundarylayer. There
is no interior at all in this case,just asthereis nonefor problemsin potentialtheory—Laplace’s
equationdoesnot allow an interior region free from the influenceof theboundary. Fortunately
for us, thescatteringalbedoin the largemajority of practicalproblemsis eithersmall,or in any
casenot too closeto unity, so the boundarylayersareonly a small numberof meanfree paths
thick.

Weturnagainto thediffusionapproximation(4.34)andconsiderwhattheradiationmoments
becomein thiscase.For theenergy density:

E§ � 4�
c

j §
k§ � 4�

k§ c2

��
t

j §
k§ � (4.35)
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Thegradienttermcancelsin E§ sincen is oddandits angleaveragevanishes.Theintegralsfor
F § andP§ arefacilitatedby noticingthattheangleaverageof thetensornn is I� 3. Then � � ��� term
canbechangedto

��� � n ���"� , andthenwhenanotherfactorof n is put in, for obtainingtheflux, the
termbecomes

��� � nn ���"� . As noted,averagingover angleschangesnn into I� 3, andwe canuse
thefact that thedivergenceof a scalartensoris thegradientof oneof thediagonalelements.In
theflux integral this particulartermis theonly onethatsurvives:

F § �3� 4�
3k§ � j §

k§ � (4.36)

For the pressuremomentthe odd term goesaway andthe even termssurvive. All the even
termsleadto theangleaverageof nn, andso

P§«� 1

3
I

4�
c

j §
k§ � 4�

k§ c2

��
t

j §
k§ � (4.37)

This result is crucial: the first two terms in the diffusion approximationlead to an isotropic
pressuretensor. The intensityitself is not isotropicbecauseof the first ordergradientterm,but
to this orderthereis no anisotropiccorrectionto I that is even in n. This would appearin the
next term in the asymptoticseries,of order1� k2§ . Thus the diffusion approximationleadsto
Eddington’sapproximation

P§ � 1

3
E§ I � (4.38)

It is importantto distinguishEddington’s approximationfrom the diffusionapproximation.
Thediffusionapproximationis stronger, thatis to say, amoresevereapproximation.Eddington’s
approximationfollows from thediffusionapproximation,aswe have seen,but thereverseis not
true. In the examplediscussedabove, whereit wasnotedthat scatteringwith an albedovery
closeto unity resultsin thick boundarylayersin which theradiationfield is stronglyinfluenced
by theboundary, it wouldbefoundthatEddington’sapproximationwouldbevalid in mostof the
boundarylayerexcepttheoneor two meansfreepathsnext to theboundary. Scatteringquickly
producesisotropy of theintensity, eventhoughthemeanintensitymightbefar from thediffusion
value.

We will leave thediffusionapproximationasidefor now andlook at the implicationsof Ed-
dington’sapproximationfor theradiationmomentequations.We substituteequation(4.38)into
equation(4.28)andfind
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3
�

E§ ��� k§ F § � (4.39)

Equations(4.27)and(4.39)form aclosedsetfor themomentsE§ andF § , sothesecanbesolved,
possiblyin conjunctionwith the hydrodynamicequations.The radiationequationsthemselves
form ahyperbolicsystem.If wedropthe j § andk§ termstemporarily(notagoodideain general,
sinceEddington’sapproximationis basedon k§ L � 1 !) we cangeta singleequationfor E§ by
combiningthetimederivativeof (4.27)with thedivergenceof (4.39),�

2E§�
t2

� c2

3
= 2E§«� 0 � (4.40)
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This is thewave equationfor a wave speedof c� ` 3. It is thewrongvacuumsolution,of course.
In reality, takingthe j § andk§ termsinto account,thec� ` 3 wavescanneverbeobservedunless
theequationsareappliedto a casefor which Eddington’sapproximationis not valid. Beforethe
wave canhave propagatedonewavelengthit will have beenabsorbed,sincek§ n wavelength
shouldbelarge. The

�
F �

�
t termservesto keeptheinformationpropagationbounded;no signal

will propagatefasterthanc� ` 3. But if this limit is beingexercised,the solution is probably
wrong.

As analternative to thehyperbolicsystemwe considermodifying thesecondmomentequa-
tion (4.39)by discardingthe

�
F §&�

�
t termto get

c

3
�

E§¢�3� k§ F §�� (4.41)

By doing this we have lost the finite propagationspeed,and we have also lost the radiation
momentumdensity;whenradiationimpartssomemomentumto the matterusing this picture,
thereis no compensationin radiationmomentum,so thereis an error in the total momentum
budget. The radiationequationsarenow substantiallysimpler. The flux neednot be kept asa
separatevariable,but it canbe eliminatedbetweenequations(4.27)and(4.41),which take the
combinedform �

E§�
t

� ��� c

3k§ � E§ � 4� j §«� k§ cE§�� (4.42)

This is anequationof parabolictype,like theequationfor thediffusionof heat.If theabsorption
andemissiontermsaredroppedtemporarily, thenthetermsthatareleft correspondto a radiation
wave thatspreadsaccordingto x f ` ct ��� 3k§&� , which is plausible.Evenso,thepropagationof
radiationfrom a pulseat t � 0 canbefasterthanthespeedof light at earlytime whenk§ ct R 1,
andthetransportin reality is not diffusive. This is relatedto thefact that thereis no limit to the
flux givenby equation(4.41).Adhocmethodsfor preventingnumericalcalculationsfrom giving
unphysicalresultson this accountwhenthey adoptanequationlike (4.42)arereferredto asflux
limiting. Thesearediscussedlaterin §11.5.For additionalreadingonthemeritsof theEddington
closureof theradiationmomentequationsseeMihalasandMihalas[189] andalsotheliterature
thathasdevelopedonflux limiting (cf., §11.5),especiallyPomraning’s[208].

4.5 Coupling terms in Euler’ sequations

The topic of thecouplingof radiationandmatterconcernsthe source-sinktermsin theconser-
vation equations.In this discussionwe generallyfollow MihalasandMihalas[189] §94, with
somepartsfrom Castor[56]. We havealreadydiscussedhow theright handsideof thetransport
equation,thatis, j §#� k§ I § , is theenergy gainedby theradiationfield at theexpenseof thematter
perunit volumeperunit time perunit bandwidthandperunit solid angle.This is quitegeneral,
evenwhenthereareanisotropies,Dopplershifts,andsoforth. Thereforethequantitiesg0 andg
definedby

g0 � d �
4© d ¨F� j § � k§ I § � (4.43)

and

g � 1

c
d �

4© d ¨ n � j § � k§ I § � (4.44)
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arethe correctenergy andmomentumexchangerates.We shouldput the negativesof theseon
theright handsideof thematerialtotalenergy andmomentumequations:��

t
��� e

� 1

2
� u2 � ����� ��� uh

� 1

2
� uu2 �#�3� g0 % (4.45)

�
� u�
t

����� ��� uu� ���
p �3� g � (4.46)

We have left out thenon-radiativebodyforceandheatdepositiontermsfor simplicity. Summing
thefrequency-integratedradiationmomentequationsandthematerialequationsgivestheoverall
conservationlaws ��

t
��� e

�
E
� 1

2
� u2 � ����� ��� uh

� 1

2
� uu2 �

F �Y� 0 % (4.47)��
t

� u
� F

c2
����� ��� uu

�
P� ���

p � 0 � (4.48)

Hereagainwe seethat we have to choosebetweenkeepingthe awkward radiationmomentum
densitytermor not having exactmomentumconservation.

Oneremarkshouldbemadeabouttheradiation-matterenergy exchange.We oftenseetreat-
mentsthat use � ���

F for the matterheatingrate. That is incorrect,sinceit fails to accountfor
therateof changeof the radiationenergy density. In fact, � ���

F is a contribution to the rateof
increaseof thedensityof matterenergy plusradiationenergy, asshown by equation(4.47).The
correctmatterheatingratedueto theradiationis � g0. In a steadystate

���
F andg0 areequal,as

shown by equations(4.29)and(4.43).
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Chapter 5

Steady-statetransfer

In this chapterwe will review someof thestandardresultsof radiative transport/transfertheory.
A largepartof the theoreticaldevelopmenthasbeendonefor thesteady-statecaseandfor slab
geometry. Within theseapproximationsthe resultscan be madequite refinedin the senseof
avoiding approximationsto theangledependenceof the radiationfield suchasdiffusionor Ed-
dington’s approximation.Theseresultsleadto conceptsthatarehelpful in understandingmore
complicatedcases.

5.1 Formal solution in 3-D

Sincethetransportequation(4.23)saysin effect that

dI

ds
� j � kI (5.1)

alongtheray path,where j andk arethelocal in spaceandtimeemissivity andabsorptivity, the
solutionis just

I � IB exp � s

sB

dsh k � sh � � s

sB

dsh exp � s

s� dsh h k � sh h � j � sh � � (5.2)

see,for example,Pomraning[206]. The notations� andn have beenomittedhere,sincethese
parametersareconstantin this fixed-framepicture.Thesuffix “ B” denotesa point on thespatial
boundaryof theproblem,or apointat theinitial time,wheretheboundaryor initial dataprescribe
IB. The valuesof j andk inside the integralsover sh or sh h areat the displacedlocation and
retardedtime given, for example,by r h0� r � n � s � sh°� andt h'� t �A� s � sh°�k� c. Thusa more
notationallycompletebut harderto readversionof thesameformal solutionis

I � r % t �£� I � r �C� s � sB � n % t �C� s � sB �"� c�Jn
exp � s

sB

dsh k � r �I� s � sh � n % t �C� s � sh �"� c� �
s

sB

dsh exp � s

s� dsh h k � r �I� s � sh h � n % t �I� s � sh h �"� c� n
j � r �C� s � sh � n % t �C� s � sh �"� c�&� (5.3)

69



70 CHAPTER5. STEADY-STATE TRANSFER

This form of the transportequationis not too usefulas it stands,but after making the simpli-
ficationsof time independenceand slab symmetrywe will get a form that lendsitself to the
theoreticalelaborationsthatwerepromised.Equation(5.3)asit standscorrespondswell with the
MonteCarloapproachto radiationtransportthatwill betouchedon later.

5.2 Time-independentslabgeometry

We assumenow thatourproblemis in asteadystateandthatthereis translationalsymmetryin x
andy, sothez coordinateis theonly non-trivial one.Thisalsoresultsin theproblembeingaxially
symmetricaboutthez axis. Radiative transferin this kind of geometry—slabgeometry—hasan
extensive literature,includingtheolderbooksby Chandrasekhar[65] andKourganoff [150], and
moregeneralstellaratmospherestextslike[186]. Thenotationin theseworksis standard,andhas
beenfollowedhere.As a resultof thesymmetrytheintensitycandependonly on thecomponent
of n in thez direction.In astrophysicsit is traditionalto includea minussignhere,soa positive
direction cosinewill refer to propagationtoward � z. The reasonis that z is thoughtof as a
coordinatemeasuredfrom theoutsideinwardtowardthecenterof a star, but a positive direction
cosineis usedfor theradiationtheexternalobserverviews. Sowe take

nz |��29�% (5.4)

anduse9 asour labelfor angles.
We alsointroducetheopticaldepthvariable� at this point. Thereis a powerful justification

for this,which is thata varietyof transferproblemswhich differ from eachotherjust in how the
opacityis distributedin thez coordinatebecomethesameproblemwhenviewedin � space.The
notationalproblemof carryingfactorsof k � z� vanishes.At theendit is verysimpleto transform
backto physicalspace.The variable � is reckonedfrom the outsideof the star inward, in the
samesenseasz, but in thedirectionof negative 9 . Thus

�v� z

{ X dzh k � zh ��� (5.5)

Theassumptionhereis thatthestar(cloud, �&��� ) hasan“outside”beyondwhichthereis vacuum,
and the zeropoint of � is locatedthere. If the star trails off graduallyto infinite radius,it is
assumedthat the opticaldepthintegral convergesin that limit. If this is not the right picture,if
insteada “wall” of somekind is encounteredon theoutside,thenthis mustbeaccountedfor in
the boundarycondition. We mentionagainthat all quantitiesare in fact frequency dependent,
which will not beshown explicitly unlessit is necessaryto doso.

In � spacetheequationof transfer,which is whatwe call transportin the steady-statecase,
becomes

9 dI

d � � I � j

k
� (5.6)

The mappingto � spaceallows us to largely ignorethe spatialvariationof k � z� ; we make this
completeby introducingthesourcefunctionSdefinedby

S | j

k
� (5.7)
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Thedisadvantageof having to rememberthemeaningof yet anothersymbolis compensatedby
thegreatersimplicity of theequations,besideswhich it hasbeenfoundby old handsof radiative
transferthatthesourcefunctionconceptis actuallyanaid to understanding.

In thermodynamicequilibriumtheradiationfield is in equilibriumwith its sources,andthere-
foretheright-handsideof equation(5.6)mustbezero.Also in thiscasetheintensityis thePlanck
function,andthereforethesourcefunctionbecomesthePlanckfunctionin thermodynamicequi-
librium. Since j andk arepropertiesof thematter—scatteringaside,whichwediscussnext—the
sourcefunctionis thePlanckfunctionwheneverthestateof thematteris thesameasif it actually
werein thermodynamicequilibrium,whetherthe intensity I is thePlanckfunctionor not. This
is theconceptof LocalThermodynamicEquilibriumor LTE.

Scatteringcomplicatesthispicture.Theatomicbasisof scatteringwill bediscussedlater, but
herewe cansimply say that a scatteringprocessis one in which a photonthat is removed by
the interactionis returnedto the radiationfield instantly insteadof causingan excitationof the
atoms.Theemissivity dueto thisprocessdependsdirectlyontheactualradiationfield ratherthan
onthestateof thematter, andthereforethecorrespondingsourcefunctionneednotbethePlanck
functionevenwhenthematteris in LTE.

Theemissivity dueto scatteringcanoftenbetreatedasisotropic,andfor purescatteringevery
photonremovedfrom theradiationfield by a scatteringprocesscomesbackat someotherangle.
Theconsequenceof thesetwo conditionsis thatthescatteringsourcefunctionis givenby

S � 1

2

1

{ 1
d 9 I ��9>��� J � cE

4� � (5.8)

Onecommentthatmustbemadehereconcernsthefrequencies.Energy is conservedoverall
in ascatteringprocess,andweareconsideringprocessesthatleavethescatterer(electronor atom)
in thesamestateafter theeventasbefore. Theonly way thatenergy canbe lost by the photon
(or conceivablygained)is in therecoil kinetic energy of thescatterer. This effect is exceedingly
smallexceptfor x-raysandgamma-raysbeingscatteredby electrons,andfor Ramanscattering.
For electronscatteringprocessesin theIR, opticalandUV it is averygoodassumptionthatthere
is no frequency changein the scattering.That meansthat the monochromaticsourcefunction
in equation(5.8) dependson I , J or E at exactly the samefrequency. The relaxationof this
assumptionfor Comptonscatteringof x-raysby electronswill bediscussedbelow.

When the absorptivity andemissivity include both scatteringprocessesandwhat is called
“true” absorption,i.e., everythingthat is not scattering,thenthe emissivity in theLTE casecan
beexpressedas

j � kS � kaB
�

ksJ % (5.9)

whereka is theabsorptivity for “true” absorptionandks is theabsorptivity for scattering.Thus
thetotal sourcefunctionis

S � ka

ka
�

ks
B
� ks

ka
�

ks
J � ka

ka
�

ks
B
� ks

ka
�

ks

1

2

1

{ 1
d 9 I ��9<�&� (5.10)

Theratioks ��� ka
�

ks � mightbecalledthesingle-scatteringalbedo, althoughsometimesthatterm
is reservedfor thingslike scatteringof light by dirty waterdroplets.If we denotethealbedoby± thenwe canwrite

S ��� 1 � ± � B � ±
2

1

{ 1
d 9 I ��9>�&� (5.11)
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Theformal integral (5.3) turnsinto thefollowing form with oursimplifiedgeometry:

I � IB exp ����� 9<� � ²
0

d ² �³ ´!³ exp �"���D�4��hµ�"� 9>� S����h°��9GR 0X² d ² �´ exp �k���D�4� h �"� 9>� S��� h � 9GE 0
� (5.12)

If thesourcefunctionis alreadyknown,e.g., it is thePlanckfunction,thejob is doneat thispoint.
Otherwise,asfor instancein thecasethatS is givenby arelationlike (5.11),weproceedfurther.
SinceSdependsin suchcaseson B, which is known, andon J, which is unknown,wewill want
theexpressionfor J thatcanbederivedfrom equation(5.12),andwhile we areat it, we will get
the flux andpressuremomentsaswell. The integralsover 9 of the exponentialfunctionslike
exp �"� x ��9<� aredefinedin termsof the specialfunctionscalledexponentialintegral functions.
Thegenericexponentialintegral functionis En � x � definedby

En � x �#�
X

1

e{ xy

yn
dy � (5.13)

The propertiesof the exponential-integral functionsaredescribedat lengthin Abramowitz and
Stegun[1]. Anotherform thatis usefulhereis

En � x �­� 1

0
tn{ 2e

{ x ~ t dt � (5.14)

Thesefunctionsobeys therecursionrelations

E hn � x �#��� En{ 1 � x �&% (5.15)

and

En � x �'� 1

n � 1
e
{ x � xEn{ 1 � x � � (5.16)

It is sometimesusefultoknow thattheEn functionsarerelatedto theincompletegammafunction.
Formingthemomentsof I ��9<� givenby equation(5.12)leadsto

J �����#� cE

4� � 1

2
E2 ����� IB

� 1

2

X
0

d � h E1 � d � h �Z� d � S��� h �&% (5.17)

H �����0� F

4� �3� 1

2
E3 ����� IB

� 1

2

X
0

d � h sgn��� h �]��� E2 � d � h �4� d � S��� h �&% (5.18)

and

K �����#� cP

4� � 1

2
E4 ����� IB

� 1

2

X
0

d � h E3 � d � h �Z� d � S��� h ��% (5.19)

which alsoidenticallyobey themomentequations

dH

d � � J � S% (5.20)



5.3. MILNE’S EQUATION 73

and

dK

d � � H � (5.21)

All the functionsEn � x � behave at large x asexp �"� x �k� x. Thereforewhen � is significantly
largerthan1, say �sE 4, theboundarytermsin J, H andK arenegligible, andthelower limits
of theintegralsin equations(5.17)–(5.19)canbeextendedto � � without affectingtheanswer.
Thusit is asif themediumwereinfinitely extended.Thesearethehallmarksof theinterior part
of theproblem.If S is slowly varyingthere,asit shouldbe,thentheintegralsin theexpressions
for J andK canbeapproximatedby taking S outsidethe integral andevaluatingit at � . Since
also X

{ X En � d x d � dx � 2

n
% (5.22)

theconclusionis that K p J � 3, which is Eddington’sapproximation.In otherwords,theradia-
tion becomesisotropiconce� � 1.

Anotherinsight into thebehavior of the transferequationis obtainedby taking S out of the
integral in equation(5 � 17� whether� is largeor not. Theresultingrelation

J p 1

2
E2 ����� IB

�
S

1

2

X
0

E1 � d � h �]� d � d � h
� 1

2
E2 ����� IB

� � 1 � 1

2
E2 �����"� S (5.23)

is calledtheescape-probabilityapproximation.Theexpression

pesc � 1

2
E2 ����� (5.24)

is called the escapeprobability, or the two-sidedsingle-flight escapeprobability, to be more
precise.Wecanregardthisastheaverageof theone-sidedescapeprobabilitygoingtowardlarger� , namelyzero,andthe one-sidedescapeprobability going toward smaller � , which is E2 ����� .
The E2 functiongoesbetweenthelimits of 1 and0 as � goesfrom 0 to � , soit is reasonableto
think of it asa probability. We will returnto escapeprobabilitiesin §6.8and§11.8.

5.3 Milne’ sequation

Someof the standardproblemsin radiative transfertheoryinvolve solving for J in the caseof
a semi-infiniteatmospherewith no externally-incidentradiation,whenthereis a relationof the
kind in equation(5.11) betweenS and J. Thus IB � 0 and thereis a vacuumboundaryat�D� 0 but theproblemextendsto infinity is thepositive � direction.Thesimplestof theseis the
homogeneousMilne problem

S � J � 1

2

X
0

S��� h � E1 � d � h �4� d � d �1� (5.25)

This arisesin conservative scattering,i.e., whenthereis no absorptionat all. It alsois a model
for an atmospherein radiative energy balance,for which the absorptionandemissionratesare
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just equal,with a frequency-independent (gray) opacity that permits integratingall the radia-
tion quantitiesover frequency. This problemis describedat lengthby Chandrasekhar[65] and
Kourganoff [150], and the latter referencegivesthe exact solutionobtainedusing the Wiener-
Hopf method.

Sometimesweneedanotationfor thekernelin equation(5.25),andfor thiswe useK1 ����� :
K1 �����#� 1

2
E1 � d � d �&� (5.26)

In aninfinite mediumproblemthelower limit of integrationin equation(5.25)wouldbe � � not
0, andthenwe seethat the equationwould have a displacementkernel, i.e., be of convolution
type. We would wantto know theFourier transformof thekernel.We canreadilycalculatethat
from thedefinitionof the E1 function,asfollows:

�
K1 � k �¶� 1

2

X
{ X d � exp �"� i k ��� 1

0

du

u
exp �"� d � d � u�

� · 1

0

du

u

1

u
�

i k
{ 1

� 1

0

du

1
�

k2u2
� tan{ 1 k

k
� (5.27)

Equation(5.25)is a Fredholmequationof thesecondkind ona half-space.This is thekindFig. 5.1
of equationfor which theWiener-Hopf methodwasdesigned,andthesolutionhasbeenobtained
in termsof definiteintegrals.SinceJ � S, equation(5.20)saysthatthetotal flux H is constant,
in whichcaseequation(5.21)canbeintegratedto give

K � H ��� �
constant�&� (5.28)

The Eddingtonapproximationshouldbecomeaccurateat large � , so the solutionfor J canbe
written

J � 3H ��� �
q �����"�&% (5.29)

whereq ����� , calledtheHopf function,tendsto aconstantat large � .
Theconstantvalueof theflux F � 4� H definestheeffectivetemperatureof astaraccording

to

F ��8 T4
eff � (5.30)

Furthermore,the frequency-integratedmeanintensity J andthe sourcefunction S areboth the
same,in thegrayatmosphereproblem,1 asthefrequency-integratedPlanckfunction B, which is

B � 8� T4 � (5.31)

Thereforeequation(5.29)givesthetemperaturedistribution in thegrayatmosphere

T4 � 3

4
T4
eff ��� �

q �����k�&� (5.32)

1Whenthe opacityis gray, i.e., independentof frequency, the radiative equilibriumconditionbecomesJ ¸ B, and
thereforeS ¸ B in thatcase.
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TheHopf functionis themainresultof Milne’sproblem.As we see,in Eddington’sapproxi-
mationit is replacedby aconstant.Thevalueof theconstantis derivedfrom therelationimposed
at �V� 0, of thekind

H � 0�
J � 0� � 1

3q � 0� � 1
0 9 I � 0 %/9<� d 9

1
0 I � 0 %/9<� d 9 � � 9>��� (5.33)

Differentestimatesof � 9>� have beenproposed,eachwith its correspondingvalueof q ����� . If I
is approximatelyconstanton the range � 0 % 1� then � 9<� turnsout to be 1/2, andso the constant
valueof q ����� shouldbe2/3. A quadraturefor theintegralsbasedon2-pointGaussianquadrature
(abscissaeat T 1� ` 3) leadsto � 9<�#� 1� ` 3 andto q �����­� 1� ` 3. Neitherestimateof q ����� is per-
fect. Theexactfunctionis shown in Figure5.1.Thevalueof q ����� for � 7�� is 0 � 71044609�&��� .
As it happens,the exactvalueof q � 0� is 1� ` 3 � 0 � 57735�&��� , but the estimateq �����®� 2� 3 is
closerto theexactsolutionin theaverage.Theexact function is very nearlyconstantfor �[E 4
asexpectedbasedon the earlierdiscussion.In fact,q ����� is within 1% of qX for �\E 1 � 3, and
within 0.1%of qX for � E 3.

5.4 Eddington factor

The ratio of the zz componentof the radiationpressureto the energy density, i.e., of K to J,
definestheEddingtonfactor:

f | Pzz

E
� K

J
� (5.34)

It is a variable,not a constant,unlesstheEddingtonapproximationis beingmade,in which case
it hasthevalue1/3. If theEddingtonfactoris somehow alreadyknown, thenthesystemof the
first two momentequationsis closed,just asin theEddingtonapproximation.Furthermore,if f
is known thenprobablythemeancosine fH | � 9>� in equation(5.33)is alsoknown. Thisallows
usto write down theanswerto theMilne problemimmediately:

f J � H � � f � 0�
fH

� (5.35)

This is theideabehindVariable-Eddington-Factorapproximationmethods,aboutwhich we will
saymorelater. For the Milne problemthereis a simplerelationbetweenthe Eddingtonfactor
andtheHopf function,which is

3 f �����#� � �
qX� �
q ����� � (5.36)

This resultfor f basedon theexactHopf functionis alsoshown in Figure5.1.

5.5 Milne’ ssecondequation—thermalization

Thenext standardproblemis the inhomogeneousversionof thefirst. Themodelin this caseis
that thereis a specifiedPlanckfunction, thatmay dependon positionin the atmosphere,anda
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scatteringalbedothat is smallerthanunity, ± R 1. Theobjective is to solve for S in this case.
Theintegralequationis

S�������3� 1 � ± � B ����� � ±
2

X
0

E1 � d � h �]� d � S��� h �&% (5.37)

a Fredholmequationof thefirst kind. Thesolutionin termsof integralshasbeenderivedusing
anotherapplicationof theWiener-Hopf method,andalso,by Sobolev [241], using“elementary”
methods,which is to say, without usinganalytic function theory. The generalsolution is too
complicatedto derivehere.It is givenin theform of integralsfor theresolventfunction R ���1%/��h°�
in termsof which thesolutionto equation(5.37)is

S�����#��� 1 � ± � B ����� � ± X
0

R ���W%/� h � B ��� h �&� (5.38)

The secondMilne equationandthe theoryof the resolvent arediscussedat length in Sobolev,
andvery similar materialpertainingto spectralline transportis found in Ivanov’s book [133].
The Wiener-Hopf theoryis basedon the factorizationof a function T � z� relatedto the Fourier
transformof thekernel:

T � z�'| 1 � ± �
K1 � i � z�#� 1 � ± zcoth{ 1 z % (5.39)

wherethe last equalitycomesfrom equation(5.27). The non-trivial part is to factorT � z� into
partsthatareanalyticandnon-vanishingin theleft andright half-planes,

T � z�'� 1

H � z� H �"� z� % (5.40)

wherethe H -function,introducedby Chandrasekhar,2 is analyticandnon-vanishingin · z ¹ 0.
Finding H � z� can be doneformally, by applying Cauchy’s integral formula to log � T � z�"� , or
computationallyusingthe methodof discreteordinatesor a numericalinversionof an integral
equationsatisfiedby H . The result for the resolvent function is given in termsof its double
Laplacetransform,i.e., transformedwith respectto both � and ��h :

˜̃R � p % q �­� 1 � ±± H � 1� p� H � 1� q �!� 1

p
�

q
� (5.41)

Theintegral formulasby which R ���1%/��hº� canbeobtainedfrom its doubletransformaredeveloped
in theradiative transferliterature,e.g., thebooksby Sobolev andIvanov.

The physicalinterpretationof equation(5.38) is the following. The first term in S is the
contribution from the local source,that is, thephotonsemittedfor thefirst time at this location.
Thesecondtermis theintensityat the location � of thephotonsfirst emittedat anotherlocation��h by theprimarysource,which thentravel from ��h to � in any numberof flights with scattering
eventsbetweensuccessive flights. Now imaginewe time-reversethis picture. A collectionof
photonsat � will containsomethataredestroyedonthespotby absorption,andothersthattravel
from � to ��h in any numberof flightsbeforebeingdestroyedatthatlocation.Thisfinal destruction
of a photonafter perhapsa large numberof scatteringsis the processcalled thermalizationof
the radiation. The meaningof R ���1%/��h»� is thereforethe conditionalprobability distribution of

2alsoattributedto V. A. Ambartsumian
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thermalizationpositions ��h given that a photonoriginatesat � . It is not too hard to show that
R ���1%/��h°�#� R ����h¼%/��� , andthereforeR is alsotheconditionalprobabilityof thermalizationat � for
photonscreatedat ��h .

Whenthealbedois small,R is nearlythesameasE1 � d ��hk�l� d �"� 2, in otherwords,it is sharply Fig. 5.2
peakedat ��h
��� . As thealbedoapproaches1 thedistributionbecomesbroaderandbroader. The
typical extentof R in d � h �s� d is referredto asthe thermalizationlength, andit tendsto infinity
as ± 7 1.

This progressionin R asthe albedoapproachesunity is easiestto illustratefor the infinite
medium,for which all theintegralsaretakenover therange � � to � . Theintegral equationis
thena convolution integral andits solutionis easilyfoundusingFourier transforms;the inverse
transformto obtain R ����h­�C��� canbe doneby the methodof residues.Figure5.2 shows how
R progressesasthealbedois raisedfrom zeroto 0.9999.When ½;| 1 � ± is small theentire
contribution to R comesfrom a singlepole in

�
R � k � . This pole is locatedat k � i t 0 wheret 0 is

therootof

tanh{ 1 t
0t

0
� 1± % (5.42)

which alsomeansthatz � 1� t 0 is a zeroof T � z� . This root appearsin variousguisesin asymp-
totic diffusiontheory. For small ½ theroot is approximately

t
0 p ` 3½1� (5.43)

This is identicalto what would beobtainedusingthe Eddingtonapproximation,andin fact the
whole solution R ����� tendsto the Eddingtonapproximationresultwhen ½ is small. In the half-
spacecaseonly thelong-rangepartof R is well approximatedby Eddington,andtheshort-range
partshowssomeeffectsof angle-dependenttransfer.

Thehalf-width of R ����� at the1� e point, in thesmall ½ case,is just

L � 1` 3½ % (5.44)

andthis is asgooda definitionof thethermalizationlengthasany. This expressionhasa simple
interpretation.Since ½ is the probability that a photonwill be absorbedon any singlematerial
interaction,thenthe meannumberof times it will survive scatteringis 1� ½D� 1, andthe mean
numberof total flights is 1��½ . Thermsdisplacementin � perflight is 1� ` 3. Thusin a random
walk with 1� ½ stepsthenetdisplacementin � will be1� ` 3½ .

In summary, theresultsfor theinhomogeneousMilne problemarethefollowing. Thesolution
for thesourcefunctiondependsbothlocally andnon-locallyon theprimarysource,which is the
Planckfunction in this case.Thenon-localtermis expressedby a resolventfunction. Whenthe
albedois closeto unity the resolvent includesthe effect of a large numberof scatterings,and
thetypical extentof theresolventin opticaldepthspaceis whatyou would expectfor a random
walk with a large numberof steps. This extent variesin proportionto 1� ` ½ , where ½ is the
destructionprobabilityperscattering,1 � thescatteringalbedo.In a largebut finite volumefilled
with scatterersandwith a smoothlydistributedprimary sourceof photons,the sourcefunction
andthemeanintensitywill bedepressedfrom the local equilibriumvaluefor all pointsthatare
within a thermalizationdepthof theboundary. Thismaybequitea thick layer.But exceptwithin
oneor two meanfreepathsof theboundarytheradiationwill benearlyisotropic,albeitperturbed
in magnitudeowing to thepresenceof theboundary.
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5.6 The Feautrier or even-parity equation

A simplemanipulationof the equationof transferin slabgeometryturnsout to be very useful
in numericalsolutionmethods.This is to definetheevenandoddcombinationsof the intensity
I ��9>� and I �"�29>� . For 0 }s9G} 1 thosetwo variablesarereplacedby thecombinations

j ��9<�­� 1

2
� I ��9>� � I �"�29<�"�0% h ��9>��� 1

2
� I ��9<�>� I �"�29>�"�0� (5.45)

Theusagej for theeven-paritycombinationshouldnot beconfusedwith theemissivity function
j § ; thenotationhereis meantto suggestthat j ��9<� is like anangle-dependentJ andh ��9>� is like
anangle-dependentH . In fact,they arerelatedin this way

J � 1

0
d 9 j ��9>�0% H � 1

0
d 9 h ��9<�0� (5.46)

We now introducetheimportantassumptionthat theabsorptioncoefficient andthesourcefunc-
tion are isotropic. Taking the even andodd combinationsof equation(5.6) for T�9 , given this
assumption,leadsto thefollowing:

9 dh

d � � j � S % 9 dj

d � � h � (5.47)

Now it is obviousthath caneasilybeeliminated,to producethis second-orderequation:

9 2 d2 j

d � 2 � j � S � (5.48)

Equation(5.48)is theheartof Feautrier’smethod[87]. Sometimesthis is calledthesecond-order
form of thetransferequationwhile equation(5.6) is calledthefirst-orderform. Thegreatvirtue
of this equationis thatit lendsitself to this simpleandaccuratefinite-differenceform:

9 2
k

j i { 1: k � 2 j i : k �
j i z 1: ke � 2

� j i : k � Si % (5.49)

for a uniformly-spacegrid in � , in which i is the index of � points, andk is the index for 9
values,which all lie in the range0 7 1. Thereis a simpleextensionof this to non-equally-
spaced� values.This discretizationis second-orderaccurate,andthesolution j i : k is guaranteed
to bepositive for all i andk if thesourcefunctionvaluesSi areall positive. As it turnsout, these
two propertiesaredifficult to obtainsimultaneouslywith finite-differenceformsof thefirst-order
equation(5.6).Thelargemajorityof thework in astrophysicalradiativetransferfor slabgeometry
since1964hasusedFeautrier’s equation(5.48). Many of the exceptionshave beenwhenfluid
motion effectsare included,which causethe absorptioncoefficient to dependon direction,or
with non-isotropicscatteringor angle-dependentfrequency redistribution in lines,for which the
sourcefunctionis angle-dependent.

5.7 Eddington-Barbier relation

We now addressthe question,What intensitydoesan externalobserver seewhenhe looks into
an atmospherewith a certaintemperaturedistribution? Therigorousresultrequiressolving the
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generalMilne equationfor the sourcefunction, thendoing an additionalintegrationto get the
emergentintensity. But a usefulsemi-quantitative formula canbe found by supposingthat the
Planckfunctionvariesslowly with opticaldepth,andthatis theonein thetitle of this section.

We considerthecasewithout scatteringfirst. Theemergentintensityis

I � 0 %/9>�#� X
0

d �9 exp �"�2�
� 9>� B �����&� (5.50)

Now supposewe adopta linearapproximationfor B ����� , namely

B �����'p a
�

b�1� (5.51)

Thenit is easyto seethat

I � 0 %/9<�'p a
�

b9^� B ��9>�&� (5.52)

Theintensityseenby theobserveris thePlanck functiononemeanfreepathinto theatmosphere
as measured along the ray. This is the basicform of the Eddington-Barbierrelation. Another
relationgivesthevalueof the total flux leaving theatmosphereat thesurface,which we getby
multiplying theintensityby 2�29 andintegratingover 9 :

F � 0�'p�� a
� 2

3
b ��� B

2

3
% (5.53)

in otherwords,theflux is � timesthePlanckfunction2/3meanfreepathinto theatmosphere.Not
coincidentally, thevalueof thetemperatureat opticaldepth2/3 is just theeffective temperature,
if therelation(5.32)is usedandq �����'p 2� 3.

The Eddington-Barbierrelation is due to Barbier [25], and a good discussionis given by
Kourganoff [150], §18. Thesetwo relationsarefoundto bevery usefulin understandingquali-
tatively whatthespectrumshouldlook like for atmosphereswith complicatedtemperaturestruc-
ture,like thesun,whentheopacityis verydifferentat differentfrequencies.

Whenscatteringis includedthe resultsaremorecomplicated.The Planckfunction should
bereplacedby thesourcefunctionS����� in equation(5.50),from which we seethattheemergent
intensityapartfrom a factor 9 is theLaplacetransformof thesourcefunctionat p � 1� 9 . We
cangetthis for thecasethat thePlanckfunctionis givenby (5.51)from thedoubletransformof
theresolvent,equation(5.41),by a suitablelimiting procedureq 7 0. Whatwe getis

I � 0 %w9>��� ` ½ H ��9<� a
�

b 9 � 1 �4½
2̀ ½ a 1

� ` ½ H ��9<� B 9 � 1 �]½
2̀ ½ a 1 � (5.54)

HereH ��9<� is theChandrasekharH -functionintroducedearlier, whichdependson ½H� 1 � ± in
additionto 9 , and a 1 is its first moment:

a 1 � 1

0
d 9D9 H ��9>�&� (5.55)

The function H ��9>� is identically1 whenthereis no scattering,½K� 1, andin that casewe see
thatequation(5.54)reducesto equation(5.52). The scattering-dominatedcase,with an albedo
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thatapproaches1 so ½ is small,is moreinteresting.The H functiontendsto a limit, thefunction
for conservative scattering,which is roughly equalto 1

� ` 39 . Theexact valueof a 1 for this
limiting H function is 2� ` 3. We seethat the emergent intensitydependsin this limit on the
Planckfunction at a large valueof � , which is approximatelythe thermalizationdepth1� ` 3½
sincetheaddedterm 9 is negligible. Thusfor ½ 7 0 theemergentintensityis

I � 0 %w9>�#p ` ½ H ��9<� B 1` 3½ � (5.56)

We alsonotethattheemergentintensityis a lot smallerthanthePlanckfunctionat thethermal-
izationdepth.We canalsoobtainanexpressionfor theemergentflux by doingtheintegral over
2�<9 d 9 asbefore.Wenotethattheintegralof H becomesa 1, for whichwesubstitute2� ` 3. We
find

F � 0�­p 4� ½
3

B
1` 3½ � (5.57)

Thereis acartoon-level wayof understandingequation(5.56),which is thefollowing. While
in reality theprimarysourceterm ½ B actsthroughoutthewholeproblem,including in the ther-
malizationlayer, the cartoonversionis to supposethat in the whole of this layer, down to the
thermalizationdepth,thereis only conservative scattering,but from thethermalizationdepthon
down theradiationfield is thermalized,i.e., exactlyPlanckian.Thentheintensitythatemergesat
thesurfaceis of radiationthatwasradiatedoutwardat thethermalizationdepth,andwhichthere-
fore would bePlanckian,but which alsosurvivedmultiple scatteringin the layerbetweenthere
andthesurface—whichthereforewasdiffusely transmittedby thatscatteringlayer. For a thick
scatteringlayer we know that the fraction of radiationthat is reflectedis almost100%andthe
transmittedfractionis small,of orderthereciprocalof theopticaldepth.For ourproblemtheop-
tical thicknessof thelayeris thethermalizationdepth,p 1� ` 3½ , andsothediffusetransmission
fractionis about̀ 3½ . Exceptfor thenumericalfactors,this givesequation(5.56).



Chapter 6

The comoving-framepictur e

Thereis just onegoodreasonfor viewing theradiationfield in thecomoving frameof thefluid,
anddevelopingequationsbasedon this picture,andit is animportantone.It is thatowing to the
Dopplerandaberrationeffectsit isonly in thecomovingframethattheemissivity andabsorptivity
havethevaluesspecifiedby atomicphysics.Whenthephotorecombinationprocessresultsin the
emissionof photons,only in the comoving framewill this emissionbe isotropic. Only in the
comoving framedoesthephotoionizationedgeappearin theabsorptivity at thesamefrequency
for everyangle,andis thatfrequency theonein thetablesof atomicabsorptionenergies.Isotropic
emissionandabsorptionin the comoving framemeansthat the equilibrium intensity, equation
(4.33),will be isotropic,andthat thereforethe flux will vanish. As mentionedbefore,the flux
F in the fixed frame doesnot vanishno matterhow opaquethe mediummay be. The plan
of this chapteris to presentthe transformationrelationsfor the variousradiationquantitiesfor
going from the comoving frameto the fixed frame(or vice-versa),andto follow throughsome
of theimplicationsof theserelations.Thedevelopmentwill becarriedout only to orderu� c, not
becausethe relativistic treatmentis especiallyhard,but becausewe have no usefor this when
we areusingNewtonianmechanicsfor thefluid equations.We notethatall thecomplexities of
comoving-frametransportarisefrom thespaceandtimevariationof thefluid velocity. Indeed,if
thevelocity is a uniformconstantthenthecomoving frameis aninertial frameandall theearlier
simplerelationsapplyin it, just asin any otherinertial frame.

Thismaterialis admittedlycomplicated.Thereaderis encouragedto find theotherreferences,
includingthekey paperof L. H. Thomas[248] andthereportby Fraser[91]. Thistopicis Chapter
7 in MihalasandMihalas[189], andthepresentdiscussionalsodrawson Castor[56].

6.1 The Doppler and aberration transformations

We have to dip into the regime of relativistic kinematicsfor a little while. We will talk about
the position four-vector � x ´ ���¾� t % r � . The Greekindex 9 runsfrom 0 to 3, with the 0 value
designatingthe time componentand1, 2 and3 designatingthespacecomponents.If a particle
movesfrom � t % r � to � t � dt % r �

dr � in the (relative) time dt , thenthe amountof propertime
elapsedin its own frameis ds givenby

ds2 � dt2 � dr2

c2
� (6.1)

81
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Theparticle’s four-velocity is

� dx
´ � ds�#� dt

ds
� 1 % v �'�3� i % i v �&% (6.2)

wherei � 1� 1 �4	 2 � c2 (notto beconfusedwith theratioof specificheats).Its four-momentum
is

� ṕ �'� m
dx

´
ds

�3� mi % mi v �&� (6.3)

We will usem only for therestmassesof particles.Thetime componentof thefour-momentum
is E � c2, whereE is therelativistic energy of theparticle.For photons,whosespeedis c, v is cn,
but i tendsto infinity. However therestmassalsovanishes,andmi tendsto a finite limit such
that E is h � , i.e., mi � h �x� c2. Thusthephotonfour-momentumis

� ṕ �#� h�
c2

� 1 % nc�&� (6.4)

Now the Lorentz transformation.We want the transformationfrom onesetof coordinates� x ´� 0� �#�¿� t0 % r0 � to the � t % r � setsuchthata point with a fixedr0 is moving with thevelocityu in
the � t % r � coordinates.We quotetheresult:

x
´ � Á

À
x

À
� 0� (6.5)

(usingthesummationconvention),where � ÁÀ ) is the4 n 4 matrix givenby

� ÁÀ �#� i u i uuT � c2

i uu I
� � i u � 1� uuT � u2 � (6.6)

The velocity u is representedby a columnvectorhere,andits transposeis the row vectoruT .
Thescalari u is 1� 1 � u2 � c2. The3 n 3 matrix in the lower right corneris arrangedto leave
unchangeda vector it multiplies that is perpendicularto u, and to multiply by i u one that is
parallelto u.

Theverypointof theLorentztransformationis to leavethepropertimeelementdsunchanged
in the transformation,so the transformationrelation for a four-velocity is the sameas for the
coordinates,

dx
´

ds
� Á

À dx

À
� 0�

ds
� (6.7)

Thereforethesameis truefor thefour-momentum:

ṕ � Á
À

p

À
� 0� � (6.8)

Now we canapplythis to photonsandgettheDopplerandaberrationrelations

� � � 0 i u 1
� n� 0� � u

c
(6.9)

n � i uu� c
�

n� 0� � � i u � 1�&� n � 0� � u� u � u2

i u � 1 �
n� 0� � u� c� � (6.10)
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For smallvaluesof therelativevelocityu of thetwo framestheserelationssimplify considerably.
In that casewe can neglect all the u2 � c2 terms,which meansthat i u can be replacedby 1.
Therefore

� � � � 0� 1
� n� 0� � u

c
(6.11)

n � n� 0� � u� c

1
�

n� 0� � u� c
� (6.12)

Theserelationswill beadequatefor most(all?) of thesubsequentdiscussion.

6.2 Transforming I , k, j

Phase-spacedensityfunctionsfor relativistic gasesrequirea little moreof our relativistic kine-
matics.Thereasonis that themomentumspacevolumeelementd3p is not a Lorentzinvariant.
Therearegooddiscussionsof this in Synge[247], andin MihalasandMihalas.We will give the
quick versionhere. All of the possiblefour-momentumvalues ṕ that areallowed for a given
kind of particledo not fill up space-time,sincethey mustall beconsistentwith thevalueof the
propermass,andtherefore

� p0� 2 � p2 � c2 � m2 � (6.13)

Thusthe allowed four-momentumvaluesform a hyper-surface(massshell) in space-time.An
infinitesimalpieceof the massshell is an oriented3-volumein spacetime, just asa patchon
an ordinary surfacein spaceis an oriented2-dimensionalelement. Orientedmeansthat it is
associatedwith a particularvectorperpendicularto it, namelythe surfacenormalat that point.
Theoriented3-volumeelementfor aninfinitesimalpieceof themassshell is a goodfour-vector
thatpointsalongthehyper-surfacenormalfor themassshellat themomentumvaluein question.
Whatdirectionis that? Theansweris that it is along ṕ itself. Thereasonis that ṕ is a four-
vectorof constantlength,asindicatedby (6.13),andthereforethe allowed displacementsdṕ
consistentwith stayingon themassshellareperpendicularto ṕ (in thesenseof theMinkowski
metric). Thesurfacenormalis theonevectorperpendicularto all thealloweddisplacementsin
thesurface,thereforeit is along ṕ .

Thus the oriented3-volumeelementfor the massshell is onegoodfour-vector, and ṕ is
anothergoodfour-vector, andwenow know thatthey areparallel.Theconstantof proportionality
betweenthemis thereforeaLorentzinvariant,andthis is theinvariantmassshellvolumeelement.
In a particularframe,thetime-like componentof theoriented3-volumeis just d3p if we choose
to use p1, p2 and p3 asthecoordinateson the hypersurface.Sincethe time-like componentof
ṕ is proportionalto therelativistic energy E, this combinationis aLorentzinvariant:

d3p
E

� (6.14)

For photons,themomentum-spacevolumeelementis proportionalto � 2d � d ¨ (cf., [4.4]), andE
is proportionalto � , sotheinvariantvolumeelementis � d � d ¨ .

What aboutthe ordinaryspatialvolumeelementd3r? This is not Lorentz invarianteither.
In a particularcoordinateframe,3-spaceis a slice throughspace-timeat a constantvalueof the
appropriatetime variable;it is anotherhypersurface.Thehypersurfacenormalis in thedirection
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of thefour-velocity correspondingto thevelocity of that frame. Letscall that four-velocityU
´

.
In this oneframeU

´
hasthe components� 1 % 0 % 0 % 0� . We concludethat the oriented3-volume

elementfor this time slice is d3rU
´

. We next make useof the fact that dot productsof four-
vectorsareLorentzinvariant. Since ṕ is onefour vectorandd3rU

´
is another, we conclude

that Ed3r is invariant.HereE is theenergy of oneparticularphotonin theframefor which d3r
is thecorrect3-spacevolumeelement.

Noticethatwe have to divide themomentumspacevolumeelementby E to getaninvariant
andwehaveto multiply thecoordinatevolumeelementby E to getaninvariant.Thatmeansthat
thephasespacevolumeelementd3rd3p is an invariantby itself. We recall from thediscussion
abovethatthephasespacedensityof photonsis

I §
h4 � 3 � c2 � (6.15)

If we changetheunitshereto measurethenumberpervolumeh3 in phasespace,anddivide by
two to find theaveragenumberpermodeof polarization,weget

Á §«� I §
2h� 3 � c2 (6.16)

for the Lorentz-invariant intensity. This is exactly the quantity referredto as the numberof
photonspermode. This is thecentralquantityin thegeneralcovariantformulationof radiation
transportby Lindquist [173]. Since

Á § is invariant,the rule for transformingthe intensitywhen
goingbetweendifferentframesis just

I §«� �� 0

3

I � 0�§ � (6.17)

Wecangettherulesfor transformingtheabsorptivity andemissivity by consideringtwo time
slicesseparatedby dt , with matching3-volumesd3r oneach,in additionto amomentumvolume
d3p. Thenumberof photonsaddedto d3r duringdt thatlie in d3p is equalto

e N � j §
h� d3rdtd � d ¨�� j §

h4 � 3 � c3d3rdtd3p � (6.18)

Theproductd3rdt by itself is thefour-volumeelement,andit is invariant.Thusd3rdtd3p is not
invariant,but d3rdtd3p� E is, in view of theearlierresult.Sowe rearrange(6.18)as

e N � j §
h3 � 2 � c3

d3rdtd3p
h� (6.19)

andsince e N shouldbeinvariant,we concludethat

Â §«� c

2

j §� 2
(6.20)

is Lorentzinvariant.Thesamereasoningappliesto k§ I § , therefore

Ã § � h

c
� k§ (6.21)
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is invariant.(Theconstantfactorsincludedin thesedefinitionsarefor thepurposeof makingeq.
[6.24] below consistentwith ourprior notation.)Thisgivesthetransformationrelations

j § � �� 0

2

j � 0�§ (6.22)

k§ � � 0� k � 0�§ � (6.23)

Morediscussionof thecovariantabsorptionandemissionis foundin Linquist [173].
As a final noteto the businessof Lorentztransformationsof the intensity, we quotetheco-

variantform of thetransportequationfor Cartesiancoordinatesystems(cf., Lindquist[173]):

ṕ
Á § : ´ � Â § � Ã § Á § � (6.24)

Thecommasubscripthereindicatethatthefollowing subscriptsdenotethecoordinatesby which
this quantityis differentiated.Thus f : ´ means

�
f �
�

x
´

. Puttingin the appropriatepowersof �
shows thatthis is identicalto theonewe usuallyuse,equation(4.23).

6.3 Transforming E, F and P

Themomentsof theradiationfield integratedoverfrequency haveanaturalphysicalinterpretation
asthepartsof thestress-energy tensor.Thetensoris definedby

T

À ´ � d3p
E

p

À
ṕ

Á � (6.25)

This is a goodcontravariantsecond-ranktensorsinceit is built from the productof two con-
travariantfour-vectorsmultiplied by scalars.We evaluatetheintegral usingtherelationswe just
derivedandfind, afterdiscardingsomeirrelevantfactorsof h andc,

� T
À ´ �Y� c

4© 1
nc

1 nT c
�
c

2 I §� 3

� 2d � d ¨� (6.26)

� d �
4© d ¨ I § 1� c nT

n nnT c
(6.27)

� E FT

F c2P
� (6.28)

Thusthetime-timepartof T

À ´
is theenergy density,thetime-spacepart is theflux vector,and

thespace-spacepartis thepressuretensor,apartfrom factorsof c for unit conversion.
Wearefamiliarwith stress-energy tensorslikethisin otherfields.Theelectromagneticstress-

energy tensoris of this kind (cf., Panofsky andPhilips [201]). Its time-timepart is the electro-
magneticenergy density

1

8� �ÅÄ 2 �\Æ 2 �&% (6.29)

thespace-timepartis thePoynting vector, andthespace-spacepart is theMaxwell stresstensor.
As a matterof fact,theradiationstress-energy tensoris theelectromagneticstress-energy tensor
aftercoarse-graining.
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SinceT

À ´
is a good tensor, we canusethe Lorentz transformationmatrix A to obtain its

componentsin thefixedframefrom thosein thecomoving frame. Therule is to multiply the T
matrix by onefactorof A from theleft andby onefactorof A from theright. We carry this out
for thesmallu caseanddiscardtermsof orderu2� c2 andhigher. Theresultis

E FT

F c2P
� E0

� 2u
c2 � F0 � F0

�
uE0

�
u � P0 � T

F0
�

uE0
�

u � P0 c2P0
�

F0uT �
uFT

0
� (6.30)

The transformationrelation for the flux is the onethat wasusedearlier in discussingthe total
energy equationfor matterandradiation.

The quantitiescE, F andcP arepotentiallyall the sameorderof magnitude. In diffusion
regionsthe flux will be smallerthanthe othertwo, however. So the velocity correctionsto the
momentsareformally orderof u� c, but in adiffusionregiontherelativemagnitudeof thecorrec-
tion to theflux maybemuchlargerthanthat,while therelativecorrectionsto theenergy density
andpressureareevensmallerthanu� c. In otherwords,thecorrectionto theflux is theimportant
oneto keepin mind.

The next interestingthing that we cando with the stress-energy tensoris to form its diver-
gence,

T

À ´: À � ǵ � (6.31)

Thefour-vectorǵ is madeup of theenergy andmomentumsourceratesfor theradiationfield.
We canfind an expressionfor ǵ by multiplying the invarianttransportequation(6.24)by ṕ
andthenintegratingwith d3p � E. This leadsto

� T
À ´: À �#�

4© 1
nc

� j § � k§ I § � d � d ¨4% (6.32)

andtherefore

g0 �
4© � j §®� k§ I §&� d � d ¨ (6.33)

and

g �3� gi �'�
4© nc � j §«� k§ I §�� d � d ¨4% (6.34)

exactly asgivenearlier, in equations(4.43)and(4.44).Writing out thecomponentsof thetensor
divergencein the fixed frameandsubstitutingtheseresultsfor ǵ into equation(6.31) recov-
ers equations(4.27) and (4.28) discussedearlier. What is new is the realizationthat ǵ is a
four-vector,and that thereforeit canbe evaluatedby going to the comoving framewherethe
atomicpropertiesareknown, and then transformingbackto the fixed frame; seeMihalasand
Mihalas[189], §91.TheLorentztransformationto first orderin u � c is

g0 � g0� 0� � u
c2

� g� 0� (6.35)

g � g� 0 � � ug0� 0� � (6.36)

Thesecondtermon theright handsideof theg equationis anotherof thosepesky onesthat
do not have ananalogin non-relativistic mechanics.It comesaboutbecausetheadditionof en-
ergy increasestherelativistic massdensityandthereforealsotherelativistic momentumdensity.
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Whenwe treatthematerialfluid non-relativistically thereis no similar termin thematerialmo-
mentumequationto compensatethis one.Fortunatelyit is smallandwe candiscardit or hideit
somewhere.Thevelocity termin theg0 equationdoeshave a non-relativistic meaning.It is the
rateof doingwork by theforceexertedon theradiationby thematter.

Thecomponentsof ǵ in thefluid frameareeasilyfound from theatomicpropertiesof the
matter, without theneedfor Dopplerandaberrationtransformations.Furthermore,wecanalmost
alwaysassumeisotropy of theabsorptivity andemissivity in thefluid frame.With thatassumption
weobtain

g0� 0� � d �H� 4� j � 0�§ � k � 0�§ cE � 0�§ � (6.37)

g� 0� � � c d � k � 0�§ F � 0�§ � (6.38)

Thesearethesameexpressionsthatwe usedfor theright-handsidesof thefixed-framemoment
equationsearlier, only repeatedhereusing the fluid-frameabsorptivity andemissivity and the
fluid-frameradiationmoments.The importantdifferenceis that the earlierfixed-frameexpres-
sionsarewrongif thereis anappreciablevelocitywhile thefluid-frameexpressionsarecorrectas
long asthevelocity is non-relativistic. Thecomponentsg0 andg obtainedby substituting(6.37)
and(6.38)into (6.35)and(6.36)give thecorrectquantitiesto put on theright-handsidesof the
fixed-framemomentequations.

We havenot describedtransformingthemonochromaticradiationmomentsfrom thecomov-
ing frameto the fixed frame. That is becausethe monochromaticmomentsarenot space-time
tensors,andthereforethe Lorentztransformationrulesdo not apply. That is onemathematical
reason.A secondmathematicalreasonis thatananglemomentat a constantvalueof thefixed-
framefrequency is an integral over a differentslice throughphotonmomentumspacethanan
anglemomentat any constantfluid-framefrequency. In otherwords,thereis no simplerelation
betweenthe two kinds of moments.The relationsthat have beenobtainedinvolve substituting
the transformationrelationsfor the intensityand the directionvector into the integrals for the
fixed-framemoments,thenusingTaylorexpansionsto first orderof I � 0� to performthemappings� 0 7 � andn0 7 n. Theresultswill not begivenherebecausethis Taylor expansiontechnique
is averypooridea.It makestheimplicit assumptionthat 	�� c � e �x� � , where e � is thewidth of
thenarrowestfeaturein thespectrum.It is easyto think of importantexamplesthatviolatethis
limit by a widemargin: supernovaeandstellarwinds,to namejust two.

6.4 The comoving-frame transport equation

Therearetwo basicallydifferentapproachesto solving radiationtransportproblemsinvolving
timedependentflows. Thefirst is to solvepartialdifferentialequationsfor theradiationintensity
or its momentsasviewedin a fixedframeof reference.Thesecondis to let theunknown bethe
radiationfield in the comoving frameof the fluid. Thereareadvantagesanddisadvantagesof
eachapproach.Thefixed-framemethodhastheadvantageof simplicity in thepartialdifferential
equation,and the disadvantageof complexity in the absorptionandemissioncoefficients,and
in thecorrespondingenergy/momentumtermsfor thematter. For thetreatmentwith comoving-
frameradiationtheadvantagesanddisadvantagesareexchanged.In this sectionwe examinethe
comoving-frameview of theradiation.
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Therearealsotwo approachesto deriving thecomoving-frametransportequation.Oneis to
substitutethe transformationrelationsfor the radiationvariablesinto the fixed-frametransport
equationand perform the necessaryexpansions(Buchler [42, 43]). The other is to treat the
Lagrangianframeasacurvilinearcoordinatesystem,work out theappropriatemetrictensor, and
write thetransportequationusingacurvilineargeneralizationof equation(6.24).(SeeCastor[56]
and Mihalas andMihalas [189], §95.). In sphericalsymmetrythe secondapproachis in fact
somewhatsimplerthanthefirst, andis anaid to understandingtheproblem.This techniquefails
to generalizeto higherdimensionalcases,however. The reasonis interesting:The curvilinear
coordinatesystemisveryawkwardto dealwith unlessthemetrictensoris diagonal,sothatlocally
it agreeswith a Lorentztransformationfrom thefixedspace.This imposescertainconditionson
the mappingfrom fixed spaceto comoving space,andit turnsout that theseare impossibleto
satisfyif thefluid velocity is rotational.Ratherthandiscussthis further, wewill turn immediately
to thetechniqueof transformingthefixed-frametransportequation.

Theobjective is very simple:Substitutetherelations(6.11),(6.12),(6.17),(6.22)and(6.23)
into thetransportequation(4.23)andexpand,discardingall thetermsthatareO � u2 � c2� or higher.
This resultis obtained:
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n0 � � u � n0 I � 0� � j � 0� � k � 0� I � 0� � (6.39)

It wasfirst given in this form by Buchler [43]. For simplicity hereandbelow, the subscripts
indicatingthatall the frequency dependentquantitiesin thecomoving frameareevaluatedat � 0
have beenomitted. Therearetwo featuresof this equationon which we shouldcommentfirst.
The term n0 � u� c in the coefficient of the first term would go away if the transformationfrom
thefixedframeto thecomoving framehadreally beena Lorentztransformation,sincea spatial
derivativeat constanttime in themoving frameis not thesameasa spatialderivativeat constant
time in thefixedframeowing to therelativity of time. But wearenotalteringthetimecoordinate
in our procedure,so this term is left over. The termsinvolving the acceleration,a, arisefrom�
u�

�
t . The actualaccelerationis

�
u�

�
t
�

u � � u, of course,so we might wonderaboutthe
otherpiece.But theextra partswould bring in termsthatareof orderu2 � c2, andall suchterms
have beendiscarded.It is our opinion that the accelerationterms,aswell as the n0 � u� c part
of the coefficient of the first term, shouldbe discarded.The reasoningis asfollows. In a fluid
flow problemthetime derivativeandtheflow derivativeu � � aregenerallyof thesameorderof
magnitude.If theaccelerationtermsaboveareorderedin thisway thenall of themareseento be
of orderu2 � c2 comparedwith thedominantterms,andmaybediscarded.Thesameis trueof the
n0 � u� c termmultiplying

�
I � 0� �

�
t .

We suggestthatequation(6.39)beretainedfor thoseproblemsinvolving non-relativistic ve-
locities that evolve on a light-transit time scale,andwe simplify this equationby droppingthe
subjecttermsfor problemswith thefluid-flow timescale.Carryingout thesimplificationleadsto
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TheoperatorD � Dt thatappearshereis theLagrangiantimederivativediscussedin §2.2,D � Dt |�
�
�
t
�

n �/= .
We have sofar not commentedon thegradientwith respectto momentumcomponents.The

reasonfor this term is simple. A photonwith a fixed momentumtravels along its ray and,as
the local fluid velocity changes,so do its momentumcomponentswhen referredto the local
comoving frame. Thusthetransportoperatormustaccountfor this changewith a gradientterm
multiplied by the rateof changeof the comoving momentumalongthe ray. We normally use
sphericalcoordinates,that is, � 0 andn0, ratherthanCartesiancoordinatesfor momentumspace.
Solet’s separatethevectorn0 � � u into its radialandangularcomponentsin momentumspace:

n0 � � u �3� n0 � � u � n0 � n0
�

n0 � � u ��� I � n0n0 �&� (6.41)

Whendottedwith themomentum-spacegradient,thefirst termpicksuptheradialderivative,i.e.,�
�
�
� 0, andthesecondonepicksup1��� 0 timestheanglegradient,thegradientontheunit sphere.

We endup with a form like this:
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n0 � � u � n0I � 0� � j � 0� � k � 0� I � 0� �(6.42)

The projectionoperatorterm here looks more complicatedthan it really is. The frequency-
derivative term hereis the Dopplercorrection,and the angle-derivative term is the abberation
correction.

Wewill givethemonochromaticandfrequency-integratedmomentequationsthatfollow from
thiscomoving- frametransportequationasthey werederivedbyBuchler[43]. Theonly fussypart
of thederivationis anintegrationby partsof theangle-derivativeterm.Thefrequency-dependent
momentequationsbasedon equation(6.39)arefoundto be�

E§�
t

����� � uE§ � � 1

c2

D � u � F §��
Dt

�����
F§ � P§ �

�
��� P§���
� Ç � u

� 1

c2
F §l�

�
��� F § ��
� � a � 4� j §«� k§ cE§
% (6.43)

and
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To avoid thedreadfulprofusionof superscriptsandsubscriptsthedesignations� 0� or � 0� havebeen
omittedfrom all thequantities.TheobjectQ § is thesymmetricthird-ranktensor

Q §¢�
4© d ¨ nnnI §�� (6.45)

Thecolon“ Ç ” operatorindicatessummingtheproductof thetensoron theleft with thetensoron
theright over two indices,viz.,

R ÇS | Ri j Si j � (6.46)
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Thefactorsaresymmetricalin their indicesin suchcases.
Thefrequency-integratedmomentequationsare�
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t
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and
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Thethird-ranktensorQ goesaway in thefrequency integration.
After consideringtheorderingof thetermsin severaldifferenthydrodynamicregimes,Buch-

ler [43] suggeststhatcertainof thetermscanbedroppedthatwouldnotbeof relativemagnitude
u� c or largerin any regime. His suggestionsareto dropall termswith c2 in thedenominatorin
(6.39)(thusreducingit to [6.40]), thetermswith c2 in thedenominatorin (6.43)andthetermsin
(6.44)with c in thedenominatorotherthanthe

�
F § �

�
t term.His suggestedfrequency-dependent

momentequationsaretherefore�
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� Ç � u

� 4� j §«� k§ cE§ (6.49)

and
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The0thmomentequation(6.49)followsexactly from (6.40),but the1stmomentequation(6.50)
doesnot. Termsof orderF § ���

u andQ § Ç � u aredroppedin gettingto equation(6.50).Buchler’s
simplifiedformsof thefrequency-integratedequationsare�
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t
����� � uE � �����

F
�

P Ç � u � d ��� 4� j § � k§ cE§ �#� g0� 0� % (6.51)

and
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6.5 A common-sensesummary

After spendingpageafter pageof messyalgebraderiving all the u� c correctionsto radiation
transport,it is easyto losesight of the fact that someof the correctionsreally are significant
while othersarelessso.Herearesomeof themainpoints:
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 Ignoring theDopplereffect entirelyandusingthefixed-frametransportequationwith the
absorptivity andemissivity appropriatefor matterat restgivesthe wrong answerfor the
radiationwhen the velocity is supersonicandline radiationmatters,and it alsogetsthe
radiation-matterenergy couplingwrong.
 The couplingtermsarecorrectlygiven by the usualrelationseqs. (6.33,6.34)but those
valuesarein thefluid frame.Thetransformationseq. (6.35)andeq.(6.36)haveto beused
to getthecorrectcouplingtermsfor thefixed-frameequations.
 Thecouplingtermin thematerialinternalenergy equationis indeedthefluid-frameenergy
term g0� 0� from eq. (6.37),but in thematerialtotal energy equationit getscombinedwith
the work doneby the radiationforce,which turnsit into the fixed-frameenergy term eq.
(6.35).
 Thediffusionlimit givesa Fick’s law form (F È¿� �

E) for theflux in thefluid frame,not
thefixedframe.In thefixedframetheconvectiveflux of radiationenthalpy is addedon.
 Confusionof the correct framesfor the couplingtermsand the Fick’s law flux are more
seriousthantheothermoderatecorrectionstheu� c termsgive.
 The velocity termsin the comoving-frameenergy equation(6.49) matter, especiallythe
Doppler-shift frequency derivativeterm;theonesin thecomoving-framemomentumequa-
tion are lessimportant. The aberration(anglederivative) term in the transportequation
doesnotsurvive in theenergy momentanddoesnot matterin theflux moment,sothiscan
bedroppedwith little consequence.

The remainingpartof this chapteris concernedwith theproblemof solving the comoving-
frameequationif thechoiceis madeto take I � 0�§ or its momentsasthebasicvariable(s).

6.6 The CMF equationasa boundary-value problem

Froma mathematicalpoint of view thecomoving-frametransportequation,sayequation(6.40),
is apartialdifferentialequationfor onescalardependentvariablein sevenindependentvariables,
namelyx, y, z, � , the two anglesthat describen and t . By contrastthe fixed-frameequation
hasonly four independentvariables,x, y, z andt , andthethreephotonmomentumcoordinates
enteronly asparameters,not asdifferentiationvariables. The seven-dimensionalproblemhas
not beenattackedyet, but efforts have beenmadeto solve the CMF equationin casesof lower
dimensionality.

To illustrate the ideasin this casewe will considera problemwith onespatialdimension,
andfor which photonflight time canbeneglected,which allows usto dropthetime derivatives.
Sphericalgeometryis theinterestingcase,but we will discussslabgeometryfor simplicity. Let
thenon-trivial spacecoordinatebex. If we particularizethesimplifiedtransportequation(6.40)
to this case,andalsodroptheangle-derivativeterm,weendup with
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�
I� � � j § � k§ I � (6.53)

The seven independentvariableshave beenreducedto two by the symmetryassumptionsand
by neglectingaberration.It is now quite feasibleto apply a numericaltechniquefor solving a
hyperbolicequationin 2-D to equation(6.53).
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The conceptof characteristicsappliesto equation(6.53). In fact, the fixed-frametransport
equationis alreadyin characteristicform, so the characteristicequationfor (6.53) is just the
equationfor theDopplereffect:
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Thecharacteristicslopeherecanbesimplifiedby droppingtheux termin thedenominator;the
differencethismakesis O � u2 � c2 � . Theslopebecomes
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c

nx
dux

dx
� (6.55)

We will continueto discussequation(6.54). We seethat thedirectionthe radiationflows is
toward

�
x if nx

�
ux � c E 0 andtoward � x if nx

�
ux � c R 0. In eithercasethesignof thechange

in d � is the sign of � dux � dx. That is, the comoving-framefrequency decreasesalongthe ray
if ux increases,andincreasesif ux decreases.Figure6.1 illustratesthreecasesof characteristic
morphologydependingon whetherdux � dx is positive, negative or indefinite. We canimagine
that theordinateis log � in thesefigures,sothecharacteristicsareparallelcurves.Sinceux � c is
mostoftenrelatively smalltheslopesof thecharacteristicsaremodest.Thissuggestssolvingthe
PDEasaninitial-valueproblemwith x asthetime-like variable.If nx E 0 we cansweepin the
directionof increasingx, solvingfor oneslicein the � directionateachstep.Thisprocedurewill
besubjectto aCourant-likecondition

e x d dux � dx d
c e log � R 1 (6.56)

unlessimplicit x-differencingis used,which requiressolving a systemof equationsat each �
slice.Normally this would not bea problem,since d ux d � c. However, in orderto solve transfer
problemsinvolving spectrallineswemaywantto useveryfinefrequency meshes,andif theflow
is supersonic,condition(6.56)may be violatedby a large factor. We canthenturn to implicit
differencing,whichensuresstability, but accuracy maystill bebadlycompromised.

Thealternative to a spatialsweepis a frequency sweep.Thequestionis, in which direction?
If ux is monotonicallyincreasingwith x, thena sweepfrom high frequency to low works. If
ux is decreasing,a sweepfrom low frequency to high works. The directionof the sweepalso
agreeswith thefrequency boundaryonwhichwecangive“initial” valuesthatmaketheproblem
well-posed.Thisboundarymustbean“inflow” boundary. In orderto haveawell-posedproblem,
we shouldspecifyoneandonly oneconditionon eachcharacteristic,at a placewhereit enters
the problemon eithera spatialor a frequency boundary. With nx E 0 anddux � dx E 0 that
will beeitherthe lower boundaryin x or theupperboundaryin � , dependingon which onethe
characteristicintersects.If dux � dx R 0 thelowerfrequency boundaryis usedinstead.Thenwhat
aboutthenon-monotonicvelocitycase?Thefrequency sweepis simply not feasiblein thatcase,
andwe have to fall backon the spatialsweep,anduseimplicit x-differencingif necessary. In
thenon-monotoniccasethesamecharacteristiccaneasilyintersectthesamefrequency boundary
two or moretimes,which makestheproblembadlyposed.

This discussionhasbeenbasedon the transportequation,i.e., the equationfor I � 0�§ . Very
similarconsiderationsariseif thesystemof comoving-framemomentequationsis solvedinstead.
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The two equationsfor E � 0�§ and F � 0�§ (in 1-D) canbe rearrangedby additionandsubtractionto
give two equationsmathematicallysimilar to the transportequation,onewith nx E 0 andone
with nx R 0, to which theprecedingremarksapply.

Thesuccessfulapplicationsof theCMF transferor momentequationshave beento cases Fig. 6.1
with a monotonicvelocity.

6.7 Diffusion in the comoving frame

We have mentionedseveral timesnow that thediffusionapproximationshouldbeappliedin the
comoving frameif theintentis to obtainaflux thattendsto zeroasthemeanfreepathgetssmall,
that is, onewhich obeys Fick’s law. We will substantiatethatclaim by re-deriving thediffusion
resultsbeginningwith theCMF transportequation.Thepresentdiscussionis new, andis intended
asacomplementto §97of MihalasandMihalas[189].

We begin with equation(6.39),whichwe arrangein theform
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The0th approximationis that I � 0� is j � 0� � k � 0� which we identify with thethermodynamicequi-
librium value,thePlanckfunction,
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Making this replacementfor I � 0� in equation(6.57)leadsto
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Now the task is to expandequation(6.59) and keeptermsof first order in the velocity. The
Planckfunctionis isotropic,but it doeshavespatialandtemporalgradients.Its momentum-space
gradientis
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Whatresultsis
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Integrating (6.61) over anglesleadsto the diffusion formula for the CMF monochromatic
energy density
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By virtueof Wien’sdisplacementlaw, which is

B§�� T �#��� 3 n function����� T �&% (6.63)

it follows that
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Making this replacementin (6.62)leadsto thesimpleform
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A frequency integrationof (6.65) leadsto the following expressionfor the total CMF energy
density
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wheretheRosselandmeanhasbeenput in to replaceits definingintegral,

1

kR
� d �H� 1� k � 0�§A� dB§ � dT

d � dB§ � dT
% (6.67)

andwherethenotationB � d � B§ hasbeenused.In fact,4� B � c is just thethermodynamic-
equilibrium radiationenergy densityaT4, andthe fact that dB � dT � 4B � T hasbeenusedin
getting(6.66). If thecharacteristiclengthscalefor theproblemis L andthecharacteristictime
scaleis � , thenthecorrectiontermin (6.66)is of orderÉ R ��� cmin ���1% L � u �"� , whereÉ R denotesthe
Rosselandmeanof themeanfreepath. Soif theflow time L � u is longerthanthecharacteristic
time � thentheorderof thecorrectionis É R ��� c��� , while if theflow time is shorterthentheorder
is ��É R � L �&� u � c� . If thecharacteristictime is so shortthat it is comparablewith the light-transit
timec� L, thentheorderis just É R � L. Whentheflow time is shortestthesizeof thecorrectionis
theproductof two smallquantities,É R � L andu� c. This is why MihalasandMihalas[189], §97,
referto this orderof diffusionexpansionas“secondorderdiffusion.”

Themonochromaticflux derivedfrom equation(6.61)is
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wherewehaveagainbeenableto useWien’sdisplacementlaw (6.64).Wehavetheproblemnow
of finding the physicalexplanationsfor the at-first-sightpuzzlingtermsin the velocity andthe
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acceleration.Thevelocity oneis relatively easy. We needto recall thatwe areusingthe fixed-
framecoordinates,andthat in theLorentztransformationto a locally comoving framenot only
doesthetimederivative transformaccordingto��

t
7 D

Dt
�

��
t
�

u � � % (6.69)

but the spatialderivative changesfrom oneat constantt to one at constantcomoving time t h
accordingto theotherLorentzrelation

� 7 � h � ��� u
c2

��
t
� (6.70)

As we see,theu termin equation(6.68)is absorbedin changing
�

T to
� h T , apartfrom anerror

that is O � u2 � c2� . In short, this velocity term is real andrepresentsa relativistic effect on the
diffusionflux. The accelerationterm hasa physicalinterpretationaswell. The meanfreepath
1� k � 0�§ correspondsto a flight time 1��� k � 0�§ c� duringwhich the local fluid velocity hasincreased
by anamounta��� k � 0�§ c� . The incrementalboostby this velocity changemakesa contribution to
the flux of � a��� k � 0�§ c� timesthe sumof E andP, which givesthe term in question. To put it
anotherway, if theflux is zeroat thetime whenthephotonflight begins,thenby theendof the
flight thefluid hasacceleratedaway from therestframeof thatradiation,which producesa flux
in thenew fluid restframein thedirectionoppositeto theaccelerationthatis proportionalto the
accelerationtimestheflight time.

Thefrequency-integratedflux is simply
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which,sinceB � acT4 ��� 4�<� , canbewritten
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in termsof theRosseland-meanradiativeconductivity
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Thegradientoperatorhereis theLorentz-correctedonefrom equation(6.70).
Beforewriting theresultfor thepressuretensorwe have to obtainthefully symmetricangle

averageof theproductof four ns. In otherwords,we wantto evaluate

1

4� 4© d ¨ ni n j nknl � (6.74)

First we notethatat leasttwo of thefour indicesmustbeequal,sincetherearefour indicesand
only threepossiblevaluesthey cantake on. If onepair out of thefour areequal,sayi � j , then
it mustbetruethattheotherpair is equalaswell, k � l , or otherwisetheintegralvanishes.Thus
onecontribution to the integral is proportionalto 6 i j 6 kl . By choosingthe first pair in the three
possiblewaysandaddingtheresultswe gettherequiredfully-symmetricform

6 i j 6 kl
� 6 i k 6 j l

� 6 i l 6 j k � (6.75)
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The integral mustbe proportionalto this. We get the proportionalityfactorby taking the case
i � j � k � l � 1, for which theangleaverageof n4

x is seento be1/5 by doingtheintegral in
thatcase,andfor which thesumof deltafunctionsis 3. Thus

1

4� 4© d ¨ ni n j nknl � 1

15
6 i j 6 kl

� 6 i k 6 j l
� 6 i l 6 j k � (6.76)

Now we cando theintegrationsto find themonochromaticpressuretensor:

P� 0�§ � 4� B§
c

� 4�
k � 0�§ c2

dB§
dT

DT

Dt

I
3

� 4�
15k � 0�§ c2

T
dB§
dT

�
u
� � � u � T �$���

u I (6.77)

andthefrequency-integratedform

P� 0� � 1

3
aT4 1 � 4

kRc

1

T

DT

Dt
I

� 4aT4

15kRc
�

u
� � � u � T �$���

u I � (6.78)

The form of this pressuretensorimplies that radiationin the diffusion limit contributesnormal
andbulk viscositycoefficients(cf., [2.19])

9 R � 4aT4

15kRc
% (6.79)

and

- R � 5

3
9 R � 4aT4

9kRc
(6.80)

to themixedfluid. Thebulk viscosityin thispictureis notatall closeto zero,which is acauseof
consternationin view of somevery generalrelativistic results.MihalasandMihalasdiscussthis
subtlepointandits explanationby Weinberg in termsof aslight renormalizationof thedefinition
of temperature.

The order of magnitudeof the shearstresscontribution to P comparedwith the isotropic
pressureis O ��É Ru��� Lc�k� in thenotationusedabove. In otherwords,isotropy of P is averygood
approximationin adiffusionregimeowing to thesmallnessof both É R � L andu� c.

We want to comparethe sizeof the radiative viscositywith the gas-kineticviscosityof the
matter, andalsoestimatethe sizeof a Reynoldsnumberbasedon radiative viscosity. For gas-
kinetic viscositywe useanestimate9F�r�!É g 	 th, whereÉ g is a gas-kineticmeanfreepath,and	 th is themeanthermalspeedof agasparticle.In plasmastheelectronandion contributionsmust
be summed,but it turnsout that the ion contribution dominatesby a factor p ` mH � m, where
mH is the hydrogen-atommass.Thusthe 	 th that is appropriateis comparablewith the sound
speed.An estimateof �!É g is mH � 8 C, where 8 C pÊ� e2 � kT � 2 is the Coulombscatteringcross
section.Working out theratioof 9 R to 9 g givesthis estimate

9 R9 g
p 8 C8 R

aT4

pg

cs

c
% (6.81)
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where 8 R is the Rosselandmeanphotocrosssection,pg is the gaspressureandcs is the (gas)
speedof sound. Radiative viscosity is only relevant in a diffusion region, which meansinside
a starasopposedto high in its atmosphere.1 As a result the radiationpressuremay be a few
timeslarger thangaspressure,but not ordersof magnitudelarger. The Coulombcrosssection
canbe ordersof magnitudelarger thanthe photocrosssection,however. For example,deepin
a stellarenvelope,saywherekT is about100eV, 8 C is around10{ 17 cm2 while theRosseland
meanphotocrosssectionis only 10{ 24–10{ 23. Thusthe ratio of the crosssectionscanbe of
order106. Theratioof thesoundspeedto thespeedof light is thesmallfactor, about5 n 10{ 4 at
100eV. Theeffectof thelargecrosssectionratiomorethanmakesup for thespeedratio,andwe
seethatradiativeviscositydominatesgasviscosityunlesstheradiationpressureis muchsmaller
thanthegaspressure.

Theestimateof theReynoldsnumberbasedon radiativeviscosityis

Re � �!	 L9 R
p kRL

pg

aT4

	
cs

c

cs
� (6.82)

We seethat Re � 1 is quitelikely wheneverdiffusionis valid, sincethentheopticaldepthkRL
is large,theratioof gaspressureto radiationpressureis notverysmall,theMachnumber	
� cs is
not toosmall,andc� cs is large,perhapsO � 103 � .
6.8 Sobolev approximation

In a numberof astrophysicalenvironments,suchasactive galacticnuclei,molecularcloudsand
somecircumstellaroutflows, as well as in laboratoryplasmasthat may be generatedby high
powerlasersor magneticpinches,aflow speedthatis highly supersonicis combinedwith spectral
line transport.This is theregimethatSobolev’sapproximationaddresses.Theoriginal work on
thehigh-velocity-gradientapproximationis thatof Sobolev [240]. Thepresentdiscussionfollows
Castor[55, 58]. Why a specialtopic is neededin this caseis becausewhentheflow velocity is
supersonicthe commonapproximationof forgettingaboutthe Dopplershifts in calculatingthe
opacityis quite wrong. An alternative approximation,of fully accountingfor the fluid velocity
but ignoringsomespatialgradients,is bettersuitedto theseproblems.Thisapproximation,called
afterthefirst to studyit, offersarelatively easyway to analyzeanon-LTE problemwith amyriad
of lines and level populationsto be computed. It hasalso led to a simple but useful way of
approximatingtheforceon thestellarmaterialdueto thelargenumberof lines,andsomesimple
but realisticstellarwind models(cf., §12.5).

Theenvironmentto whichweapplytheSobolev approximationis afluid flow with avelocity
field u and a correspondingrate-of-straintensor

�
u. A restrictionthat hasto be imposedat

the outsetis that the principal strainsall have the samesign in all partsof the flow. In other
words,eitherthewholeflow is expandingor it is contracting,but nowhereis therestretchin one
directionandcompressionin another. (Thiscase,which introducesnon-localcoupling,is treated
by Rybicki andHummer[223].) We supposethatthevelocity is not soterribly large,perhapsat
mosta few percentof c, somostof the u � c correctionsto transportarerelatively unimportant.
Theradiation-enthalpy-advectioncorrectionis probablyimportant,but thatis not theonewe are
goingto talk abouthere.We will focuson line transport,andon therole theDopplerfrequency-
derivative termplaysin line transportwhenthevelocity is supersonic.If we let our imagination

1Themomentumeffectsof radiationmaybelargefor ËJÌ 1, but viscosityis notausefulway of treatingthem.
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work on a typical ray cutting throughtheflow, andsupposethatwe follow a photonasit tracks
along the ray, we seethat the photonchangesits local comoving-framefrequency as it goes,
and the whole rangeit scansis typical of the flow velocity. Sincethe flow is supersonic,that
rangeis larger thana typical line width. For someof thewind models,andfor supernovae,the
flow is actuallyaroundMach100,which meansthatnot only doestherangeof comoving-frame
frequenciescover oneline, it canspanthe spacingbetweenlines,andso the photonmay even
visit thefrequenciesof severallinesasit movesalongasinglepath.

We quotethecomoving-frametransportequationagain:

1

c

DI §
Dt

�
n � � I §�� 1

c
n � � u � n �

�
I §�
� � 1

c
n � � u �x� I � nn��� � n I §

� 3

c
n � � u � n I § � j § � k§ I § % (6.83)

wherefrom now onwewill understandthatthecomoving frameis usedwithoutexplicitly adding
superscriptsto indicatethis. In particular, � will bethecomoving-framefrequency.

As we just mentioned,the 1� c termsare relatively unimportantwith the exceptionof the
frequency-derivative term that expressesthe Dopplereffect. So we will first of all discardthe
time-derivative, angle-derivative anddilation termsandkeeponly the spatialtransportandthe
frequency-derivativetermson the left-handside. Thedimensionalestimateof the ratio of these
is

frequency-derivative

spatialtransport
� u

c

�
e � % (6.84)

where e � is the scaleof the variationswith frequency; we have assumedthat the spatialscale
lengthsfor thevelocity andtheco-moving intensityarethesameorder. Thusin theflows being
discussed,for which the velocity is larger than the line width convertedto velocity units, the
spatialtransporttermis dominatedby thefrequency-derivativeterm.Droppingthesmallerspatial
termleadsto theSobolev equation

� 1

c
n � � u � n �

�
I §�
� � j § � k§ I § � (6.85)

Thiscanbeintegratedimmediately, but first wewantto discusswhatweshouldintegrateover.
We will handleindividual linessingly usingequation(6.85),which meanswe selecta frequency
bandthat containsthat line, with theendpointslocatedin stretchesof continuousspectrumjust
outsidethe line. Dependingon the straintensor

�
u, the comoving photonfrequency eitherde-

creasesasthephotontravels its path(expansion)or increases(compression).We pick an initial
valuefor the intensityon thehigh frequency sidein thefirst caseandon the low frequency side
in the secondcase.We call thatvalue Ic, wherethe c standsfor “continuum”. We assumethat
theopacityandemissivity aredueto theline alone,becausetheline mostoftenquitedominates
the total opacityat frequencieswithin the line. The additionof a backgroundcontinuumadds
othertermsthatHummerandRybicki havediscussed[130]. Theexpressionsfor absorptivity and
emissivity of a line weregivenearlier, equations(9.4)and(9.5).We write themhereas

k§ � kL
L ���
� (6.86)

j § � kL SL
L �����&� (6.87)
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ThequantitykL dependson theupperandlower level populationsandtheoscillatorstrengthof
theline:

kL � � e2

mc
� gf �"� u N�

g� � Nu

gu
� h�

4� � N� B� u � Nu Bu� � % (6.88)

and SL is the line sourcefunction which is either the Planckfunction or the result of a non-
LTE kineticsmodel,asin thecaseof resonanceline scattering.Theline profile function

L ����� is
normalizedover frequency,

d � L ���
�#� 1 (6.89)

andis givenvery oftenby theDopplerbroadeningformula,aGaussian.Thatis whatwe will as-
sumehere.TheGaussianprofileprovidessharpedgesto theline bandwidth,andavoidsconcerns
abouttheeffectof anextendedtail of theprofile functionthatcomplicatesor eveninvalidatesthe
integrationover frequency.

We needa variablefor theindefiniteintegral of theprofile function. We let this be y defined
by

y �
X§ d ��h L ����h»� n � � u � n E 0§{ X d ��h L ����hµ� n � � u � n R 0

% (6.90)

that is, thebeginningpoint for y is on thesideof the line wherethe initial value Ic is specified.
The variationof y is from y � 0 on the incomingsideof the line to y � 1 on the outgoing
side. Whenintegratingequation(6.85)over frequency we neglect the variationof the factor �
thatmultiplies the frequency derivative andreplaceit with the line-centerfrequency � 0. Using
thevariabley in placeof � givesthis resultfor thedifferentialequation:

� 0 d n � � u � n d
c

dI � y �
dy

� kL � SL � I � y �"�&% (6.91)

which is immediatelyintegratedusingtheboundarycondition I � Ic at y � 0:

I � y �'� Ic exp �"�2�­� n� y � � SL � 1 � exp �"�2�­� n� y � � % (6.92)

where�­� n� , adirection-dependentquantity, is theSobolev optical depth, definedby

�­� n�#� kLc� 0 d n � � u � n d � (6.93)

This differs from the usualoptical depththat increasesfrom onespatialsideof the problemto
the other in that this is a strictly local variable. It is a measureof the optical thicknessof the
resonancezonealonga givenray wherea particularphotonmight beabsorbedby theline. This
resonancezoneis quitelimited in extent,becausethevelocitygradientis large,whentheSobolev
approximationis appropriate.

We find thequantity �J to which thephotoabsorptionrateis proportionalby integrating I � y �
from y � 0 to y � 1, which is equivalentto first multiplying by

L ����� thenintegratingover � , and
thenforming theaverageoverdirection.Thefirst integrationgives

�I � n�#� Ic � n�"Í¢� n� � SL � 1 �ZÍ5� n � � % (6.94)
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in which Í¢� n� is whatwe shallcall theangle-dependentescapeprobability,

Í¢� n�#� 1 � exp �"�2�­� n �"��­� n� � (6.95)

Theangleaveragegives

�J � 1

4� 4© d ¨^Í5� n� Ic � n� � � 1 �]Í'� SL % (6.96)

and Í , theSobolev escapeprobability, is theangleaverageof Í5� n � :
Í]� 1

4� 4© d ¨^Í5� n �­� 1

4� 4© d ¨ 1 � exp �"�2�­� n �"��­� n� � (6.97)

We haveallowedfor thedirectiondependenceof thecontinuumintensity Ic � n� .
TheSobolev escapeprobabilityresult(6.96)wasgivenin three-dimensionalform by Rybicki

andHummer[224], andearlierfor sphericalgeometryby Castor[55]. Equation(6.96)hasthe
samestructureasthestaticescapeprobabilityapproximation(5.23)andalsotheALI acceleration
ansatz(11.142).In all theescapeprobabilityapproximations,includingALI which usessuchan
approximationasthe accelerationoperator, �J is replacedby a linearexpressionin termsof the
local sourcefunction. Among thesemethods,the Sobolev approximationis uniquein that the
approximationis actuallyaccuratein the circumstancesfor which it is intended— high Mach
numberflows. It hasbeenappliedextensively to thestudyof stellarwindsandsupernovaeaspart
of non-LTE modelingof thespectrausingmulti-level modelatoms.

A further applicationof the Sobolev approximationis to the calculationof the body force
associatedwith the absorptionof radiationby the lines. We recall that the body force (perunit
mass)is givenby (cf., eq. (6.38))

gR � 1� c

X
0

d � k§ F §�� (6.98)

Thecontribution to gR from a singleline treatedin theSobolev approximationcanbeevaluated
by usingtheSobolev expressionfor theintensityandforming theintegral over frequency before
integratingoverdirection.Whatresultsis

gR � kL� c 4© d ¨ n Î Ic � n �"Í5� n� � SL � 1 �ZÍ¢� n� �ÐÏ � (6.99)

We observethat Í¢� n� is anevenfunctionof angle,andthatthereforethecontributionof thelocal
emissionsto theflux, andthereforeto thenet force,vanishes.This becomesa somewhatsubtle
point when we examinethe diffusion-like correctionsto the Sobolev approximation,because
a moderategradientin the sourcefunction producesanotherforce contribution in the opposite
direction. Thesizeof thelattercontribution comparedwith theSobolev formula is proportional
to the ratio 	 th � u andis thereforesmall in a hypersonicflow. We drop the SL term in the force
andobtain

gR � kL� c 4© d ¨ nIc � n�"Í¢� n�&� (6.100)
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The Sobolev approximationhasthereforegivena formula for the force that requiresno further
calculationsif Ic � n� is just thefree-streamingradiationof a stellarphotosphere,for instance.

The applicationsof Sobolev theoryhave so far beenalmostexclusively to sphericallysym-
metricproblems.We recall thatthestraintensorin sphericalcoordinateslookslike

du
dr 0 0
0 u

r 0
0 0 u

r

% (6.101)

andthatthereforethestrainrateprojectedon theray directionis

n � � u � n ��9 2 du

dr
� � 1 �]9 2 � u

r
� (6.102)

We introduceanauxiliaryquantity 8 , not a crosssection,by

8s� r

u

du

dr
� 1 % (6.103)

sowe canwrite theprojectedstrainrateas

n � � u � n � u

r
� 1 � 8�9 2 �&� (6.104)

ThismeansthatthedirectionalSobolev opticaldepthis

�'� n�#� � 0

1
� 8�9 2

% (6.105)

in which theangle-independentopticaldepth� 0 is

� 0 � kLcr� 0u
� (6.106)

Theformulafor theescapeprobabilitythenbecomes

Í � 1

0
d 9 1

� 8�9 2

� 0
1 � exp � � 0

1
� 8�9 2

� (6.107)

For theusefulcasethat thecontinuumintensityis uniform within a cone 9?E�9 c, which arises
whenthecontinuumradiationis supposedto comefrom awell-definedphotospherewith no limb
darkening,theintegral for the Ic contribution to �J canbeexpressedin termsof Í :

1

4� 4© d ¨^Í¢� n� Ic � n���GÍ c Ic (6.108)

with

Í c ��� 0 %/8���� 1

2
��Í¢��� 0 %/8��>�49 c Í¢��� 0 %/8�9 2

c �"�&� (6.109)

Thebehavior of Í¢��� 0 %/8�� is simple. Whentheopticaldepthis zerotheescapeprobability is
unity. For largeopticaldepththeintegral (6.107)becomes

Í]f 1
� 8!� 3� 0

� (6.110)
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The variationasthe inverseof the optical depthis reminiscentof line scatteringwith complete
redistributionoveraDopplerprofile,althoughthemeaningof opticaldepthis differentin thetwo
cases.Thestaticatmospheregrayescapeprobabilitydecaysexponentiallyat largeopticaldepth,
sothatis quiteunlikeeithercaseof line transfer.

The integral for Í5��� 0 %/8�� cannot be donein termsof elementaryfunctionsor the common
specialfunctions,but someexcellentnumericalapproximationsare available. Resultsfor the
3-dimensionalcasearegiven by Rybicki andHummerasa single integral involving complete
elliptic integrals of the first kind. Rybicki (private communication,August, 1978) suggested
a very useful methodof approximatingÍ5��� 0 %/8�� . It is basedon a rational approximationto� 1 � exp �"� x �k�"� x:

1 � exp �"� x �
x

p Pn{ 1 � x �
Qn � x � % (6.111)

in which Pn{ 1 is a polynomialof the � n � 1� stdegreeandQn is a polynomialof thenth degree.
Thezeroesof Qn arecomplex in general.A partial-fractionsexpansionof Pn{ 1 � Qn leadsto

1 � exp �k� x �
x

p n

i Ñ 1

r i

x � zi
� (6.112)

If thisapproximationis insertedinto equation(6.107),theintegrationover 9 canbedoneanalyt-
ically, with theresult

Í¢��� 0 %/8���p3� n

i Ñ 1

r i

zi
1
� � 0

2ti 8 zi
log

ti � 1

ti
�

1
% (6.113)

in which

ti � 18 � 0

zi
� 1 � (6.114)

The complex squareroot andlogarithmfunctionsareneededin theseexpressions.The n � 2
approximationof this kind, constrainedto beaccurateat x � 0 andx 7�� , is

1 � exp �"� x �
x

� 1
�

c1x

1
�

c2x
�

c1x2
� 1 � ½1� x �"�0% (6.115)

with d ½1� x � d R 1 � 61 n 10{ 2. Thecoefficientsarec1 � 0 � 42226andc2 � 0 � 82047.Thereis one
complex-conjugatepair of rootsz, givenby

z �3� 0 � 971515Ò 1 � 193464i % r

z
�?� 0 � 5 T 0 � 01193391i � (6.116)

Sincethe rootsandresiduesarecomplex conjugates,it is sufficient to calculatejust oneof the
terms in equation(6.113) and keeptwice the real part. The approximationfor Í¢��� 0 %/8�� has
the sameglobal relative accuracy as the rationalapproximationfor � 1 � exp �"� x �"�"� x, namely
1.61 per cent. If moreaccuracy is needed,the next goodapproximation,for n � 4, may be
used. The accuracy in that caseis 1 � 5 n 10{ 4, and thereare two complex-conjugatepairsof
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roots and residues,z �Ó� 1 � 915394T 1 � 201751i with r � z �Ô� 0 � 492975T 0 � 216820i , and
z �?� 0 � 048093T 3 � 655564i with r � z �3� 0 � 007025T 0 � 050338i .

Returningto thegeneraldiscussion,wewantto evaluatetheradiationforce.Thereductionof
theformulafor gR in sphericalgeometrygives

gR � 2�2� 0� c2

du

dr

1

{ 1
9 d 9 Ic ��9>� 1

� 8�9 2

1
� 8 1 � exp � � 0

1
� 8�9 2

� (6.117)

When the continuumflux is confinedto a narrow coneaboutthe radial direction it is a good
approximationto evaluate1

� 8�9 2 as1
� 8 insidetheintegral,which thendependson

� rad � � 0

1
� 8 � kLc� 0 � du� dr � � (6.118)

In this radial-beamingapproximationgR is a functionof theradialvelocitygradient.We seethat
opticallythin linescontributeanamount(kL F§ 0 � c) thatdependsontheopacityandthecontinuum
flux, but not on thevelocitygradient.Optically thick linescontributeanamountthatdependson
theflux andthevelocitygradient,but noton theopacity. Thephysicalinterpretationof this latter
resultis important.It saysthata band e � of thecontinuousspectrum,which containsa momen-
tumflux e � Fc � c, givesits momentumto thematchingsphericalshellin theexpandingenvelope.
Thecolumnthicknessof thatshell is � e r ��� c e ������� du� dr � , anddividing themomentumby
themassthicknessgivesthebodyforce ��� Fc � � c2 � du� dr .

6.9 Expansionopacity

Expansionopacityis a conceptthatgrowsoutof Sobolev escapeprobabilitytheory. It wasintro-
ducedwith thatnameby Karp,Lasher, ChanandSalpeter[140]. Theconcepttreatsthesituation
in which thespectrumis filled with a forestof lines; thereis a fluid velocity giving a significant
strain-ratetensor

�
u asdiscussedin theprevioussection;andthelinesarespacedin log � by an

amountthatis comparableto or smallerthanu� c. Whentheseconditionsoccur, aphotonmayfly
alonguntil it hits resonancewith oneof thelines. If thestrain-ratein themediumcorrespondsto
expansion,i.e., theeigenvaluesof thestrain-ratetensorarepositive,thenthephoton’sfluid-frame
frequency getssteadilylessasit goesalongits path. Whenit hits resonanceit getsabsorbedor
scatteredwith a probability1 � exp �"�2�'� n�"� , where �­� n� is theSobolev opticaldepthdiscussed
earlier, cf., equation(6.93). If this doesoccur, thenthe photonmay be re-emittedor scattered
with a new direction,and it againsteadilymarchesdown in frequency. If we conceive of the
distributionsof lines in frequency asstochastic,thewholeprocesslooks like a randomwalk or
diffusion.Theexpansionopacityis definedby identifyingthemeanfreepathin thisrandomwalk
as1��� t exp�!� .
6.9.1 The Kar p, et al., model

The Karp, et al. [140], formulationis slightly differentin flavor from the precedingparagraph.
Karp, et al., do not adopta stochasticpicture, and they also include the effect of continuous
opacity(electronscattering).Theirbasicresultis

t
exp �����#��8 T 1 � N

j Ñ J

1 � exp �k�2� j � ��� j ����� s exp � j { 1

i Ñ J

� i

{ 1

� (6.119)



104 CHAPTER6. THE COMOVING-FRAMEPICTURE

Theparameters thatappearsasanexponentof � j � � in equation(6.119)is definedas

s � 8 T � c

du� d
� % (6.120)

where 8 T is theThomsonscatteringopacityanddu � d
� � n � � u � n. In termsof s theSobolev

optical depth(equation[6.93]) is �­� n��� kLs� 8 T �!� 0. The list of lines Î"� j % j � 1 %y�&���!% N Ï is
arrangedin descendingorderof frequency, and J is the index of the first line in the list with a
frequency lessthan � .

In orderto gainalittle moreinsightinto equation(6.119),wecanwork out thesimplifiedcase
introducedin their paper. We supposethat thelinesall have thesamestrength,sotheir Sobolev
opticaldepthis a constant� , which we do not assumeis small.We supposethelinesareequally
spacedby e in frequency. We will assumes e � �Z� 1. Equation(6.119)canbe expressedast

exp ���
�>�N8 T ��� 1 �Z½ § � , in which ½ § is thesummationin thedenominatorof theright-handside.
In this simplifiedcasethesumbecomesa geometricalseries,andleadsto

½ § � � 1 � exp �"�2��� � ��� J � ��� s
1 � exp �"� s e � �V�4��� � (6.121)

To first orderin thesmallquantitys e � � this resultis thesameas

½ § � 1
� s e� exp �"�2���

1 � exp �"�2��� � ���o�]� J � s�
{ 1 � (6.122)

This resultleadsto thefollowing expressionfor theexpansionopacity:

t
exp ��8 T

� 8 T �
s

exp �����J� 1

e � ���o�4� J � � exp �����J� 1� � (6.123)

In the small-� limit this is the resultgivenby Karp, et al.. The expansionopacity in this limit
is not dependenton � , nor on thespacingof the lines,but solelyon thefrequency displacement
from thenext-lower line in thelist: t exp pB8 T

� �������o�Z� J � . If � is finite but we set �v�B� J the
resultsfor theline contribution to t

exp would be 8 T ����� s e � � exp �����J� 1� .
Blinnikov [34] hasgiven a criticism of Karp, et al. [140], basedon a Boltzmannequation

solution. He finds that thepropermeanfreepathcalculationof thephotonshouldaverageover
its history in the upwind direction, not in the downwind direction as in Karp, et al.. This is
pointedout by PintoandEastman[205]. But, asa matterof fact,Blinnikov’s result(20) for the
expansionopacity, whenevaluatedfor the caseof equallyspacelines of uniform strength,and
with s e � �D� 1 ands � 1 asbefore,leadsto thesameresultfor ½ § asin Karp’s model,except
that �v� � J is replacedby � L �]� ; theindex L is thatof theclosestline in thelist with frequency
largerthan � , just asJ is theindex of theclosestline with frequency smallerthan � . Blinnikov’s
modelandthatof Karp,et al., areequivalentapartfrom reversingtheorderof theline list.

Thenext stepin theuseof themonochromaticexpansionopacityis to evaluateits Rosseland
meanovera frequency bandthatis largecomparedwith theline spacing;this is thequantitythat
entersdiffusioncalculationsin theSobolev regime.We find, following Karp,et al., that

8 Tt
R: exp

� 1 � � ½ § �Õ% (6.124)



6.9. EXPANSION OPACITY 105

wherethe brackets signify the averageover the frequency band. Using equation(6.122) for
equally-spacedconstant-strengthlinesleadsto

� ½ § �'� �
s e log

1 � exp �"�2��� � s e ���
1 � exp �"�2��� � � s e � ��� exp �"�2��� � (6.125)

Thecorrespondingvalueof theRosselandmeandependson how large � is:

t
R: exp p 2

§ ³ du ~ d � ³Ö c× � � 1
kLÖ × Ø T

Ö c×§ ³ du ~ d � ³ �Ù�V� 18 T �v� Ø T
Ö c×§ ³ du~ d � ³ �

(6.126)

The first casehereis when the lines areoptically thick in the Sobolev sense.The Rosseland
absorptioncoefficient, perunit length,becomestwice theprobabilityof encounteringa line per
unit pathlength.Thisfactortwo is relatedto thechoiceof equally-spacedlines.Wewill comment
on this factorbelow, in thediscussionof theWehrse,etal. [259], paper. Thesecondcaseapplies
if thelinesareoptically thin in theSobolev sense,yet thesmeared-outline opacityis still greater
thanthecontinuumabsorptioncoefficient. Thisonly appliesif thecontinuumopticaldepthof the
typical pathlengthbetweenline encounters,e c����� du� d

� � , is small,theusualcase(andassured
if s e � �o� 1). In thethird casethesmeared-outline opacityis lessthanthecontinuumopacity,
andtheRosselandmeanis unaffectedby lines.

6.9.2 Friend and Castor

Thestochasticapproachto line transferwith a forestof linestreatedin theSobolev approxima-
tion is presentedby FriendandCastor[94]. Thestatisticalmodelof the line distribution is that
the lines with variousvaluesof the line strengthkL have independentPoissondistributions in
frequency, sothatthemeannumberof linesin a frequency interval � �W%/� � e � � andin a strength
interval � kL % kL

� e kL � is 9�� kL %w�
� e kL e � . If wenow consideraphotonof frequency � traveling
in thedirectionn, theprobabilitythat it will encountera line in this strengthrangein traveling a
distanced

�
is

9H� kL %/��� e kL
� d

�
c

n � � u � n � (6.127)

Theprobabilitythattherewill beaninteraction,giventhataline isencountered,is1 � exp �"�2�'� n�"� ,
with theSobolev opticaldepthgivenby equation(6.93)in termsof kL andn � � u � n. Summing
over the line strengthdistribution gives the total probability of encounteringa line and being
absorbedor scatteredin d

�
:

9�� kL %/��� dkL
�
c

n � � u � n � 1 � exp �"�2�­� n �"� � d � % (6.128)

from which the effective opacity, the sameaswe meanby the expansionopacityandincluding
now thecontinuousopacity, is seento be

t
exp �����'� �� c

n � � u � n X
0

9H� kL %/��� � 1 � exp �"�2�­� n�"� � dkL
� 8 T % (6.129)

where,in theintegrand,�­� n � shouldbesubstitutedusingequation(6.93).Theresult(6.129)is ex-
pressedin termsof thehypotheticalPoissondistributionof linesof differentstrengths.Thatturns
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out to beveryusefulwhentheline statisticshavebeenexpressedin analyticform, andthefurther
developmentin [94] makesuseof this to evaluatetheoverlappingline effectonradiatively-driven
stellarwinds(cf., §12.5).But we canalsoestimatetheline densitiesby usingtheactualline list;
the densityis approximatedby summingthe lines within a bandwidth e � anddividing by the
bandwidth.This givesequation(9) of [94], which takesthis form in thepresentnotation:

t
exp �����#� �� c e � n � � u � n × § � 1 � exp �"�2�­� n�"� � � 8 T � (6.130)

6.9.3 Eastmanand Pinto; Wehrse,Baschekand von Waldenfels

In an ambitiousstudyof non-LTE spectrummodelingof supernovae,EastmanandPinto [86]
employ expansionopacityto treat,in anapproximateway, theeffect of theforestof weaklines
for which a detailedtransfersolutionis not feasible. They independentlyderive the expansion
opacity, formula(4.2) in their paper, which is identicalwith equation(6.130).Themoregeneral
result,in which the Sobolev approximationhasnot beenmade,is their equation(23), in which
theleft-handsideshouldreadt { 1

R . This equationagreeswith Blinnikov’sequation(14).
Thepaperby Wehrse,Baschekandvon Waldenfels[259] discussedmethodicallythecalcu-

lation of the expansionopacityandthe generalissueof the diffusionapproximationfor a flow
with velocity gradients.They considerbotha deterministicdistributionof lines,anda stochastic
distribution of lines,aswell asboth infinitely narrow lines (Sobolev limit) andlineswith finite
widths. Their resultsfor themonochromaticopacitywith infinitely narrow linesreproduceBlin-
nikov’sexpressions,andwith finite line widthstheWehrse,et al., expressionsareessentiallythe
sameasBlinnikov’s;bothimply a local harmonicmeanopacity

t
eff ����� { 1 � s8 T

X
0

exp � s8 T

Ú
Ú {.Û t ��-�� d - d , % (6.131)

in which +s�Ê� log � , the variable , is definedin termsof the pathlength
�

by ,^�q8 T � � � s,
andtheanglebracketssignify anaverageover a moderatebandwidthcenteredat � . In theinner
integral t ��-�� is themonochromaticopacityat �V� exp �"�2-1� calculatedwithout thefluid velocity
but includingall theotherline broadeningmechanisms.

For thestochastic,infinitely narrow line case,in which thelinesform aPoissonpointprocess
as describedabove, Wehrse,et al., give a result for the effective opacity that is equivalent to
equation(6.129)or (6.130),andthusalsoin agreementwith theEastmanandPinto[86] formula
andPintoandEastman[205] equation(9). Wehrse,et al., give resultsusingthestochasticmodel
in the particularcasethat the line strengthsfollow a power-law model 9H� kL %w�
��È k

{.Ü
l , just as

in theCAK stellarwind model[59] (cf., §12.5),andasusedin [94]. Theexponenta in Wehrse,
et al., is 1 �sa asusedby CAK. Wehrse,et al., usehigh andlow cutoffs in kL in evaluatingthe
effectiveopacity;this is unnecessaryif 0 RQa^R 1.

Someclarification is neededon the differencesbetweenthe monochromaticKarp, et al.,
opacityandthe stochasticmodelopacity. The former is a strongfunction of frequency in the
spacesbetweenlines. The latter, which is a constantin a givenmedium-scalefrequency band,2

actuallycorrespondsto the expectationvalueof the meanfree pathwith respectto realizations
of the Poissonprocessthat producesthe line spectrum.FriendandCastor[94] arguethat the

2As in equation(6.130);abandlargeenoughto includemany lines,but smallin comparisonwith thefrequency itself
or theinterval over which theline statisticschangesubstantially.
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expectationof the monochromaticintensity can be calculatedfrom the opacity as definedby
equation(6.129). The calculationby Wehrse,et al., of the diffusion flux for infinitely narrow
Poissonlines givesa resultconsistentwith equation(6.129),in confirmationof this argument.
Thusthe local Rosselandmeanexpansionopacity,in the infinitely narrow stochasticline case,
is thesamequantitygivenby equation(6.129)or (6.130),EastmanandPinto [86] andEastman
[205] equation(9).

We now returnto the factortwo differencebetweentheRosselandaverageof theexpansion
opacity for equally-spacedstronglines, and the Poissonaverageopacity for stronglines with
thesamemeandensityin frequency. In fact,this is thedifferencebetweenthePoissonstatistics
andequallyspacedlines. A propertyof thePoissonprocessis that if a frequency is selectedat
random,andthefrequency displacementis foundto thenext higherfrequency in a realizationof
thePoissondistribution, thenthemeanvalueof thatinterval is just equalto thereciprocalof the
line density. But if this samefrequency is comparedwith the list of equally-spacedlines, then
themeandisplacementis onehalf of theline spacingin thelist. This is thefactorof two. These
resultsareverifiedby a simpleMonteCarlocalculation,which alsoshows thatequation(6.119)
doesleadto � 1 �Z½ § ��� s e � � for stronglineswith a meanspacingin frequency of e , twice the
resultfor equallyspacedlines.

In summary, the stochasticmodelis a usefultool for simulationsof spectrawhenthereis a
denseforestof lines andthe Sobolev approximationis valid, suchasin novaeandsupernovae,
stellarwinds,andhigh-velocity laser-plasmaexperiments.

6.9.4 expansionopacity example: the ir on spectrum

The ideasof expansionopacityarebestillustratedusingan idealizedbut realisticexample.We
havechosenthespectrumof theionsFeII, FeII andFeIV ascalculatedin LTE at a temperature
T � 3eV andelectrondensityNe � 1016 cm{ 3. Iron is assumedto have thenumberabundance
4 n 10{ 5 relativeto hydrogen.For simplicity thethreeionsareassumedto haveequalabundance.
The dataof Kurucz [153] areusedfor the line frequencies,energy levels, oscillator strengths
andthe radiative andStarkdampingconstants.3 Eachof the lines hasa Voigt profile basedon
the thermalDopplerwidth andthe dampingconstant.The total numberof iron lines treatedis
about37,000,andof these836 lie within the rangeof Figure6.2(a),which shows a portion of
the synthesizedopacityspectrumbetween213and222 nm. In orderto producethe expansion
opacitiesa larger region, from 182 to 222 nm, hadto be synthesizedfirst, to provide the data
for equations(6.124), (6.130)and (6.131). We calculatethe harmonicmeanopacityover the
bandillustratedin Figure6.2(a),accountingfor the velocity gradient,in threeways: (1) using
theKarp/Blinnikov formula(6.119)with equation(6.124);(2) usingtheFriend-Castor/Eastman-
Pintoformula(6.130);and(3) usingtheBlinnikov/Wehrse,et al., formula(6.131)for lineswith
finite widths.Theseresultsfor keff in this bandareshown asfunctionsof s in Figure6.2(b).

It is apparentthat thecalculationsof keff thatomit the intrinsic line widths,that is, in Fig. 6.2
theSobolev approximation,considerablyunderestimatetheeffective opacityunlessthevelocity
gradientis quite large, i.e., s is lessthansomeamount.In this casethatvalueof s is about103.
This is thes for whichabouthalf thelinesin thefrequency bandin questionhaveSobolev optical
depthslessthanunity. Thetwo Sobolev calculationsshown in Figure6.2(b)agreewell with each
other. Sinceoneis a deterministicformula that makesno assumptionaboutthe line statistics,
andtheotherassumesthat thelineshave a Poissondistribution, theagreementindicatesthat the

3Wearegratefulto R. L. KuruczandtheSmithsonianAstrophysicalObservatoryfor makingthesedataavailable.
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stochasticapproachgivesa quiteusableanswer.
The large-s andsmall-s limits of keff have naturalinterpretations.The large-s limit is the

harmonicmeanor Rosselandmeanfor this bandof the du � d
� � 0 spectralopacity, or at least

it shouldbe if the approximationwereaccurate.The small-s limit is the arithmeticor Planck
meanfor this band.As s 7 0, theregion over which theaverageis takengetslargerandlarger
for equations(6.124)and(6.131),which accountsfor differencesthat areseenin the different
modelsat small s, owing alsoto the fact that the line densityvariessomewhat with frequency.
Thevaluesof theharmonicandarithmeticmeansare2.23and86 cm2 g{ 1 for thisband.

An adhocmodificationof theSobolev calculationsthatmakesthemsubstantiallymoreusable
is to replacethe addedquantity 8 T in equation(6.130)with the actualharmonicmeanopacity
calculatedwithout the velocity gradient. The Sobolev result for the line opacityalonetendsto
zeroasthe velocity gradientbecomessmall, while we know that with the intrinsic line widths
takenintoaccounttheharmonicmeancanbesignificantlylargerthan8 T owing to line blanketing,
i.e., bandwidthconstriction. The fourth curve plotted in Figure 6.2(b) shows the result using
equation(6.130)with 8 T replacedby t

eff � du � d
� � 0� . Theagreementwith equation(6.131)is

goodover theentirerange.



Chapter 7

Hydr odynamicswith radiation:
wavesand stability

Thegoalof thischapteris to exploretheeffectonthehydrodynamicequationsof thetermsrepre-
sentingexchangeof energyandmomentumbetweenmatterandradiation.Thepresentdiscussion
will be rathergeneral;mostof the specificexampleswill be taken up after discussingvelocity
effectsontransportandnumericalmethods.Backgroundinformationonthepropertiesof thermal
equilibriumradiationis presentedby, for example,CoxandGiuli [79].

7.1 Imprisoned equilibrium radiation

We noteonesuspiciousthing aboutthe overall energy equation(4.47), which is that the flux
term includesan enthalpy flux for matter, but thereis no enthalpy flux for the radiation. Since
our claim is that thereis no intrinsic differencebetweenmaterialparticlesandphotons,why is
therethis apparentdifferencethat would persisteven whenthe opacity is so greatthat the flux
vanishes?The explanationwasfound in Chapter6. In brief, it is that the flux dependson the
referenceframe.Thesameis truefor theenergy densityandtheradiationpressure,but for these
variablesthecorrectionsaresmall.We haveseenthat

F � F0
�

uE0
�

u � P0 (7.1)

to first orderin u� c, whereE0, F0 andP0 areevaluatedin thecomoving frame. In the limit of
vanishingmeanfree pathit is F0 that goesto zero,not F. What F tendsto in that limit is the
convective radiationenthalpy flux. If we make useof this in equation(4.47), we seethat the
symmetrybetweenmatterandradiationis restored.

This is thestellarinteriorsmodelof radiation.TheintensityequalsthePlanckfunctionat the
local temperature,which impliesthattheenergy densityandradiationpressurearegivenby

E � aT4 (7.2)

and

P � 1

3
aT4 � (7.3)

109
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Theradiationenthalpy whoseflux is addedto thematerialenthalpy flux in thetotalenergy equa-
tion is � 4� 3� aT4. Theenergy andenthalpy hereareperunit volume;thespecificinternalenergy
andenthalpy contributionsareobtainedby dividing by � . Thespecificradiationentropy sr comes
from thefirst law of thermodynamics:

Tdsr � d
aT4

� � aT4

3
d

1� � 4a
T3dT� � 4

3
aT4 d�� 2

% (7.4)

so

sr � 4

3

aT3

� � (7.5)

All theseradiationcontributionscanjust beaddedto their materialcounterparts.The radiation
makesa differenceto theequationof state.The i for radiationis 4/3, lessthanthatfor thenon-
relativistic monatomicideal gas,which is 5/3. Thusradiationsoftensthe equationof state. In
massive starsEddingtonshowedyearsagothata largepartof the weightof thestellarmaterial
is supportedby radiationpressure,andthe effective springconstantof the starfor radial oscil-
lations,which is proportionalto i � 4� 3, getssmallerandsmallerasthestar’s massincreases.
Abovesomemassthestellaroscillationsaresoeasilyexcitedby themodulationof nuclearenergy
generationin the interior that the starbecomesunstableto pulsationsandis eitherdisruptedor
becomesanunusualkind of objectinsteadof a quiescentmainsequencestar. Radiationpressure
is alsoa severalpercenteffect in thepulsatingcepheidvariables.Thereductionof i � 4� 3 due
to radiationappreciablylengthenstheirpulsationperiods,whichareverywell studiedandoneof
thebasesof theextragalacticdistancescale.

7.2 Non-adiabaticwaves

We will considersomeexamplesof wavesthatcoupleto a radiationfield thatis neitheroptically
thick nor optically thin. The first examplewill be the cooling modethat wasdiscussedearlier
usingaNewton’scoolingmodel.For now wewill omit thefluid motionpartof thatproblemand
just considerthezerosoundspeedlimit. This discussiondraws on MihalasandMihalas[189],
§§97,101andCastor[56]. Whatwe areinterestedin is thethermalresponse,that is, what is the
decayrateof temperaturefluctuationsof differentwavelengths.Earlier on we found the decay
rate1� � for thecoolingmode,where1� � wasthecoefficient in thecoolinglaw (Eq. [2.53]). We
write theenergy couplingterm � g0 as

� g0 � kP � cE � acT4 �&% (7.6)

where the emissivity hasbeenexpressedin termsof the thermalequilibrium energy density,
and the frequency integrationhasbeenperformedusingan appropriateaveragevalue(Planck
mean)of the absorptivity, kP. If E is held fixed while T is perturbed,thenthe perturbationof� g0 is � kP4acT3 e T . Dividing thecoefficient of e T , namelykP4acT3, by � CÝ , whereCÝ is
the specificheatat constantvolume,givesthe dampingconstant1� � . Thuswe identify � with� CÝ ��� kP4acT3 � .

In thegeneralcasein which E respondsto thetemperaturefluctuationsthelinearizedcoupling
termis

�26 g0 � kP � c6 E � 4acT3 6 T �&� (7.7)
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We usethefrequency integratedform of thecombinedmomentequation(4.42),andtake for the
unperturbedstatean infinite homogeneousmediumin which E � aT4. The right handsideof
theintegratedmomentequationis just g0, thus�

E�
t

� ��� c

3kR

�
E � g0 � (7.8)

The frequency integral of the flux divergenceterm is approximatedhereusing the Rosseland
mean(q.v., section6.7)kR of k§ . Wedropthetimederivativeterm,whichis to sayweneglectthe
photontimeof flight. Whentheequationis linearizedandwhenspatialdependenceexp � i k � r � is
assumedit gives

k2c

3kR
6 E �3� kP � c6 E � 4acT3 6 T ��� (7.9)

Theresponseof theradiationfield to thetemperaturefluctuationsis thereforegivenby

6 E � 4aT36 T

1
�

k2 ��� 3kRkP � � (7.10)

Thissaysthatif thewavelengthis very long, theenergy densitytracksthetemperatureperfectly,
but that if the wavelengthis shorttheenergy densityhardlyvaries. The roll-over occurswhere
thewavenumberis comparableto thegeometricmeanof thetwo differentmeanabsorptioncoef-
ficients,in otherwords,wherethewavelengthis aboutonemeanfreepath. Thevalueof �26 g0

thatresultswhen 6 E is substitutedinto (7.9) is

�26 g0 �3� kP4acT3 6 T
k2 ��� 3kRkP �

1
�

k2 ��� 3kRkP � � (7.11)

Thusthecoolingtime is modifiedto

� 7 � 1
� 3kRkP

k2
� � CÝ

4acT3

1

kP

� 3kR

k2
(7.12)

by theresponseof theradiationfield to thetemperaturefluctuations.
It is interestingto considerthe radiative cooling time in differentpartsof a starin response

to a fixedwavelength.In the tenuousupperatmospherethePlanckmeanabsorptioncoefficient
will becomevery small, and the cooling time will be long; the coupling betweenthe matter
and radiationis simply weak. In the deepinterior the Rosselandmeanabsorptioncoefficient
becomesvery largeandthecooling time againbecomeslong, but this time becausethe leakage
of radiationthroughtheopaquematerialis sluggish.Theminimumcoolingtime is attainedif the
wavenumberis comparablewith thegeometricmean,asjust mentioned.Theminimumvalueof
it is approximately

� min � 2� CÝ É
4acT3

% (7.13)

whereÉ is thespatialwavelength.This is comparableto thetime it would take theradiationflux8 T4 to radiatetheinternalenergy contentof awavelength-thickslabof materialsince8^� ac� 4.
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7.3 Atmospheric oscillationswith radiation pressure

An extensionof the wave propagationideasof the previous sectionis the the problemof the
oscillationsof ahydrostaticisothermalatmosphere,for which theequilibriumconditionis anex-
ponentialstratificationof thedensity, �^È exp �"� x � H � . This problemwastreated,with respect
to theverticaloscillations,by Lamb[154]. It becomesmoreinterestingwhenthehorizontalmo-
tionsareincluded,aremoreinterestingstill whentheeffect of theradiationpressureis included
asa momentumcoupling term in the optically thin approximation.This idea for atmospheric
instability in luminousstarswasadvancedby Hearn[112, 113] underthename“radiation-driven
soundwaves.” It providesanopportunityto look critically at what is meantby instability of an
unboundedsystem,suchasa stellaratmosphere.

Considerfirst thecasewithout theradiationpressureterm.Thediscussionof soundwavesin
§2.7needsto bemodifiedto accountfor thestratification.In thisdiscussionthenotationwill also
bemodified:thevariable�!h will denotetheperturbationof � dividedby � , thatis, thelogarithmic
perturbation.Likewisefor ph . Thecontinuityequation(2.2)whenlinearizednow becomes�

�!h�
t
�$���

u
�

u � � ln ���!��� 0

or �
� h�
t
�����

u
� i

a2g � u � 0 � (7.14)

Hereg is the downward-directedgravity vector, a is the adiabaticspeedof soundand i is the
ratio of specificheats,so a� ` i is the isothermalspeedof sound,anda2��� i g� is H , the scale
heightof thestaticatmosphere.Theperturbedmomentumequation(2.3)becomes�

u�
t
�Z� h g �

ph g � a2

i �
ph � 0 % (7.15)

andthelinearizationof theinternalenergy equation,includingNewton’s coolingasin §2.7with
a timeconstant� , is �

ph�
t
�Êi

a2g � u � i
�
� h�
t

� i 2

a2 g � u ��� ph �Z� h� � (7.16)

Thesystemof equations(7.14–7.16)for theunknowns �!h , u andph hasconstantcoefficients,and
thereforeit is relatively simpleto eliminatetwo of theunknownsto obtaina partialdifferential
equationfor theremainingone,say � h . This is�

t �
�

t
� 1i � � � � i � 1� a2

i 2H 2 �
�

2
x
� �

2
y � �

�
t �
�

t
� 1i � �

�
2
z

� 1

H

�
t �
�

t
� 1i � �

�
z � 1

a2

�
3
t �
�

t
� 1� � � h � 0 � (7.17)

The approachto solving this equationis to first take the Laplacetransformwith respectto
time,which givesanequationof this form:

� TA
���

2bT �u�
c

�� h � S % (7.18)
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in which S is a certaincubic polynomial in the transformvariables that containsthe initial
conditionsfor �!h , u and ph —cubicbecausetheequation(7.17) is fourth orderin time—andthe
coefficientsA, b andc aredefinedby

A �
s � s � 1g ² � � � g { 1� a2

g 2H2 0 0

0 s � s � 1g ² � � � g { 1� a2

g 2H2 0

0 0 s � s � 1g ² �
% (7.19)

b � 0
0� 1

2H s � s � 1g ² �
% (7.20)

and

c �3� s3 � s �
1� ���

a2 � (7.21)

Thevariable
��!h is thetransformof �!h , theoperator

�
representsthecolumnvector �

�
x %

�
y %
�

z � T
andT denotesthe transpose.The sameequationwould be found for u and ph ; only the initial
conditionfunctionSwoulddiffer.

Somegeneralconditionsthatcanbe imposedon thecoefficientsin equation(7.18)are: (1)
A is symmetric;(2) A f snB for s 7 � for somen, whereB is positive definite; (3) c �
O � s2 dºd A d�d � for s 7£� ; (4) d�d b d�d 2 ��� d�d A d�d c��� o � s� for s 7Ô� . Theseconditionsaresufficient to
ensurethattheoriginal systemof PDEsis hyperbolic,andaremetin thisexample.

If a solution for
��!h is in hand,then the solution of equation(7.17) for �!h is given by the

Laplaceinversionformula

� h � x % y % z % t ��� 1

2� i

d z i X
d { i X est �� h ds % (7.22)

whered is a positive realconstantsufficiently largeto ensurethat thecontourpassesto theright
of all the singularitiesof the integrandin the complex s plane. For large, real positive s, A is
positivedefiniteandcanbefactored:

A � MTM % (7.23)

whereM is a non-singularrealmatrix. Thecoordinatevectorr �b� x % y % z� T canbetransformed
usingM to a new setof coordinates+ definedby r � MT + . In this way equation(7.18)maybe
turnedinto Helmholtz’sequationin + -space,for which theGreen’s functionis known. Thesteps
of thetransformationwill beomitted;theresultfor thesolution

��!h is foundto be

�� h �
V

G � r � r h � S� r h � dV % (7.24)

wheretheintegrationvolumeincludesthatpartof threedimensionalspacewheretheinitial con-
ditionsarenonvanishing,andtheGreen’s functionis

G � r �#��� 1

4�
exp � bTA{ 1r � � bTA{ 1b � c� rTA{ 1rT 1~ 2

det� A� rTA{ 1r 1~ 2 � (7.25)
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We now argueasfollowsaboutthebehavior of thesolution �!h obtainedfrom applyingequa-
tions(7.22)and(7.25): TheGreen’s functiongivenby equation(7.25)is analyticallycontinued
from large,real,positives in thenegativerealdirection.At somevalueof ·�� s� singularitieswill
be encountered.The constantd in the Laplaceinversioncanbe set to any numberlarger than
the largest ·�� s� of any of the singularities. If d turnsout to be negative, then �!h tendsto zero
for t 7Þ� if the initial conditionsvanishoutsidea compactvolume. If d is positive, then � h
will becomeexponentiallylargefor t 7�� . If thesingularitiesof G lie on therealaxisa more
carefulanalysisis requiredto decidewhether�!h growsor not.

This notionof stability is calledabsolutestability. A dynamicalproblemis absolutelystable
if theresponseto aninitial disturbanceata point in spaceeventuallydiesawayat any otherfixed
pointin space.It maystill betruethatnomatterhow larget maybe,thereis apointin spacewhere
the responseat this time is large,andthatast increasesthemaximumresponsebecomeslarger
and larger. This is consistentwith absolutestability if the locationof the maximumresponse
movesfartherand fartherfrom the site of the initial disturbance.Convectiveinstability is the
termappliedto thissituation.1 A dynamicalproblemis convectivelystableor unstabledepending
on whetherthe maximumresponseover all spaceto an initial disturbancedecaysor grows in
time. Convective stability guaranteesabsolutestability, but the reverseis not true. A third kind
of stability, called global stability, pertainsto dynamicalsystemsin a boundeddomain,with
specificboundaryconditions. Imposingthe boundaryconditionsturnsequation(7.18) into an
eigenvalueproblem.Thesignsof therealpartsof all thediscreteeigenvaluesdeterminestability
andinstability in this case.

In otherwords,thepossiblesingularitiesof G determinewhethertheproblemis absolutely
stableor unstable. Convective stability canbediagnosedby finding solutionsof thedispersion
relation for all real propagationvectors,

��!h2f exp � i k � r � . It may be possibleto relateglobal
stability to absolutestability.

By inspectionof equation(7.25)we canderive threeconditionswhenG wouldbesingular:

(a) det� A�#� 0 (7.26)

(b) bTA{ 1b � c � 0 (7.27)

(c) rTA{ 1r � 0 � (7.28)

We canestablishabsolutestabilityor instability by examiningtherealpartsof all thevaluesof s
thatobey any of equations(7.26–7.28).

Wereturnto ourspecificproblem,with thedefinitions(7.19–7.21).Condition(a)abovegives

s � s � 1i � � s � s � 1i � � � � i � 1� a2

i 2H 2

2 � 0 � (7.29)

Condition(b) gives

s3 � 1� s
� a2

4H 2s
� a2

4i H 2� � 0 � (7.30)

And condition(c):

x2 � y2

s � s �
1��� i ���"� � � i � 1� a2��� i 2H 2� � z2

s � s �
1��� i ���"� � 0 � (7.31)

1Theterm“convective instability” shouldnot beconfusedwith theinstability associatedwith thermalconvection. In
fact,thelattercouldperhapsbecalledanabsoluteinstability of thegravity wave modes.
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Condition(c) determinesrootss thatdependon the vectorr ��� x % y % z� . This is interpretedas
follows: If oneof theserootshasa positive realpart,thenG � r � will grow exponentiallyfor that
r . Absolutestability requiresG to decayatall r , andthereforeoneof theconditionis thatall the
rootsof condition(c) shouldhaveanon-positiverealpart,whatever thevaluesof x, y andz.

The rootsof equation(7.29)ares � 0, s �Ù� 1��� i ��� andthe rootsof the quadratics � s �
1��� i ���"� � � i � 1� a2�"��� i 2H 2�l� 0. Sincethereareno sign changesin thecoefficientsof the
latter, thoserootshave negative real parts. Thusall the rootsfor condition(a) indicatestability
exceptfor themarginally stabletrivial root p � 0.

The cubicequation(7.30)alsohasonly positive coefficients,andthereforeits rootshave Fig. 7.1
negativerealparts,andcondition(b) alsoindicatesabsolutestability. It is interestingto examine
therootsof thecubicin therealisticlimit that � is smallcomparedwith H � a. (In theatmosphere
of a typical hot starthedynamictime H � a is of order103 secondswhile thecooling time is of
order10 seconds.)A helpful tool for doingthis is to sketchtheoverallpowerof � thateachterm
in theequationrepresentsversustheexponentn in a hypotheticalrelations �¿� n, asin Figure
7.1. A possiblevalueof n mustbewheretwo or moretermsin thecubichave thesameoverall
powerof � , sinceotherwisethetermscannotbalanceeachother. Furthermore,since� is a small
parameter, theoverall power thesetermshave mustbesmallerthanthepowersof theremaining
terms,otherwisethetermsthatmatchwill notbethedominantones.LookingatFigure7.1shows
us that the crossingpointsat n � 0, wherethe quadraticterm balancesthe constantterm, and
at n �q� 1, wherethecubic termbalancesthequadraticterm,mustdescribetheroots. Thefirst
crossingpointgivestwo rootsandthesecondonegivesasingleroot,thusaccountingfor thethree
roots. Whenthe dominantpart of a given root hasbeendeterminedin this way, the remaining
termscanbe evaluatedto provide a first-ordercorrectionto the dominantone,if desired.The
rootsarethusfoundto be

s p�T i a

2̀ i H
� � i � 1� a2 �

8i H 2
% s p3� 1� � (7.32)

Theserootscanbephysicallyidentifiedwith endpointsof branchesof thewave spectrum.The
complex conjugatepairaretheendpointsof theacousticbranches,andtherealroot is anendpoint
of the thermalmodebranch.Since �Z� a� H , the dampingof the thermalmodeis very large,
while thedampingof theacousticmodeis slight.

Condition(c) in equation(7.31)canbere-expressedasthisquadraticequation

s � s � 1i � � � � i � 1� a2 cos2 �i 2H 2
� 0 % (7.33)

where� is theanglebetweenr andthevertical.Therootsall havenegativerealpart,exceptthat
s � 0 is a root if �)�?�'� 2. As � rangesfrom 0 to �#� 2 theserootsfill in thespacebetweenthe
rootsderived from condition(a). They arephysicallyassociatedwith the gravity modewaves,
but, like theacousticmode,they aremixedwith thethermalmode.Therootsarecomplex only
if �]E H ��� 2à i � 1� d sec� d . If thecoolingis too efficient thebuoyancy forcethatprovidesthe
“spring” for gravity wavesis suppressedandthe wavesdo not oscillate. In the adiabaticlimit,� � a � H , the �D� 0 endpointsof thegravity branchesareat s �NT i ` i � 1 � a� i H � , of which
theimaginarypart is theBrunt-Väis̈alä frequency. Thesearesimilar to, but just slightly smaller
in magnitudethan,theendpointsT i a��� 2H � of theacousticbranchesin theadiabaticlimit.

In summary, theoscillationsof theexponentialatmosphereareabsolutelystable.Theatmo-
sphereis certainlynot convectively stable,sincethe pulseproducedby the initial disturbance
increasesin amplitudeasexp � z��� 2H �"� asit risesthroughtheatmosphereat thespeeda.
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We turn now to thecasethat thebodyforceon thematterdueto absorptionor scatteringof
radiationis includedin thematerialmomentumbalance.We saw earlierthatthis forceshouldbe
thenegativeof g givenby equation(4.44).Whenexpressedperunit massof materialit is

gR � 1� c
d �

4© d ¨ n � k§ I §H� j §ß�0� (7.34)

If theemissivity j § is isotropicthattermin gR vanishes,andif k§ is isotropicit canbetakenoutof
theintegraloverangle,whichbecomesthetotalmonochromaticflux, F § . For astellaratmosphere
with slabsymmetry, theflux is a vectorin the

�
z direction. For thepresentpurposewe assume

that thefrequency-dependentabsorptioncoefficient canbereplacedby theflux-weightedmean,t
F � . Thuswewill use

gR � t
FF

c
ez % (7.35)

where t F is theflux-meanopacityand F is the total radiative flux, which we will assumeto be
constant.Theratioof gR � d gR d to thenormalgravity g will bedenotedby a new variableO :2

OP� t
FF

gc
% (7.36)

andthereforethemomentumequationcanbewritten�
u�
t
�

u � � u
� 1� �

p ��� 1 �]OJ� g � (7.37)

Theflux-meanopacityconsistsof aconstantThomsonscatteringpart,denotedby 8 e, andan
absorptionpartdueto processessuchasbound-freeandbound-boundabsorption,aswell asline
absorption.Theabsorptiontermvarieswith temperatureanddensity, soit will beapproximated
by t

1 � nT { q, wheren andq areconstantexponents,andthereforeO canbewritten

OP� F

gc
8 e

� t
1� nT { q � (7.38)

Thevariationof theopacitywith height,dueto its � dependence,shouldbeincluded,but thatwill
beneglectedhere. However, theeffect of densityperturbationson theopacitywill beincluded.
Thelinearizedform of themomentumcouplingterm � 1 �]OJ� g becomes

�2O h g �3� t
1F

gc
� nT

{ q � � n �
q �"� h � sph � g �3�2O e � � n �

q �"� h � sph � geff % (7.39)

whereO e is definedby

O e � 1

1 �ZO
t

1F

gc
� nT

{ q % (7.40)

2The Eddingtonluminosity for a star is that value for which the radiation force balancesgravity; it is LEdd à
4á G â cã"ä F, andso åH¸ L ã LEdd. Normalstarsapproachbut donot exceedL ¸ LEdd.
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and geff �Ó� 1 �FOJ� g, in termsof O in the unperturbedatmosphere. O e will be treatedas a
constantin theproblem,in aBoussinesq-likeapproximation.Theperturbedmomentumequation,
replacingequation(7.15),is now�

u�
t
�]� h geff

�
ph geff

� a2

i �
ph �3�2O e � � n �

q �"� h � sph � geff � (7.41)

Theoccurrencesof g in equations(7.14)and(7.16)will alsobereplacedby geff , sincethescale
heightof thestaticatmosphereis now H � a2 ��� i geff � .

With thesechangestheequationsatisfiedby
��!h remainsof theform (7.18),but now A, b and

c aregivenby

A �
s � s � 1g ² � � 0 0� � g { 1� a2

g 2H2 � 1 �C� n �
q �"O e�

0 s � s � 1g ² � � 0� � g { 1� a2

g 2H2 � 1 �\� n �
q �"O e�

0 0 s � s � 1g ² �
% (7.42)

b � 0
0� 1

2H s s 1
��æ eg � n �I� i � 1� q � � 1z næ eg ²

% (7.43)

and

c �3� s

a2
s
� 1� s2 � nO ea2

i H 2
� (7.44)

Condition(a)now leadsto

s � s � 1i � � s � s � 1i � � � � i � 1� a2

i 2H 2 � 1 �I� n �
q �"O e�

2 � 0 � (7.45)

Condition(b) becomes

s

4H 2 � s �
1��� i ��� � s 1

� O ei � n �C� i � 1� q � � 1
�

nO ei �
2

� s

a2 s
� 1� s2 � nO ea2

i H 2 � 0 � (7.46)

Condition(c) becomes

s � s � 1i � � � � i � 1� a2 cos2 �i 2H 2 � 1 �I� n �
q �"O e� � 0 % (7.47)

where� , asbefore,is theanglebetweenr andthez axis.
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The changein conditions(a) and (c) is that the Brunt-Väis̈alä frequency is modified, and
becomes

S 2
BV � � i � 1� a2

i 2H 2 � 1 �I� n �
q �"O e� � (7.48)

This hasthe importantimplication that if O e exceedsthe critical value O e � 1��� n �
q � , thenS BV becomesimaginary. In thiscaseoneof theendpointsof agravity modebranchwill produce

absoluteinstability. It is entirelypossiblefor this conditionto bemet in theatmospheresof the
mostluminousstars,in which O approachesunity.

Condition(b) is morecomplicatedwith the additionof the radiationforce term. Equation
(7.46)canberearrangedasa quarticequation

s4 �
a1s3 �

a2s2 �
a3s

�
a4 � 0 (7.49)

afterdiscardingthefactors, with thecoefficients

a1 � i �
1i �

a2 � a2

H 2

1i H

a�
2 � 1

4
� n

� � i � 1� q
2i O e

� � n �I� i � 1� q � 2
4i 2 O 2

e

a3 � a2

H 2� 2

1

2i 2 i � [ � i �
1� n � � i � 1� q] O e

�
n � n �I� i � 1� q � O 2

e

a4 � a2

4i 2H 2� 2
� 1 � nO e� 2 � (7.50)

The Hurwitz-Routhcriterion appliedto this quartic equationleadsto theseconditionsfor
stability:3

a1 ¹ 0 (7.51)

a1a2 � a3 ¹ 0 (7.52)

a1a2a3 � a2
1a4 � a2

3 ¹ 0 (7.53)

a4 � a1a2a3 � a2
1a4 � a2

3 ¹ 0 � (7.54)

Theinequalities(7.52)and(7.54)canbereplacedby

a3 ¹ 0 (7.55)

a4 ¹ 0 (7.56)

without changingtheresults.Inspectingthecoefficientsshows thatconditions(7.51)and(7.56)
arealwayssatisfied.Condition(7.55)may be violatedfor someO e, dependingon n andq. If
n RG� i � 1� q, thestatementthattheabsorptionopacitydecreasesin anadiabaticcompression,the

3Therootsof analgebraicequationarethesameastheeigenvaluesof a certainmatrix derived from thecoefficients,
and the real partsof the eigenvalueswill all lie in the left half planeprovided the principal minorsof the matrix are
nonnegative. SeeRalston[211].
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conditionis certainlyviolatedfor sufficiently large O e. Thatleavescondition(7.53)to discuss.It
canberearrangedin this way:

2 � i �
1� E H

a�
2 ¹G� FG % (7.57)

with threenew coefficientsthatarepolynomialsin O e:

E � � 1 �
nO e� � 1 �I� n �

2q �kO e� (7.58)

F � i � [ � i �
1� n � � i � 1� q] O e

�
n � n �I� i � 1� q � O 2

e (7.59)

G � i 1
� n �I� i � 1� qi O e 1 � n

� � i �
1� qi O e � (7.60)

We notethata3 È F andthatcondition(7.55)is thesameasF ¹ 0. Fig. 7.2
Thesummaryof theabsolutestability for this problemis thatthereis stability in theisother-

mal limit H ��� a ��� 7�� for O e R 1��� n �
2q � . Thereis stability in theadiabaticlimit H ��� a ��� 7

0 for O e lessthanthesmallerof thesmallestpositivezeroesof F andG. Theselimits turnsout to
betighterthanthelimit O e R 1��� n �

q � derivedfrom thegravity modes.Dependingon whether
n RN� i � 1� q or not, eitherF hasonepositive zeroandG hastwo or none,or thereverse.The
productFG haseitheroneor threepositive zeroes.With specificvaluesof n, q and i it is a
simplematterto mapthestability domainin O e asa functionof H ��� a��� . Figure7.2 shows the
domainfor thechoicesi � 5� 3, n � 1 andq � 1� 2. In this casetheacousticcriteriaallow two
stabledomains:below a curve A andabove a curve C. But the gravity wave criterion indicates
instability above the line B, O e � 1��� n �

q � . Thusthe region that is stablefor both acoustic
andgravity modesis theonebelow curve A, which goessmoothlybetweentheisothermallimitO e � 1��� n �

2q �<� 1� 2 andtheadiabaticlimit, which is O e p 0 � 6492. Theimplication is that
the atmospheresof the most luminousstarsmay be unstableon this account,assuggestedby
Hearn[112, 113].
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Chapter 8

Radiation-matter interactions

The interactionof radiationandmatter is a problem,or rathera setof problems,in quantum
physics. This is becausethe spatialscaleof the atomsandthe typical momentaof the atomic
electronsexactly obey the uncertaintylimit, e x e p çbè . If this werenot true, thenthe atoms
could shrink andfind a stateof lower energy. Thereforeall the atomicpropertiesneededfor
radiative transfercomefrom the applicationof quantummechanicsto theatoms.Thequantum
mechanicaltheorypresentedbelow is basedmostly on Messiah[184], volume2. The angular
algebraleadingto thefinal resultsin termsof reducedmatrixelementsdrawsonSobel’man[239]
andCondonandShortley [71].

8.1 QED for dummies

The one-paragraphsketch of the quantummechanicsof radiationprocessesis this: The non-
relativistic Hamiltonianof thesystemcomprisedof anatomanda radiationfield is

H � �
i

Ze2

r i

�
i é j

e2

r i j

�
i

1

2m
pi � e

c
A � r i � 2

�
dV

1

8� ê 2 �\ë 2 % (8.1)

wheretheindex i labelstheindividual atomicelectrons,pi is themomentumof the i th electron,
and r i is its position. The vector function A � r � is the vectorpotentialfor the electromagnetic
field (in theradiationgauge),and ê and

ë
arethefields. Theelectromagneticfield is quantized

by expressingA in termsof thecreationandannihilationoperatorsfor quantaof theplane-wave
basisstates,

A � r �#�
k ì

2�®è c2

S V

1~ 2
ek ì a†

k ì exp �k� i k � r � � ak ì exp � i k � r � % (8.2)

wherea† is thecreationoperatoranda is annihilationoperator. Thewavevectorsk belongto a
discretesetcorrespondingto the modesin a small but finite volumeV with periodicboundary
conditions. The vectorsek ì , for ± � 1 % 2, are the two electric field polarizationdirections
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perpendicularto k, and S^� kc is theangularfrequency associatedwith k. Theinteractionterms
betweenradiationandmatterarethoseinvolving A thatresultwhenthesquaredtermsin equation
(8.1)areexpanded,in otherwords

Hint �3� e

mc
i

pi � A � r i � � e2

2mc2
i

A � r i � 2 � (8.3)

The transitionrates,and thereforecrosssections,for variousradiative processesare found by
treatingHint usingperturbationtheory, whichentailsfindingthematrixelementof Hint between
aninitial stated an � andafinal stated bnhí� . Herea andb arelabelsof atomicstates,andtheinitial
stateof the radiationfield is specifiedby a vectorn giving the numberof photonspresentin
eachbasisstate,andsimilarly for thefinal radiationstate.Thefirst term in Hint is linear in A,
thereforethis termcanallow exactly onephotonto becreatedor alternatively, to bedestroyed.
Thesecondtermis quadratic,thereforethistermallowsprocessesthatcreatetwo photons,destroy
two photons,or destroy oneandcreateanother. In otherwords,absorptionandemissioncome
from thep � A term,andscatteringcomesfrom theA2 term(andalsofrom p � A in second-order
perturbationtheory, asit turnsout).

The part of the radiationfield belongingto oneparticularbasisstate,that is, to onewave
vectork andpolarizationek ì , is exactly like a harmonicoscillator. The statesarelabelledby
the occupationnumbernk ì , which takes on the values0 % 1 %y���&� . The occupationnumberis
the eigenvalueof the operatornk ì � a†

k ì ak ì . The energy of the stateis � nk ì �
1� 2�/èxS ,

where S is the angularfrequency for this k. Whenthe matrix elementsof the interactionare
calculated,we endup with somethingproportionalto � n �

1 d a† d n� for a processthatproduces
emission,� n � 1 d a d n� for a processthatrepresentsabsorption,anda productof matrix elements� n2

�
1 d a†

2 d n2 � � n1 � 1 d a1 d n1 � for a scatteringprocessin which a type-1photongoesaway anda
type-2photonis created.All thesematrix elementscomefrom thestandardharmonicoscillator
theory, wherea† anda aretheraisingandloweringoperators.Thematrix elementsaresimple:

� n �
1 d a† d n�Y� ` n

�
1 (8.4)

� n � 1 d a d n�î� � n d a† d n � 1�­� ` n � (8.5)

Whenwerecallthattransitionratesin first orderperturbationtheoryareproportionalto thematrix
elementof the interactionsquared,we seethat emissionratesare proportionalto 1 plus the
numberof photonsinitially present;absorptionratesareproportionalto thenumberof photons
initially present.Whataboutscattering?We squaretheproductof thetwo matrix elementsand
find somethingproportionalto n1 � n2

�
1� , that is, proportionalto thenumberof photonsin the

out-scatteringstate,and 1 plus the numberof photonsin the in-scatteringstate. The reverse
scatteringprocess,in which a type-2photongoesaway anda type-1photonis createdhasa rate
proportionalto n2 � n1

�
1� . Youmight think thatthen1n2 partof theseratesjustcancelsout,and

this is almosttrue. Thereis a correctionbecausethe frequenciesof thephotonsarenot exactly
equal,aswewill discusslaterin connectionwith theKompaneetsequation.
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8.2 Emissionand absorption; Einstein coefficients

We considertheemissionof a photonby anatomin anexcitedstateb asit makesa transitionto
a lowerstatea. Thetransitionprobabilityperunit time is givenby Fermi’sGoldenRuleas

ï
ba � 2�è d�� a % n �

1 d Hint d b % n� d 2 �2� E �&% (8.6)

where �2� E � is the numberof photonbasisstatesper unit energy near E �¾èxS3� Ea � Eb,
theamountof energy lost by theatom;thevolumeV hasbeenassumedsolargethat thephoton
statesform a pseudo-continuum.Theoccupationnumbern of thestateshasbeenassumedto be
smootharoundthis energy. Thestepswe take next to reduceequation(8.6)areto substitutethe
a† termfrom theexpansionof p � A for Hint; imposethedipoleapproximationwhich is obtained
on settingexp � i k � r �lp 1 andis valid whenkr � 1, that is, whenthe radiationwavelengthis
muchlargerthantheatom;substitute

�5� E �'� Vk2 dk d ¨� 2�<� 3 è cdk
� Vk2

8� 3 è c
d ¨ � (8.7)

sumtheresultsoverthetwo possiblepolarizationsof theemittedphoton;andintegratetheanswer
overall directionsof emission.Onetricky bit is this step:

4© ì � a d p d b��ð«� ek ì ek ì � � a d p d b�î�
8�
3

d�� a d p d b� d 2 % (8.8)

which followsbecausethesumof thetwo tensorsek1ek1 andek2ek2 is I � �
k
�
k, where

�
k is theunit

vectoralongk. Theangleaverageof
�
k
�
k is I� 3, which leadsdirectly to the result. Carryingout

thestepsmentionedleadsto this:

ï
ba � 4

3

e2Sè c3m2 d�� a d p d b� d 2 � n �
1�&� (8.9)

A transformationof the matrix elementin equation(8.9) is possibleusingthe commutator
relation

p � iè m � Hatom% r � % (8.10)

which turnsequation(8.9) into

ï
ba � 4

3

e2 S 3

è c3 d�� a d r d b� d 2 � n �
1��� (8.11)

Finally we needto allow for degeneracy of the atomicstatescorrespondingto the possibleori-
entationsof a statewith non-zerototal angularmomentum.If the a statecanhave ga different
angularmomentumprojectionsma, and likewise for the b state,we get the transitionrate for
non-orientedatomsby averagingovermb andsummingonma:

ï
ba � 4

3

S 3

gb è c3
Sab � n �

1�&% (8.12)
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whereSab is theelectricdipole line strengthdefinedby

Sab �
ma : mb

d�� a ma d er d bmb � d 2 � (8.13)

Theoccupationnumbern is thesameasthenumberof photonspermodeintroducedearlier
(cf., [6.16]). Thusthetransitionratefor emissionis

ï
ba � Aba

�
Bba I § % (8.14)

whereAba andBba aretwo of theEinsteincoefficients, theonesfor spontaneousandstimulated
emission,andaredefinedby

Aba � 32� 3

3

� 3

gb è c3
Sab (8.15)

Bba � Aba

4�«èx� 3� c2
� 8� 2

3gb è 2c
Sab � (8.16)

The absorptionprocesscannow be handledimmediately. Nothing changesin the quantum
mechanicsexceptthe factorinvolving n in the matrix element,which changesfrom ` n

�
1 to` n sincethenumberin the initial state,n, is the largerof the initial andfinal occupations,and

thattheaveragingis overma andsummationis takenovermb. Thetransitionrateturnsout to be

ï
ab � BabI § % (8.17)

with

Bab � gb

ga
Bba � 8� 2

3ga è 2c
Sab % (8.18)

which definestheEinsteincoefficient for absorption.
In a parcelof materialin which statea is populatedby Na atomsperunit volumeandstateb

by Nb atomsperunit volume,we caninquirewhatthenetrateof transitionsis betweenthetwo
statesfor this parcel.We seethattherateis

Na BabI § � Nb � Aba
�

Bba I § � (8.19)

andthatit would vanishif theintensityhadthevalue

I § � S§ � Nb Aba

NaBab � NbBba
� (8.20)

This is thereforetheatomicexpressionfor thesourcefunction,sincethedefinitionof that is the
intensityfor whichemissionandabsorptionarein balance.Substitutingtherelationsbetweenthe
Einsteincoefficientsleadsto anexpressionindependentof theatomicconstants,

S§l� 2h� 3 � c2

gbNa
ga Nb

� 1
� (8.21)
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We seethatthesourcefunctionwill bethePlanckfunctionif andonly if theBoltzmannrelation
is obeyedby theatomicstatepopulations:

Nb

Na
� gb

ga
exp �"� h��� kT ��� (8.22)

Thecircumstancethat theatomicstatepopulationsaredeterminedby a balanceof theratesof a
varietyof differentprocesses,andthatthereforetheBoltzmannrelationis notnecessarilyobeyed,
leadsto a sourcefunctionthat is not thesameasthePlanckfunction. Whentheequationof ra-
diativetransferis solvedusingthissourcefunction,theintensitythatis founddoesnotagreewith
thePlanckfunctioneither. This intensitymaygovernthe ratesof someof theatomicprocesses
that,in turn, leadto thenon-Boltzmannvaluesof thestatepopulations.Sincetheintensitiesare
non-Planckian,thenon-Boltzmanncharacterof thepopulationsis confirmed.Theself-consistent
calculationof atomicpopulationsandtheradiationfield, neitherof whichagreeswith thermody-
namicequilibrium,is thesubjectof the theoryof non-LTE, i.e., of systemsnot in local thermo-
dynamicequilibrium.

Theremainingquantitiesto discussaretheoscillator strengthandtheabsorptioncrosssec-
tion. Theoscillatorstrengthis definedby factoringout of Bab all thedimensionalquantitiesto
leaveanumberof orderunity; this is

fab � mè c�
2� e2

Bab � 4� m�
3ga è e2

Sab � gb

ga

mc3

8� 2e2� 2
Aba � (8.23)

The emissionoscillatorstrengthis definedby a similar relation that is obtainedfrom equation
(8.23) by interchanginga and b and noting that the frequency changessign; it is a negative
quantityandobeys

fba ��� ga

gb
fab � (8.24)

Theusefulnessof theoscillatorstrengthstemsfrom theoscillator strengthsumrule, which says
thatthealgebraicsumof all oscillatorstrengths,absorptionandemission,beginningfrom agiven
state,equalsthenumberof electronsin theatom.If thesumis restrictedto certainsubsetsof the
totality of states,sometimestherecanbea sumrule relatingthe restrictedsumto, for example,
the numberof outer-shellelectrons.Absorptionoscillatorstrengths,andsometimesdipole line
strengthsin atomicunitsof � ea0� 2, arethequantitiesmostoftenfoundin thetables.

The absorptiontransitionrategiven in equation(8.17) is basedon the angle-averageof the
intensity. Thepartderiving from a particularsolid angled ¨ would bed ¨���� 4�2� timesthetotal.
But I § d ¨���� h �
� is the photonparticleflux per unit frequency in this solid angle,andtherefore
h� Bab ��� 4�<� is relatedto the absorptioncrosssection. But the transitionrate is the total over
frequency, while I § d ¨���� h��� is thephotonflux perunit frequency. Thush� Bab ��� 4�2� mustbethe
frequency integralof thecrosssection,

d �28 § � h�
4� Bab � � e2

mc
fab � (8.25)

Theactualcrosssection8 § is a sharplypeakedfunctionof frequency around�V�ñ� Eb � Ea �"� h,
but asweseetheremustbeaninverserelationbetweenthepeakvalueof thecrosssectionandits
width in frequency, sinceits integral is fixedby theatomicconstants.Thewidth of thefeatureis
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actuallyproducedbyavarietyof processes;someof thesearethethermalmotionof theatoms,the
Starkeffectproducedby nearbypositive ions,theperturbationby plasmaelectrons,theZeemann
effect of disorderedmagneticfields,a small-scalerandomturbulentvelocity in the gas,andon
andon. Theseareall subsumedin anormalizeddistribution function

L ����� ,
d � L ������� 1 � (8.26)

Thuswe havetheactualcrosssection

8�§«� h�
4� Bab

L ������� � e2

mc
fab

L ���
��� (8.27)

Theabsorptivity andemissivity follow from theEinsteincoefficientsandtheline profilefunc-
tion. We noteimmediatelythat theabsorptivity is thedifferencebetweenabsorptionandstimu-
latedemission,andthat theemissivity comesfrom thespontaneousemissionalone.Theresults
are

k§ò� h �
4� L ���
��� Na Bab � NbBba �

� Na 8 § 1 � Nbga

Nagb
(8.28)

and

j § � h�
4� L ����� Nb Aba

� Nbga

gb
8 § 2h� 3

c2
� (8.29)

In LTE, whentheBoltzmannequationis obeyed,therelationsbecome

k§¢� Na 8�§ � 1 � exp �"� h�x� kT � � (8.30)

and

j § � Na 8 § 2h� 3

c2
exp �"� h�x� kT �#� k§ B§ � (8.31)

8.3 Scattering

Our treatmentof scatteringfollows Messiah[184]. Comptonscatteringandthe Klein-Nishina
crosssectionare discussedby Cox and Giuli [79]. Rayleighscatteringis consideredby So-
bel’man[239]. The simplestkind of scatteringto consideris scatteringby free electronsin a
plasma,and in the non-relativistic approximationthis is Thomsonscattering. No atom is in-
volved in the process,andthe initial andfinal statesboth includea free electronanda photon.
Thechangeof energy andmomentumof thephotonarejustbalancedby thechangesfor theelec-
tron. In this casethep � A term in the interactiondoesnot contributeanything sincethematrix
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elementvanishesfor a freeparticle. We treattheA2 termin first-orderperturbationtheory, and
selectfrom the sumsa destructionterm for k1

±
1 anda creationterm for k2

±
2. Let the initial

electronmomentumbe è K1 andthefinal momentumè K2. Thetricky bit is decidingon theap-
propriatedensityof statesexpressionfor Fermi’sGoldenRule,andhandlingthematrix element,
since

d3r exp � i � k1
�

K1 � k2 � K2 ��� r � �3� 2�2� 36�� k1
�

K1 � k2 � K2� (8.32)

whentakenover all space,where 6�� k � is the three-dimensionalDirac deltafunction. This delta
functionensurestotalmomentumconservationfor thescatteringevent.Thestrategy is something
like this. If theelectronstatesarenormalizedto oneelectronin thevolumeV , theneachof the
initial andfinal wavefunctionscontainsa factor1� ` V besidesthe free-wave exponential. We
integrateover thefactord3K2 ��� 2�<� 3 in thedensityof final statesthataccountsfor theoutgoing
electron.Thatwill useuponeof thetwo factorsof theintegral(8.32).If momentumconservation
is obeyed precisely, then the integral hasthe value V . Thus the secondfactorof the integral
cancelswith the factor1� V that comesfrom the normalizationof the electronstates.Thenwe
have to deal with the normalizationof the photonstates. We put a factor Vk2

2 ��� 8� 3 è c� d ¨ 2,
the sameasfor spontaneousemission,in the densityof final statesto accountfor the outgoing
photon. We in effect adjustthe outgoingphotonfrequency to satisfy conservation of energy,
having alreadyadjustedtheoutgoingelectronmomentumto satisfyconservationof momentum.
The transitionrate hasone surviving factor1� V that comesfrom the expressionfor A. One
additionaldetail to noticeis that theexpansionof A2 containstheak1 ì 1a†

k2ì 2
crosstermtwice,

whichbecomesa factorfour whenthematrixelementis squared.
After carryingout thesubstitutionsasoutlined,thefollowing transitionrateis found:

e2

mc2

2 � ek1 ì 1 � ek2 ì 2 � 2 k2
2c3

S 1 S 2V
nk1 ì 1 � nk2 ì 2

�
1� d ¨ 2 � (8.33)

As discussedabove, thetransitionrateis proportionalto thenumberof photonspermodein the
initial state,andoneplus the numberof photonsper modein the final state. This will be used
laterin thedetaileddiscussionof Comptonscattering(cf., equation12.42).Sincethereis exactly
oneelectronin thevolumeV , this transitionrateshouldbethescatteringcrosssectiontimesthe
total incomingphotonflux. Thelatter is nk1 ì 1c� V sincethephotonstatesarenormalizedin the
volumeV . Thuswefind a differentialcrosssection

d 8
d ¨ 2

� e2

mc2

2 � ek1 ì 1 � ek2 ì 2 � 2 S 2S 1
� nk2 ì 2

�
1�&% (8.34)

in which thestimulatedscatteringfactornk2 ì 2

�
1 hasbeenretainedfor themoment.

The factor � ek1 ì 1 � ek2 ì 2 � 2 in the differentialcrosssectionis interestingsinceit describes
how polarizedlight is scatteredby electrons,andalsohow polarizedlight is createdby scattering
unpolarizedlight. But for now we will averageover theinitial polarizationsandsumon thefinal
polarizationsto get the differentialcrosssectionfor unpolarizedscattering.As above, we can
replaceek1 ì 1ek1 ì 1 after summingover ± 1 with I � �

k1

�
k1, do the samewith ek2 ì 2ek2 ì 2, then

form thefully contractedproductof thosetwo tensors.This operationyields1
� � �k1 � �k2 � 2, and
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thereforetheunpolarizeddifferentialcrosssectionis

d 8
d ¨ 2

� e2

mc2

2
1
� � �k1 � �k2 � 2

2

S 2S 1
� nk2 ì 2

�
1�&� (8.35)

If ¬ is theanglebetweentheincomingandoutgoingphotondirections,then
�
k1 � �k2 is thesameas

cos¬ , andthefactorin thedifferentialcrosssectionis � 1 � cos2 ¬��k� 2. This is thephasefunction
for Thomsonscattering.Its averageoverscatteringangleis 2/3,whichleadsto thetotalThomson
scatteringcrosssection

8s� 8�
3

e2

mc2

2 S 2S 1
� nk2 ì 2

�
1�&� (8.36)

The differencebetweenS 2 and S 1 is indeedvery small, which is what we will show next.
The standardComptoneffect considersscatteringof a photonfrom an electronat rest,in other
wordsK1 � 0. The(relativistic) conservationslaws for energy andmomentumthenrequire

K2 � k1 � k2 (8.37)

E2 � mc2 � è c � k1 � k2 � (8.38)

andtherelativistic relationbetweenE2 andK2 is

E2
2 �I�¼è K2c� 2 ��� mc2� 2 � (8.39)

Usingthefirst two equationsto eliminateK2 andE2 from thethird leadsto theequationfor the
Comptoneffect

1

k2
� 1

k1
� è

mc
� 1 � �

k1 � �k2 �&� (8.40)

This tells us that the fractionalchange(reduction)in S is approximatelyèxS>��� mc2� times1 �
cos¬ . Of coursemc2 is theelectronrestenergy, 511keV. Soexceptfor hardx-raysandgamma-
raysthefractionalfrequency shift is negligible.

Thereis a secondcontribution to the frequency shift whenthe initial electronis not at rest,
but hasa randomvelocity asin a Maxwelliandistribution. TheDopplershifts to the restframe
of theincomingelectronandbackto thelab frameagainafterscatteringleadto a randomup or
down shift of thephotonfrequency by anamountof order S�� 1 � cos¬�� 2kT ��� mc2� . Although

2kT ��� mc2� is usuallysmall, it is not nearlyassmallas èxS>��� mc2� , so in practicalcasesthese
up anddown shiftsarelarger thantheComptonshift. Evenso,they cangenerallybeneglected
for scatteringby electronswhosetemperatureis in the eV range. At the temperatureof the
solarcorona,however, around150 eV, the Dopplershift is about2.4%, andis responsiblefor
washingout thephotosphericabsorptionlinesin thescatteredspectrumobservedfrom thecorona
in eclipseor with a coronagraph.

For ordinary purposes,then, we can drop the factor S 2 � S 1 in the crosssection,whichFig. 8.1
thereforealsomeansthatstimulatedin-scatteringwill preciselycancelstimulatedout-scattering,
andthefactor1

�
n canbediscardedaswell. This givesthecommonThomsoncrosssection

8 T � 8�
3

e2

mc2

2 � (8.41)
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For completenesswe will notethat whenthe photonenergy is no longersmall comparedwith
mc2, in thedomainof theComptoneffect in otherwords,thecrosssectionis lessthantheThom-
sonvalueandis givenby theKlein-Nishinaformula

8 K N � 3

4
8 T

1
�

u

u3

2u � 1 �
u�

1
�

2u
� log � 1 �

2u� �
log � 1 �

2u�
2u

� 1
�

3u� 1 �
2u� 2 % (8.42)

whereu � h �x� mc2, providedthescatteringelectronis initially at rest;thecrosssectionis shown
in Figure8.1.For moving electronsthecrosssectionin any particulardirectionmustbefoundby
transformingthephotonfrequency into therestframeof theelectronusingequation(6.9),eval-
uatingtheKlein-Nishinacrosssection,thentransformingbackto thefixedframewith equation
(6.23). Someof the implicationsof anexact treatmentof Comptonscatteringareconsideredin
§12.3.

Theotherkind of scatteringwewantto consideris scatteringby theelectronsboundin atoms.
This is calledRayleighor Ramanscatteringdependingon whetherthe initial andfinal atomic
statesarethesameor different.Becausethebound-statewave functionsoccupy a finite volume,
unlike the free electronstates,the subtletiesof the densityof statesanddeltafunctionsarenot
required. What is requiredis to find the effective interactionmatrix elementby combiningthe
A2 term in first orderwith the p � A term in secondorder. We will sparethe detailsand just
quotetheresult.This is simplein theRayleighcasewherestatesa andb arethesameandif the
total angularmomentumis J � 0 in theinitial statea. Thedifferentialcrosssectionfor specific
polarizationstatesin thatcaseis

d 8
d ¨ � e2

mc2

2

c

S 2 facS 2
ac �4S 2

2 � ek1 ì 1 � ek2 ì 2 � 2 � (8.43)

wherethe the frequency of thescatteredphotonandthe initial photonmustbe the samein this
case,S 1 ��S 2 �BS . Thesummationis takenoverall themembersc of a completesetof atomic
states,and S ac is theexcitationenergy from statea to theintermediatestatec. Thecrosssection
canalsobewrittenas

d 8
d ¨ � k4 ��a>��SJ�"� 2 � ek1 ì 1 � ek2 ì 2 � 2 % (8.44)

wherea>��S>� is theAC polarizabilityof theatomin thestatea,

a>��S>��� e2

m
c

facS 2
ac �4S 2

� (8.45)

We observe that Rayleigh scattering,like Thomsonscattering,has the phasefunction � 1 �
cos2 ¬��"� 2, whichgoesby thegenerictitle dipolephasefunction.

You seethat at low frequency, when the polarizability tendsto the constantDC value, the
scatteringcrosssectionbecomesvery small, following then the É { 4 law for optical Rayleigh
scattering.This comesaboutbecausethereis almostcompletecancellationbetweenthesecond
orderp � A termandthefirst orderA2 termin theinteraction.At high frequency thecrosssection
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becomesthesameastheComptoncrosssection,becausethefact thattheelectronsareboundto
anatomis irrelevantwhenthephotonmomentumis largeenough.As a matterof fact,equation
(8.43)is inappropriatewhenthephotonwavelengthbecomescomparableto thesizeof theatom.
Thedipoleapproximationbreaksdown, andtheA2 interactiontermshouldthenbemultipliedby
astructurefactorthatdependson themomentumtransfer, k2 � k1. As thewavelengthdecreases,
themomentumtransferincreasesandthestructurefactorbecomesvery small,which makesthis
partof the interactionnegligible. At thesametime a Ramanscatteringtermbecomesimportant
thatcorrespondsto leaving theatomin a final statewith anejectedelectronthathasthemomen-
tum èW� k1 � k2 � . If the atomhasN electrons,thenat photonenergieslarge comparedwith all
the atomicbinding energiesbut small comparedwith è c� r , all N electronsaddcoherentlyin
the polarizability, which makesthe scatteringcrosssectionN2 timesaslarge asthat for a sin-
gle electron.But whenthephotonenergy is largecomparedwith è c� r theComptonscattering
contributionsof the electronsaddincoherently, so thecrosssectionis N timesthat for a single
electron.

8.4 Photoionizationand recombination

Whenthe final stateof the photoabsorptionprocessconsideredearlierbelongsto a continuum,
as it doeswhena photoelectronis ejected,thenthe calculationneedsto be modifiedsincethe
densityof statesfactor can be basedon the electroncontinuuminsteadof the continuumof
absorbedphotonenergies. This discussionis partly basedon Sobel’man[239]. Sincethereis
a reciprocalrelationbetweenthefree-wavenormalizationandthedensityof states,wewill make
a specificnormalizationchoicefor thefreewaves

U � r � , which isU � r ��� U
K � r �'f exp � i K � r � for r 7�� % (8.46)

which correspondsto a unit densityof freeelectrons.Thecorrespondingdensityof final states
perunit energy is

�)� mK d ¨ K� 2�<� 3 è 2 % (8.47)

andthe incomingphotonflux is nk ì c� V . With thesereplacementsthe transitionratefor pho-
toabsorptionbecomes

ï
abK � 2�è e

mc

2 2�®è c2

S V
d�� bK d exp� i k � r � p � ek ì;d a� d 2nk ì mK d ¨ K� 2�2� 3 è 2

� 1

2� e2Kè 2mV S d�� bK d exp � i k � r � p � ek ì d a� d 2nk ì % (8.48)

which givesthedifferentialcrosssectionuponbeingdividedby theflux timesd ¨ K ,

d 8 PI

d ¨ K
� 1

2� e2Kè 2mcS d�� bK d exp� i k � r � p � ek ì;d a� d 2 � (8.49)

In thedipoleapproximationwe candroptheexponentialin thematrix elementandthenusethe
commutatorrelation(8.10)to obtain

d 8 PI

d ¨ K
� 1

2� me2K kè 2 d�� bK d r � ek ì d a� d 2 � (8.50)
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In orderto getthetotal crosssectioncorrespondingto thisdifferentialcrosssectionit is most
convenientto expandin sphericalwavesfor thefinal state,

U
K � r �#� 4�

K
lm

i l � Ym
l ��� K % L K �"� ð U Klm � r � (8.51)

with U
Klm � r �#� Ym

l ���Õ% L � RKl � r �&� (8.52)

Here � and
L

aretheangularcoordinatesof theejectedelectron,and � K and
L

K arethecoordi-
natesfor thedirectionof K . Theradialfunctionhastheasymptoticform

RKl � r �#f sin� Kr � l �#� 2
� 6 �

r
� (8.53)

Theresultof insertingtheexpansionfor eachfactor
U

K � r � andintegratingoverd ¨ K , wherethe
orthogonalityof theYm

l ��� K % L K � canbeused,is

8 PI � 8� me2kè 2K
lm

d�� bKlm d r � ek ì;d a � d 2 � (8.54)

The averageover the polarizationmodesintroducesa factor � I � �
k
�
k �"� 2. Averagingover the

directionof the incomingphoton,or, which is equivalent,averagingover the ma valuesfor the
initial stateandsummingover themb valuesfor theresidualion state,andfurthermoresumming
overthetwo possiblefreeelectronspinstates,allowsusto replacethis tensorwith I � 3. Thatgives
finally

8 PI � 8�
3

me2k

ga è 2K
lmmsmamb

d�� bmbKlmms d r d ama � d 2 � (8.55)

Thecrosssectionin equation(8.55)is for theprocessof photoionization.For a simpleatom
suchashydrogenthe valuesof K and the matrix elementsareof orderunity whenexpressed
in atomic units ( è\� m � e � 1), but k �óS>� c, and while S is of order unity in atomic
units,c � 1� aIp 137 in thoseunits. Thusthe crosssectionis of order a!� a2

0, wherea0 is the
Bohr radius,the atomicunit of length. This makesthe crosssection10{ 18cm2 or less. This
is still much larger than the Thomsoncrosssection,which is 8a 4 � 3 p 10{ 8 times � a2

0, or
6 � 65 n 10{ 25cm2.

Theinverseprocess,radiativecaptureor radiative recombination,is describedby exactly the
samematrixelement,but thedensityof final statesshouldbethatfor thephotonstate,not thefree
electron,andtheflux by which therateis dividedto obtainthecrosssectionis thefreeelectron
flux, not thephotonflux. Making theseadjustmentsleadsto this differentialcrosssectionfor the
radiativecaptureprocess:

d 8 RC

d ¨ k
� 1

2� me2k3

è 2K
dº� bK d r � ek ì;d a � d 2 � (8.56)

Puttingin thesphericalstateexpansionin placeof theplanewave state,summingover the two
polarizationsandforming theaverageover incomingelectrondirectionandtheangleintegral of
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theoutgoingphotondirection,aswell assummingover thepossiblevaluesof ma andaveraging
over thepossiblevaluesof mb andof thefreeelectronspinms, asbefore,givestheresultfor the
total crosssectionfor radiativecapture

8 RC � 8�
3

me2k3

gb è 2K 3
lmmsmamb

dº� bmbKlmms d r d ama � d 2 � (8.57)

We have not carriedalongthefactor1
�

nk ì thatentersfrom thematrix elementof a†
k ì , but it

shouldbe includedaswell to give the total recombinationincluding stimulatedrecombination.
The stimulationfactor can as beforebe expressedas 1

�
I §���� 2h� 3 � c2 � , and is includedas a

subtractionin the absorptivity for photoionization. The crosssection 8 RC is for spontaneous
recombination.

Evidently the reciprocityrelationbetweenphotoionizationandradiative captureor radiative
recombinationis

8 RC8 PI
� k2

K 2

ga

gb
� h2 � 2

m2 	 2c2

ga

gb
� (8.58)

This reciprocity relation is called the Milne relation and it is the equivalent for photoioniza-
tion/recombinationof the relation betweenthe Einstein A and B coefficients. The statistical
weightratio hereis simply thatbetweentheinitial atomstateandtheresidualion state;theelec-
tron spin factor2 hasbeencanceledby a factor2 for the numberof photonpolarizationstates.
Therecombinationcrosssectionis of order a 2 p 10{ 4 timesthephotoionizationcrosssection.

If theintensity I § equalsthesourcefunctionS§ for photoionizationthentherateof photoion-
izationsby photonsin a range � �.%/� �

d � � mustbalancetherateof radiative recombinationsdue
to freeelectronsin a velocity range � 	!%/	 �

d 	 � , wherethefrequenciesandvelocitiesarein cor-
respondenceaccordingto h�P� Eb � Ea

�
m	 2 � 2. The relationof d � andd 	 will therefore

beh d �)� m	 d 	 . Thephotonflux in d � would be4� S§ d �x��� h��� . The freeelectronflux in d 	
comesfrom theMaxwellianvelocitydistribution,andis

2� m

kT

3~ 2
Ne	 3d 	 e

{ mÝ 2 ~ 2kT % (8.59)

in which Ne is the total densityof free electrons. The recombinationrate hasto include the
stimulationfactorcorrespondingto S§ . Thereforethebalanceequationis

Na 8 PI
4�
h� S§ d ���

Nb 8 RC
2� m

kT

3~ 2
Ne 	 3d 	 e

{ mÝ 2 ~ 2kT � 1 �
c2S§ ��� 2h� 3 �"�&� (8.60)

Thesolutionof this equationfor S§ is

S§ � 2h� 3 � c2ô � 1
% (8.61)

where
ô

is theexpression

ô � Na 8 PI � 8�<� 2� c2 � d �
Nb 8 RC ` 2� �H� m� kT � 3~ 2Ne	 3d 	 exp �"� m	 2 � 2kT �

� Na

NeNb

2gb

ga

2� mkT

h2

3~ 2
emÝ 2 ~ 2kT � (8.62)
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This expressionfor S§ will becomethe Planckfunction, as it must in thermalequilibrium, ifô � exp � h��� kT � , andthereforeif

NeNb

Na
� 2gb

ga

2� mkT

h2

3~ 2
e{ � Eb { Ea ��~ kT % (8.63)

which is Saha’sequationfor ionizationbalancein thermalequilibrium.
For the ideal non-degenerateand non-relativistic electrongas the chemicalpotential, the

Gibbsfreeenergy perparticle,in this caseperfreeelectron,is givenby

9 e � kT log
Ne

2

h2

2� mkT

3~ 2 � (8.64)

The factor2 dividing Ne in equation(8.64)arisesfrom the spinmultiplicity of the electron.In
termsof thechemicalpotentialSaha’sequationbecomes

Nb

Na
� gb

ga
e
{ � Eb { Ea z ´ e ��~ kT � (8.65)

In this form theequationremainsvalid evenif theelectronsaredegenerate,providedthey canstill
be treatedasan idealFermigas.Thenon-relativistic formulaconnecting9 e to the temperature
andelectrondensitybecomes

2` � F1~ 2 9 e

kT
� Ne

2

h2

2� mkT

3~ 2 % (8.66)

wherethefunction F1~ 2 � x � is theFermifunctiondefinedby

F1~ 2 � x �'�
X

0

t1~ 2 dt

et { x �
1
� (8.67)

For a hydrogen-likesystemtheinitial statefor photoionizationis a hydrogenicwavefunction
with quantumnumbersn andl , andthefinal stateis a Coulombwave. Theexactcalculationof
thephotoionizationcrosssectionin thiscasegives

8 PI �����'� 64

3̀ 3
a!� a2

0
ngII

Z2

� 0�
3 % (8.68)

(cf., Allen [8] ) whereZ is the charge of the residualion (Z � 1 for hydrogen),a is the fine-
structureconstant,1/137.036,gII is thebound-freegauntfactorthatdependson n, l and � . The
frequency � 0 is the edgevaluefor level n, Z2 � n2 timesthe Rydberg frequency. The constant
64��� 3̀ 3�"a!� a2

0 is 7 � 90707 n 10{ 18 cm2. The gauntfactor is not very far from 1, especially
whenaveragedover l at a givenn. Replacingit with 1 is anapproximation(Kramerslaw) that
is qualitatively correct.Accuratetablesandsubroutinesfor it exist today. Evennon-hydrogenic
ionscanbetreatedroughly in this way by substitutingfor Z theeffective chargeof the ion plus
1, that is, Z � N

�
1, whereZ is now theactualnuclearchargeandN is thenumberof bound

electrons.
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Thetotal ratecoefficientfor radiativerecombinationin aplasmain whichtheelectronshavea
MaxwelliandistributionatatemperatureT canbecalculated,usingtheMilne relation,asaninte-
gral over thephotoionizationcrosssectiontimesthePlanckdistribution correctedfor stimulated
emission.Thatis, therateof spontaneousrecombinationsperunit volumeis givenby

NeNb a RR � T �#� Na

X
§ 0

d �28 PI ����� 8�<� 2

c2 exp �"� h�x� kT �&% (8.69)

whereit is understoodthattheSahaequationis to beusedto expressNa in termsof NeNb. Herea RR � T � is the recombinationcoefficient. WhentheSahaequationis substitutedtheexpression
for it is

Nea RR � T �#� X
§ 0

d �<8 PI ����� 8�2� 2

c2
exp

9 e � h�
kT

� (8.70)

In thenon-degeneratecasethis becomes

a RR � T �#� ga

2gb

h2

2� mkT

3~ 2 X
§ 0

d �<8 PI ����� 8�2� 2

c2
exp �"� h �x� kT �&� (8.71)

Therecombinationcoefficient to a hydrogen-like ion, for theprincipalquantumnumbern with
all thel valuessummed,is givenby

a n � T �'� 2 � 06505 n 10{ 11

` T
�gII

n
� XneXn E1 � Xn � � cm3 s{ 1 % (8.72)

whereXn � Z2Ryd ��� n2kT � is thebindingenergy of level n in unitsof kT . Theexpressionin
bracketsis aboutunity for levelsmoretightly boundthankT andtendsto 0 as1� n2 asn increases
above thatpoint. This meansthatat low temperaturetherearesizeablecontributionsto thetotal
recombinationfrom many valuesof n. The total recombinationratevarieswith T closeto the
power T { 1~ 2.

8.5 Free-freeabsorption — bremsstrahlung

Free-freeabsorption,alsocalledinversebremsstrahlung,is thenext steppastbound-freeabsorp-
tion, which is anothernamefor photoionization.Herenot only doesthefinal stateof theprocess
havea freeelectron,but sodoestheinitial state.Sotheprocesshasa formulalike this:

e
�

X
�

h� 7 X h � eh � (8.73)

Most often the casewe are interestedin is when the final stateof the atom X is the sameas
the initial state,andso the energy of the photongoesinto the energy of the outgoingelectron.
(The casethat X changesstatetoo is an exampleof a 2-electrontransition, i.e., two or more
electronshave to changefrom oneorbital to another, andsincetheradiative interactionp � A is
aone-particleoperator, suchtransitionsdonotoccurwithoutconfigurationmixing, whichmakes
themmuchlesslikely.)

Thequantummechanicsof this processis only altereda little from that for photoionization.
We expectacrosssectionfor absorbingthephotonthatis proportionalto thedensityof electrons
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with the initial momentumè K1. We get the crosssectionfor unit densityby taking the initial
freeelectronwavefunctionto beexp � i K1 � r � . Thedensityof final statesin energy andthephoton
flux areunchanged.Thetotal crosssectionfor all anglesof thephotonandelectronsis foundas
beforeby introducingexpansions(8.51) in sphericalwavesfor both the incomingandoutgoing
electrons.Theresultis

8®� K1 S � K2�#� 16� 2

3

me2k

ga è 2K 2
1 K2

n
mam�almmsl � m� m�s d�� amhaK2l h mh mhs d r d amaK1lmms � d 2 � (8.74)

For the bremsstrahlungprocessthe colliding particle is an electron,and thereforewe are
seekinga crosssectionfor electroncollisions,but sincetherearetwo continuouslydistributed
particlesin thefinal state,we canassigna ranged S to thephotonfrequency andfind thediffer-
entialcrosssectionfor thatrange.Whatwefind is

d 8®� K2 � K1 SJ�
d S � 16

3

m2e2k3

ga è 3K1K 3
2

n

mam�almmsl � m� m�s d�� amhaK2l h mh mhs d r d amaK1lmms � d 2 � (8.75)

The reciprocity relation between 8®� K1 S � K2 � and d 8®� K2 � K1 SJ�"� d S is that8®� K1 S � K2� timestheelectrondensitytimesthefractionof theelectronsthathavekineticenergy
lying betweenE1 �Nè 2K 2

1 � 2m andE1
�

dE timesthephotonflux lying in therangeS to S �
d S

shouldbeequal,in thermodynamicequilibrium,to d 8®� K2 � K1 SJ�k� d S timesd S timestheelectron
densitytimesthefractionof theelectronsthathavekineticenergy lying betweenE2 �rè 2K 2

2 � 2m
andE2

�
dE timesthevelocity è K2 � m.

Thereis a problemwith thematrix elementthatappearsin equations(8.74)and(8.75),and
thatis thattheintegralof r timestheproductof two Coulombwavesdoesnotconvergein r 7Y� ,
but oscillateswith increasingamplitude.Soratherthanusingthecommutatorrelationto express
the matrix elementof p in termsof the matrix elementof r , we shouldgo the otherway, and
expressthe matrix elementof p in termsof the matrix elementof the centralforce thatactson
the electron. If we now let V be the sphericallysymmetricpotentialenergy for the initial and
final freeelectrons,forgettingaboutits previousmeaningasthevolumeof abox,thecommutator
relationwe needis

� H % p� ��� è
i

dV

dr

�
r % (8.76)

sothatanalternateform of equation(8.74)is

8®� K1 S � K2 �'� 16� 2

3

e2

gamè 2cS 3K 2
1 K2

n

mam�almmsl � m� m�s d�� amhaK2l h mh mhs d dV

dr

�
r d amaK1lmms � d 2 % (8.77)

anda similar form existsfor d 8®� K2 � K1 S>�"� d S . At larger , dV � dr variesasr { 2, which ensures
convergenceof theradialintegral.
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If thetargetion, or theresidualion in thefinal state,is abarenucleus,thenwehavehydrogen-
like initial andfinal states,which for freeelectronsareCoulombwaves. Like thebound-bound
andbound-freetransitions,the free-freetransitionscanbe expressedin termsof a gauntfactor.
We let Z bethechargeof thetarget ion, representthefrequency in termsof � insteadof S , and
set è K1 � m ��	 1. We find this resultfor theabsorptioncrosssection

8®��	 1 S � 	 2 �'� 4�
3̀ 3

Z2e6gIII

hcm2 	 1 � 3
� (8.78)

We mustkeepin mind that this is the crosssectionfor photoabsorptiongiven that thereis one
electronperunit volumewith thevelocity 	 1. ThequantitygIII is thefree-freegauntfactor, and
is generallyaroundunity. It is givenby aformulaverysimilar to theonefor thebound-freegaunt
factorgII , andalsoa bound-boundgauntfactorgI we have not discussed.Whenthe free-free
absorptionfor a thermalplasmais thequantitywewant,thenwehaveto averageequation(8.78)
overtheMaxwelliandistributionfor 	 1. Theaverageof 1��	 1 becomes̀ 2m� � kT . As aresultthe
absorptivity at frequency � by thefree-freeprocess,but notyetcorrectedfor stimulatedemission,
for ionsthathavea chargeZ andanionic densityNi , is givenby

k§ : f f � 4̀ 2�
3̀ 3

Z2e6 �gIII

hc̀ m3k � 3

NeNi` T

� 3 � 69234 n 108 Z2 �gIII` T � 3
NeNi % (8.79)

wherein thenumericalform thedensitiesarein cm{ 3, thetemperatureis in K, thefrequency is
in Hz andtheresultis in cm{ 1.

Theradio-frequency case,thatis, when � is small,is anexceptionto thegeneralrule thatthe
gauntfactoris closeto unity. An expressionthatcoversthiscaseis thefollowing, from Allen [8]:

gIII p max 1 % ` 3� log
4�2	�� �

max� Ze2� m	 2 %&èx� m	
� % (8.80)

which gets logarithmically large when � 7 0. Here 	 is the final electronvelocity. In the
classicalpicturethis logarithm,asin otherCoulombintegrals,comesfrom an integral over the
impactparameterb for electron-iontrajectoriesthatto begin with lookslikeX

0

db

b
%

which obviously divergesunlesscutoffs bmin andbmax areapplied. Quantummechanicssup-
pliesonevaluefor bmin, which is èx� m	 , sincethequantizationof angularmomentumis equiv-
alentto quantizingb in units of èx� m	 . An alternative lower limit comesfrom the geometryof
the hyperbolicclassicalorbits: whenb is larger than Ze2� m	 2 the deflectionof the colliding
electronis by an anglelessthan �#� 2 andthereforethe generaldirectionof the accelerationis
consistentthroughthe entirecollision. But whenb is smallerthan Ze2� m	 2 the orbit tendsto
doublebackonitself. Theresultis thattheradiationof thesecondhalf of thecollisionpartlycan-
celsthat from thefirst half. This cancellationfactorallows theintegral to converge. Thecorrect
bmin is approximatelyequalto whichever is largerof èx� m	 andZe2� m	 2. Thequantumlimit
is effectiveat veryhighvelocityandthe �#� 2 deflectionlimit appliesatsomewhatlowervelocity.
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Theuppercutoff is lessobvious. Thecaseof an isolatedion, far from any otherion, is treated
with the quantummechanicalmethodassketchedabove, andthe uppercutoff comesfrom the
requirementthat the collision producesomeradiationat the frequency � ; if b is too large, then
thetime-dependentfieldsproducedby theaccelerationof theelectrondonothaveanappreciable
componentat frequency � . Thecollision timeat impactparameterb is of orderb��	 andtherefore
theFourierspectrumof theradiatedenergy cutsoff above ����S>� 2�[��	
� 2� b. Theseresultsfor
bmin andbmax leadto equation(8.80)whenit is furtherobservedthat the classicalarguments
involving b fail altogetherif they leadto a gauntfactorlessthanunity, which is thetypical non-
classicalvalue.It shouldbenotedthattheexactquantummechanicalcalculationsof thefree-free
gauntfactor, basedon Coulombwave functions,implicitly includethe cutoffs describedin this
paragraph;theseaccurateresultsareroughlyapproximatedby equation(8.80).

In a denserplasmait canhappenthat the cutoff 	�� 2�2� is larger thantheDebyelength,r D .
Sincethetargetion’sfield is consideredfully shieldedat r E r D, theintegralshouldbecutoff at
thatvalue.This will happenfor SGRC	
� r D . If 	 is takento be ` kT � m thenthefrequency below

which the Debyelimit is in effect is kT � mr 2
D pqS pe, the electronplasmafrequency. When

thefrequency is thesameorderastheelectronplasmafrequency theeffectsof plasmadispersion
mustalsobeconsidered,andwe have to dealwith a non-unitrefractive index. We will touchon
this topic somemorebelow.

8.6 Opacity calculations

For the astrophysicalplasmathe total absorptivity is obtainedby addingup the processesout-
lined in the last four sections. The bound-bound(section8.2) bound-free(section8.4) and
free-free(section8.5) crosssectionsareevaluatedfor eachof the possiblestatesof all the ion
speciesin theplasma,multipliedby theion densityappropriatefor thatstate,thensummed.This
sumis correctedfor stimulatedemission,in local thermodynamicequilibrium, by multiplying
it by 1 � exp �"� h��� kT � . Thomsonscatteringcontributesan amountNe 8 T to the absorptivity.
Rayleighscattering,like bound-boundabsorption,is thesumof ion statedensitiesmultiplied by
theRayleighscatteringcrosssection.Thetotal of ThomsonandRayleighscatteringis addedto
theabsorptivity as-is,sincethestimulatedscatteringcorrectionis negligible. Thetotalabsorptiv-
ity (dimensioninverselength)is convertedto opacity(dimensionlength2/mass)by dividing by
themassdensity� . Thustheopacity, denotedby t § , is givenby anexpressionlike

t § ���
i j k

Ni j
� e2

mc
f j k

L
j k ���
� �

i j

Ni j 8 PI
i j ����� �

i j

Ni j Ne �8 i j ��	 � 	 h ��� 1 � e
{ h§ ~ kT �

Ne 8 T
�

i j

Ni j 8 RS
i j �����&% (8.81)

in which theindex i denotesaparticularchargestatefor aparticularelementandtheindex j de-
notesaparticularelectronicexcitationstateof thation. Thequantity �8 i j ��	 � 	�h»��� is thethermally-
averagedfree-freeabsorptioncrosssectionfor a unit densityof colliding electrons,and 8 RS

i j �����
is theRayleighscatteringcrosssectionfor ionsi in excitationstate j . TheRayleightermis most
often approximatedusingthe ground-statecontribution alone. Opacitycalculationsin general,
andtheconstructionof meanopacities,arediscussedby CoxandGiuli [79].
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As indicatedearlier, diffusiontheoryleadsto a frequency-integratedflux thatis proportional
to thegradientof thetemperature,viz.,

F �3� 168 T3

3t R� �
T % (8.82)

whereherewe have replacedthe absorptivity in termsof the opacity. To repeathow we have
arrivedat this formula,wehave thediffusionformulafor themonochromaticflux,

F § ��� 4�
3t §�� �

B§ � T �#�3� 4�
3t §ß� dB§

dT
�

T % (8.83)

whichwe integrateover � . Theintegralof thederivativeof thePlanckfunctionis just thederiva-
tiveof theintegral,so

X
0

d � dB§ � T �
dT

� d

dT

X
0

d � B§
� T �'� d

dT

8 T4

� � 48 T3

� � (8.84)

TheRosselandmeanopacity t R is definedby

1t
R

�
X
0 d � 1õ/ö dB ö

dTX
0 d � dB ö

dT

% (8.85)

andcombiningthe last threeresultsgivesthe desiredexpression.We alsorepeatfor emphasis
that the Rosselandmeanis computedfrom the sumof absorptionandscatteringin which the
absorptionpartis correctedfor stimulatedemission.

We alsomaysometimeswant a meanopacitywith which to expressthe total emissionrate
by the material,cf., equation(4.43). If thereis a mixture of absorptionandscattering,so that
k§ � ka§ �

ks§ , andif thesourcefunctionfor theabsorptionpart is B§ andthat for thescattering
part is J§ , asdiscussedin thepreviouschapter, thentheexpressionfor theenergy couplingrate
g0 reducesto this:

g0 � d � d ¨ ka§ B§ � ks§ J§ �I� ka§ �
ks§ � I §

� 4� d � ka§ B§ � ks§ J§ �\� ka§ �
ks§ � J§

� 4� d � ka§ � B§®� J§&�&� (8.86)

Wehaveassumedthattheabsorptivity is isotropic,sothisreductionis appropriatefor thecomov-
ing frame. What we seeis that the scatteringprocessdisappearsfrom the net energy exchange
rate.To bemoreprecise,theenergy exchangedueto scatteringcomesfrom theterms,neglected
here,thatallow thefrequency of a photonto changein thescatteringprocess.We focusnow on
the B§ termin the integral; this is from theemissionrate. If we definethePlanckmeanopacity
by

t
P �

X
0 d � t § B§X

0 d � B§ % (8.87)
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thentheenergy emissionrateis

4� t P � B � 48 t P � T4 � (8.88)

Unfortunately, thespectraldistribution J§ isnotgenerallyknownunlessadetailedmulti-frequency
calculationis done,so the integral of the absorptionterm cannot be evaluatedexactly. What
might bedonein a grayapproximationis to assumethat thespectrumof J§ hasthesameshape
asthatof B§ , andhopefor thebest.Thusthesamemean,thePlanckmean,might be taken for
bothterms.If this is done,theresultfor theenergy coupling(in thecomoving frame,in general)
is

g0 � 4� t P �5� B � J �&% (8.89)

whereB is 8 T4 � � and J standsfor thefrequency integral d � J§ . This is therelationthatwas
usedearlier, in section7.2.

We notethat the Planckmeanis computedby omitting the scatteringfrom the opacityand
usingthestimulatedemissioncorrectionontheabsorptionpart. It is possible(justfor amusement,
perhaps)to cancelthe factor1 � exp �k� h �x� kT � in thecorrectedopacitywith thesimilar factor
in the denominatorof the Planckfunction, and therebycalculatethe numeratorintegral using
theuncorrectedabsorptionopacityandtheWien approximation� 2h� 3 � c2� exp �"� h�x� kT � to the
Planckfunction. This is to saythat theemissivity doesnot carewhetherthephotonsarebosons
or not.

Somegeneralremarkson thetwo typesof meanopacityarein order. Whenthespectraldis-
tribution of t § is very complex, with a greatmany stronglines, photoionizationedges,andso
on, thenthe dynamicrangeof t § may be very large. In the centerof a strongline we arenot
surprisedto find opacityvaluesof 1010cm2 g{ 1, while in thewindowsbetweenlines,andbelow
absorptionedges,theopacitymaygetaslow asthescatteringpart,which is around0 � 2cm2 g{ 1,
giving a rangeof ten ordersof magnitude! In this circumstancethe Planckmean,sinceit is a
linear mean,may be ordersof magnitudelarge than the Rosselandmean,which is like a har-
monic, i.e., reciprocal,mean. In very tenuousplasmasthe scatteringcanbe much larger than
the absorptionopacity, with the result that the Rosselandmean,which includesscattering,can
bemuchlarger thanthePlanckmean,which doesnot. Thesegrossvariationsshouldbekept in
mindandappropriatelyappliedto theproblemat hand.

Anotherremarkconcernstherelativeimportanceof differentelementsin amixedplasmasuch
astheastrophysicalmixture,whichhaslargeamountsof hydrogenandhelium,andprogressively
smalleramountsof heavier elementsC, N, O, Ne, Na, Mg, Al, Si andon to Fe andNi. The
atomic fraction of iron is only about4 n 10{ 5 comparedwith hydrogen. Nonetheless,iron
is the dominantopacitycontributor undersomeplasmaconditions. The reasonis that at high
temperatureall the lighter elements,andabundanthydrogenandhelium in particular, arefully
stripped:themeannumberof boundelectronsis quitesmall. This eliminatesbound-boundand
bound-freeabsorptionfor theseelements.Whatis left is free-freeabsorption,which is relatively
weakexceptat low frequency. Theheavier elementsstill have severalboundelectronsunderthe
sameconditions,andthereforetheir opacitycontribution is considerable.Evenif iron, say, were
fully strippedits opacitycontribution would be largein comparisonto its abundancebecauseof
the Z2 factorin equation(8.79);accountingfor this factorwe seethat iron free-freecontributes
3%asmuchashydrogenfree-free.

The procedurefor computingopacitiesruns like this: A theoryof atomicstructureis first
usedto determinethe energy levels andionizationpotentialsof all the relevant ions of all the



140 CHAPTER8. RADIATION-MATTERINTERACTIONS

elementsthoughtto make significantcontributions to the total opacity, and, if necessary, the
wave functionsthat go with eachenergy level. Thenthe oscillatorstrengthsof all the possible
transitionsarecomputedfrom thesewave functions,and the photoionizationcrosssectionsas
well. If theatomicstructureis beingtreatedin a simplifiedway, thenperhapssimpleformulae
or just the hydrogenicvaluesmay be used,therebyavoiding having to calculatelargenumbers
of radial integralsby numericalquadrature.Thephotoionizationcrosssectionsandperhapsthe
free-freecrosssectionsarefoundby otherquadraturesor otherformulae.

Thefinal stepbeforetheopacitycanbecomputedis to determinethebroadeningof thespec-
tral lines. The Dopplerbroadeningis easy: a Gaussiandistribution with a standarddeviatione �V�$� kT � Mc2, whereM is themassof theatom.Electroncollisions,by themselves,gener-
ally make a Lorentzianprofile ��O#� 4� 2 �"���"���;�s� 0 � 2 � ��O#� 4�<� 2 � , whereO is therateof electron
collisionswith the radiatingatom. Ions in theplasmahave a differenteffect: they do not move
rapidlyenoughto interrupttheprocessof radiation,which is whatleadsto theLorentzianprofile.
Instead,theradiationoccurswhile thereis areasonablyconstantconfigurationof perturbingions.
For eachconfigurationthereis a certainvalueof theelectricfield at thelocationof theradiating
atom,which shifts theenergy levelsthroughtheStarkeffect. Theprobabilitydistribution of the
electricfield (plasmamicrofield),foldedwith therelationsthatdeterminethelevel shiftsin terms
of the field, givesthe line broadeningcontribution dueto ions. (In moresophisticatedcalcula-
tionstheionsarenot treatedascompletelystationary, nor aretheelectronstreatedwith a simple
Lorentzianprofile.) TheDopplerbroadening,electronimpactbroadeningandion broadeningare
themajormechanisms,but othermechanismsmustbeincludedin specialcases.

The calculationof opacitiesfor astrophysicalusehasevolvedgreatlyover the years,aswe
might have expected. The first calculationsappliedthe hydrogenicformulaeto all elements,
andin fact omittedthe line contribution entirely. Suchwerethe opacitycalculationsby Keller
and Meyerott [141], for example. (Although someelementswere representedusing Hartree-
type wave functions.) In the next generation,the Cox andStewart opacitiesof the 1960s[77],
thehydrogenicformulaewerestill used,but with scalingfactorsto accountfor theshieldingof
thenucleusby otherelectronsin a multi-electronion. The line absorptionwasincludedfor the
first time. At aroundthe sametime the Thomas-Fermimethodwasdevelopedasan alternative
to the hydrogenicmodel. In this approachsingle-electronwave functionswereactuallycom-
putednumericallyusingfor thecentralpotentialthesolutionof theThomas-Fermimodelatom.
For technicalreasonsthis approachgave opacitiessimilar in accuracy to the scaledhydrogenic
method.In thelast20–30yearstheadvancesin opacitytheoryhave includedusingtheHartree-
Fock self-consistentfield methodto getmuchmoreaccuratevaluesof theenergy levelsandthe
wave functions.(TheFock partof thenamemeansthatantisymmetryof thewave functionswas
explicitly built in, by usingboth a direct andan exchangepart of the electron-electronpoten-
tial function.) It shouldbe notedthat even the very bestof theseatomicstructurecalculations
arefar lessaccuratethanthe experimentaldeterminationsof atomicenergy levels. Onemight
ask,why not just usetheexperimentaldata?The problemis that the experimentaldataarenot
completeenoughto supplyall the levels thatareneeded,andtheenergy level informationdoes
not helpmuchwith determiningtheoscillatorstrengthsandcrosssections.A saving fact is that
the meanopacity is really not very sensitive to the precisevaluesof the transitionfrequencies.
If the calculatedfrequenciesarestatisticallycorrectthenthe opacitywill be aboutright, when
theaverageis taken,eventhoughsomeof thelineshave beenshiftedaroundcomparedwith the
truefrequencies.TherehavebeenadvancesbeyondHartree-Fockaswell. Someopacitycalcula-
tions(e.g., theOpacityProject[234]) haveusedthemethodof configurationinteraction,in which
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themulti-electronHamiltonianis computedfor a largebasissetof somewhatarbitrarily selected
states,thendiagonalizedto determineenergy levelsandeigenfunctions.Thismethodcanbevery
accurateprovidedthebasissetis largeenough.

Sofar themethodsdescribedhave treatedtheatomsasisolatedentities,sothewave func- Fig. 8.2
tionsarecalculatedasextendingto r � � . This is a reasonableapproximationwhenthemean
distancebetweenions is much larger than the radiusof the Bohr orbits of interest,which is
aboutn2a0� Z ð in termsof the principal quantumnumbern andthe ion charge Z ð . It is not a
goodapproximationwhentheneighborionsgetclose,nor is it a goodmodelfor highly excited
states. Calculatingthe atomic statesand their occupationprobabilitieswhen the plasmagets
denseis a significantchallenge.The OPAL opacitycodeusesa lesselaborateatomicstructure
methodthattheconfiguration-interactionmethodadoptedfor theOpacityProject— OPAL uses
the parametric-potentialmethod,a fitting technique— but appliesquite a sophisticatedtreat-
mentof theelectron-electron,electron-ionandion-ioncorrelationsthatarisebecausethecharges
arecloseenoughto interactstrongly. OPAL calculatesall the individual lines from the various
configurationsin detail, including the relativistic fine structure,andusesa careful treatmentof
ion microfieldbroadeningandelectronimpactbroadening.Thuseventhoughtheindividual line
frequenciesare not given to high accuracy by the parameterized-potentialmethod,the OPAL
opacitieshave beenshown to be free from major systematicerrors. A sampleOPAL opacity
calculationfor iron is shown in Figureillustratestheuniversalpropertiesof ageneral� { 3 depen-
denceof the bound-freeandfree-freeopacitybetweenedgesandlines, the high valueattained
by the free-freeat low � , the jumpsat bound-freeedgesthatareever-largeras � increasesuntil
the last one(the K edge)is reached,andthe extremely large valuesof opacityattainedwithin
thelines,which tendto clusteron thelow- � sideof theedges.Thisexampleis neitherunusually
simplenorunusuallycomplex in termsof line structure.

TheOPAL andOpacityProjectopacitydatabasesarenicely reviewedin refs.[234, 32, 220].
The OP is alsodescribedby Seaton,et al., [235], andthe latestOPAL resultsby Iglesiasand
Rogers[132].

An approachsuchasthat usedin OPAL andin the OpacityProject,in which every line is
computedindividually to form aspectrum,failsbadlywhenthereareatomicshells,perhapssev-
eralof them,thatcontainseveralelectronswith largerangularmomenta,suchas3d64s4p3, for
example.Somesuccesshasbeenachievedin thesecomplicatedatomsby usingtheideasof Un-
resolvedTransitionArrays(UTAs) andSuperTransitionArrays(STAs). Usingpowerful modern
methodsfor angularmomentumalgebra,Bauche,Klapischandothershave found formulaefor
themeanandstandarddeviation of the line frequenciesconnectingtwo wholeconfigurationsor
evensmall setsof configurations,andtheir statistically-basedcalculationsof thespectrumgive
anacceptablyaccurateresultin someotherwiseintractablecases.

It mustbeclearthat thecalculationof opacityhasbecomemuchmoreelaboratethanin the
daysof Keller andMeyerott,whena simplesubroutinecouldcomputethe opacityquickly and
easily just whenit wasneeded.The present-dayelaborateopacitycalculationstake an hour or
moreof computertimejustto find theopacityatasingletemperature-densitypoint. Theonly way
to usesuchopacitiesthatmakespracticalsenseis astablesthatarereadinto memoryandthatare
usedto supplyvaluesby interpolationwhenthey areneeded.Indeed,theuseof largerandlarger
tablesof opacityhasbeencommonsincetheproductionof theLosAlamosOpacityLibrary in the
1970s[125]. In someof today’sadvancedstellaratmospheremodelingthefrequency-dependent
opacityis neededaswell as,or insteadof, theRosselandmean,andthesetablesarenow saved
whentheopacitycodesarerun. Thesizeof thesetablesis very large,but, aswe will seeshortly,
all theotheraspectsof theradiationhydrodynamiccalculationsthatusemulti-frequency opacities
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arelargeaswell.



Chapter 9

Spectral line transport

9.1 Non-LTE

Thetitle non-LTE refersto amethodfor analyzingtheinteractionbetweenagasandtheradiation
field thataccountsfor themodificationof theexcitationandionizationstateof theatomsin the
gasby the influenceof the radiationfield. If the radiationfield is weakor the densityis large,
thenthe occupationprobabilitiesof the atomicstatesaregovernedby the dominantcollisional
processes.In awidevarietyof casestheratesof electron-electronandion-ioncollisions,andusu-
ally electron-ioncollisionsaswell, aresogreatthattherelaxationof all thesespeciesto a single
kinetic temperatureis essentiallycomplete.Sowhencollisionalprocessesdominanttheatomic
excitationrates,theresultis occupationprobabilitiesthatagreewith thermodynamicequilibrium,
nomatterwhattheradiationintensitiesmaybe.Thisis LTE — local thermodynamicequilibrium.
Sonon-LTE is theothersituation. In non-LTE therelaxationof thevelocity distributionsof the
electronsandatomsto a singlekinetic temperatureis still supposedto be true. But what is not
truein non-LTE is thatcollisionalprocessesaregenerallydominantover thecompetingradiative
processesfor populatingandde-populatingtheatomicstates.

Non-LTE is a largesubject.Goodreferencesfor non-LTE line transportareMihalas’sStellar
Atmospheres[186], Athay’sbook[11] andIvanov’sbook[133]. Approximationsto theelectron-
impactexcitationratearediscussedby Sobel’man
indexSobel’man,I. I. [239] andby SampsonandZhang[229, 230].

9.1.1 kinetic equations

As a systemfor doing calculations,non-LTE consistsof solving for the radiationfield I § and
the setof atomicoccupationsNi j , alsooften called the “populations.” Here i is an index for
elements,and j is an index for anenergy level belongingto thatelement.Thesetof equations
thatdeterminethesearethe transportequation,which fixesthe intensity, andtheatomickinetic
equations.Thekinetic equationshave thisgenericform:

� D � Ni j � �!�
Dt

�
k

Ni k � Pkj
�

Ckj �J� Ni j � Pj k
�

C j k � � (9.1)
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The P’s andC’s areratecoefficients. The P’s in particularare radiative rates,suchasspon-
taneousandstimulateddecay, photoabsorptionandphotoionization,andthe C’s arecollisional
rates,mostcommonlytheonesfor inelasticelectroncollisions.Theelasticratesareignored,since
they do not changethe level populations(althoughthey countin electronimpactline broaden-
ing). TheelectronratescanbeexpressedasNe timesa collisionalratecoefficient,andthelatter
is a quantity like � 	
8 j k � , wherethe bracketsindicatean averageover the electronMaxwellian
distribution of velocities. The radiative ratesarecombinationsof spontaneousdownwardrates,
stimulateddownwardratesthatarewrittenasintegralsof appropriatecrosssectionsoverthepho-
ton flux spectrum,andupward radiative ratesthat arelikewise integralsof photonfluxestimes
crosssections.

Every rate in equation(9.1) appearstwice, onceasa positive term in the equationfor the
receiving level, anda secondtimeasa negativetermin theequationfor theoriginatinglevel. As
a result,if all theequationsfor thelevelsof all theionsof oneelementareaddedup,everything
in the sumcancelsout. The time derivative on the left turns into � timesthe convective time
derivative of the atomic fraction of that element,which vanishesunlessthereis diffusion (of
atoms!)in thefluid.

Of course,time scalesvary enormously, but it helpsto think aboutthemagnitudeof things.
A typical flow time scalein the sun or someother star might be around103 s, or perhapsin
somecataclysmasshortasonesecond.The lifetime for spontaneousdecayin a typical strong
spectralline in the optical region is somethinglike 10{ 8 s. Radiative recombinationlifetimes
in stellar atmospheresareon the order of 1��� Nea RR � which comesout 10{ 3 s if the electron
densityis 1016cm{ 3, a fairly typicalvaluefor photospheres.Electroncollisionalratecoefficients
aresomethinglike 10{ 8 cm3 s{ 1, which makesthe collision ratearound108 s{ 1. Someof the
photoionizationrates,thosethatinvolvethresholdfrequenciesin thefar-UV, will bevastlysmaller
thanthe radiative recombinationrates.Thuswe seethat thereis a very largedynamicrangeof
the ratevalues,from a ratethat is perhapscomparablewith the flow rate,to processessuchas
spontaneousbound-boundratesandelectroncollisions that may be 108 times faster. In other
environmentsthecomparisonswill differ, but thelargedynamicrangeis acommonproperty. We
notice that in this casethe ratesare(perhapsall?) larger thanthe flow rate,andthat no great
errorwould becommittedby droppingthetime derivative term. This is often,but not always,a
reasonableapproximation,calledstatisticalequilibrium.

Letusthink for aminutewhatisentailedin solvinganon-LTEproblem.Wearetrying tosolve
simultaneouslyequations(4.23)and(9.1). In bothof thesethecharacteristictime for the right-
handsidetermsmaybeveryshort— thelight-travel time for thetransportequationandthetime
scaleof the fastestratesfor the kinetics. A straightforwardexplicit time-differencingof either
equationwouldbesubjectto astabilityconditionthatrestrictsthetimestepto avaluesmallerthan
thesecharacteristictimes. This is usuallyprohibitively small. Thussomekind of implicit time
differencingmustbeused,whichamountsto solvingthesteady-stateequationsfor theadvanced-
time variables,with the time derivative termasa smallperturbation.This situationis described
by sayingthatthesedifferentialequations(in time)arestiff . As thenumbersjustquotedindicate,
thekinetic equationsarevery stiff indeed,sincetheremaybea factor108 separatingthefastest
relaxationtime from thetimescaleonwhichwewould like to integrate.(Thosewhoarefamiliar
with theassociationbetweenstiffnessandthemagnitudeof theeigenvaluesof theJacobianmatrix
of thederivativeswith respectto theunknownsmaywantto know that the largesteigenvalueof
the ratematrix is comparablewith the fastestrate.) Thuswe want to considertheworstcaseof
stiffness,which is thesteady-statelimit, andreality is oftencloseto it.
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9.1.2 two-level atom

In order to develop somemore of the non-LTE ideas,let us considerthe prototypenon-LTE
problem,which is thetwo-level atomin a steadystate.That is, we restrictourselvesto a single
ion, and ignore all but two energy levels, the groundstateand an excited stateconnectedto
the groundstateby a strongline. We usethe labels1 and 2 for the levels, and accountfor
the radiative processesof radiative excitation,spontaneousandstimulatedemission,collisional
excitationandcollisionalde-excitation(super-elasticcollisions).Thereis just onerateequation,
sincethesecondoneis guaranteedto bethesameasthefirst. This is

N1 B12 �J12
�

NeC12 � N2 A21
�

B21 �J12
�

NeC21 � (9.2)

Theradiativerateshavebeenexpressedin termsof theEinsteincoefficients.Becausetheintensity
may, indeedwill, have somevariationwithin the line bandwidth,theabsorptionandstimulation
emissionratesareproportionalto a cross-section-weightedangle-averagedintensity,

�J12 � d � L 12 ���
� J§ � (9.3)

Theexpressionsfor theabsorptivity andemissivity areasfollows(cf., (8.28,8.29)):

k§ � h�
4� � N1B12 � N2B21� L 12 ����� (9.4)

j §÷� h�
4� N2A21

L
12 �����&� (9.5)

Noticethatwe cannot assumethat thestimulatedcorrectionfactoris 1 � exp �"� h��� kT � . If we
divide theemissivity by theabsorptivity wegettheline sourcefunction,

S§«� N2A21

N1B12 � N2B21
� 2h� 3� c2

N1g2
N2g1

� 1
% (9.6)

aswe describedearlierin equation(8.21). Onething we noticehereis that the shapefunctionL
12 ����� hascanceledout, andthesourcefunctionis very nearlyindependentof frequency. If we

inquirealittle moredeeplyinto thisresult,it is aconsequenceof theassumptionthatthequantum
stateof theexcitedatomhaslostany coherenceit mayhaveacquiredin aphotoexcitation,andhas
thesamerandomphasethat it would have if it werecollisionally excited, for example. Reality
is morecomplicated.If theprobabilityof a radiativedecayvastlyexceedstheprobabilityof any
collisionalprocess,thenthecoherenceis not lost, which meansthat thefrequency profile of the
emittedradiationwill containtracesof thespectraldistributionof theradiationthatproducedthe
excitation.Thissituationis calledpartial redistributionandwill bediscussedin thenext section.
We note that scatteringof a photonin the wing of a resonanceline takes two forms, which
correspondto the two possibilitiesfor coherence.If the coherenceis retained,thentheemitted
photonhasessentiallythe samefrequency as the absorbedphoton,and this processis called
Rayleighscattering. Whenthecoherenceis lost, theemittedphotonfrequency is nearline center,
andtheprocessis calledresonancefluorescence. Whentheincomingphoton’sfrequency is quite
far in the wing, the Rayleighscatteringprocesspredominates.A generalterm for scatteringin
which the coherenceis lost is completeredistribution, andthis is whatwe shall assumefor the
present.
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The rateequationcanbe solved for N1 � N2 which is thensubstitutedinto the formula for
S§ . Beforedoingsowe notethat thecollisional ratecoefficientsmustthemselvesbeconsistent
with LTE. Theupwardanddownwardelectron-collisionratecoefficientsaredeterminedby the
velocity distribution of theelectrons,which we assumeto beMaxwellianat the temperatureT .
Theupwardanddownwardcollision rateswould thenbalanceif theatomicpopulationsobeyed
theBoltzmannexcitationformulaat thesametemperature.This leadsto

C12 � g2

g1
e
{ h§ 0 ~ kT C21 (9.7)

in view of theBoltzmannexcitationformula,sinceh� 0 is theexcitationenergy. Performingthe
substitutionsleadsto thisexpressionwhentheradiativeratesarealsoincluded

S§«�3� 1 �]½x�>�J12
� ½ B§
% (9.8)

with

½
1 �4½ � NeC21

A21
� 1 � exp �k� h� 0 � kT � � � (9.9)

Theformula(9.8)stronglyresemblesthescatteringsourcefunctionconsideredin Milne’ssecond
problem,and1 �4½ is analogousto thescatteringalbedo.We canregardtheline scatteringevent
in this way: Whena photoexcitationoccurs,the excitedatomcandecayin two ways. Either it
decaysradiatively, producinganotherphoton,or it decaysby a super-elasticcollision, in which
casewe saythat the excitationhasbeenquenched.In the first casewe cansaythat the photon
hasbeenreborn,andbegins its next flight, while in the secondcasewe say that the collision
haskilled the photon. The branchingratio for re-emissionis the albedo.Apart from the factor
1 � exp �"� h� 0 � kT � this is simply given by the ratio of the A valueto the sumof the A value
andthe collisional de-excitation rate. To repeat:this is not scatteringin the senseof Thomson
or evenRayleighscattering,sincein thosecasestheamplitudefor emissioncombinescoherently
with theamplitudefor absorption.Herewe assumethat theexcitedatomlingersa while, sothat
its phaseis scrambledbeforereemission.However, in the far wingsof the line, theuncertainty
principlefor time vs.energy requiresthattheemissionoccurpromptly, whichmakestheprocess
coherent.Thusline scatteringaswe describeit heregoesover into Rayleighscatteringin thefar
wingsof theline. Completeredistribution is inappropriatein thatcase.

Thereis a usefulapproximaterelationbetweenC21 and A21 dueto Van Regemorter[257]
which is foundwhenthe processof electronimpactexcitation is treatedin a large-r dipoleap-
proximation.It is

C21

A21
p 0 � 2É 3g

T � 104 K
% (9.10)

in whichg is formally thesameasthefree-freegauntfactor �gIII ��� 0 � , but is betterregardedasafit-
ting constant.Comparingequation(9.10)with accurateelectronexcitationcalculationssuggests
that g p 0 � 2 is a goodchoicefor collisionswith positive ions, exceptthat transitionsbetween
statesof thesameprincipalquantumnumbern requirea largervalue,morelike unity. Usingthe
VanRegemorterformulagivesthis simpleresultfor ½ :

½
1 �]½ p 0 � 2NeÉ 3g � 1 � exp �"� h� 0 � kT � �

T � 104 K
� (9.11)
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ThewavelengthÉ thatappearshereis thewavelengthof thespectralline beingconsidered.Just
sowecanappreciatetheorderof magnitudesinvolved,wesupposethatT is 104 K andtheline is
in thevisiblepartof thespectrum,so ÉVp 5000Å. Theresultfor ½���� 1 �K½y� is Ne� 4 n 1013cm{ 3.
Theplacein thesolaratmospherewheretheelectrondensityis 4 n 1013 is nearthephotosphere;
theelectrondensitythereis muchsmallerthanthevalue1016 mentionedearliersincethedegree
of ionizationis low. In theatmosphereof a hot starthis electrondensitycomesat approximately�Q� 10{ 2. The resonancelines we areconsideringare formedhigher in the atmospherethan
eitherof theseestimates,andsowegenerallyexpect ½ to besmall.

We will describethe solution of the simplestproblemof resonanceline transfer, namely
finding thesourcefunctionandtheemergentspectrumwhenthetemperatureand ½ areuniform
in ahalf-space.Weneedto introduceanopticaldepthscalethatdescribestheline asawholein a
meaningfulway, andthefirst steptowardthis is to introducea frequency scalemeasuredin units
of theDopplerwidth from thecenterof theline. HeretheDopplerwidth is ` 2 timesthestandard
deviationof theGaussianprofile, e � D ��� 2kT � Mc2. Our scaledfrequency is

x � �o�4� 0e � D
� (9.12)

We thenusea crosssectionprofile functionthatis normalizedon thex scale,X
{ X dx

L � x �'� 1 � (9.13)

Thenwe definetheopticaldepthscale� , without a frequency suffix, so that � § �3� L � x � . This
meansthat � is calculatedfrom

d �V� h� 0

4� e � D
� N1B12 � N2B21� dz � (9.14)

For simplicity we assumethat
L � x � is independentof depth,which is reasonablefor a constant

temperatureatmosphere.
Now we canobtainJ§ from therelation(5.25)appliedfrequency-by-frequency,

J§ �����#� 1

2

X
0

L � x � d � h E1 � L � x � d � h �4� d � S��� h ��� (9.15)

Next wemultiply by
L � x � andintegrateover x to obtain �J:

�J �����#� X
0

d � K1 ��� h �Z��� S��� h ��% (9.16)

whereK1 ����� is a new kernelfunctiondefinedby

K1 �����#� 1

2

X
{ X dx

L 2 � x � E1 � L � x � d � d �&� (9.17)

The K1 function is normalizedto unity, ascaneasilybeshown by integratingover � underthe
integralover x, thenusingthenormalizationof

L
. But this functionis verydifferentin character

from thosekernels,like E1 ����� , that fall off exponentiallyat large � . In fact, in the important
DopplerbroadeningcaseK1 falls off only as1��� 2 for large � . That meansthat the meanfree
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pathfor line scatteringis infinite. This is amajordifferencebetweenline scatteringandThomson
scattering,say. If a photondoes104 Thomsonscatterings,then its net displacementis aboute �V� 100,sinceeachflight representsarmsstepof 1 in � , andtheflightsaddin thesquare.Line
transportdoesnot work thatway. On eachflight in a line transferproblemthephotonchoosesa
frequency by samplingthedistribution

L � x � , thenit goesa distanceof order1� L � x � in � . What
happensaftermany flights is actuallythis: thenetdisplacementis contributedalmostentirely by
theoneflight for which thesampledfrequencywasfarthestfromline center. Line photonsdonot
diffusewhenthereis completefrequency redistribution.

Considerthose104 line scatteringsagainand assumethe line profile is Doppler,
L � x �;�

exp �"� x2 �"� ` � . Thelargestfrequency x of thatmany sampleswill beaboutthevaluefor which
the integral of the tail of

L
from x to � is around10{ 4. But the integral is approximatelyL � x �"� 2x. Thusthevalueof

L
for this x is roughlythesameasthetail probability, namely10{ 4,

so themeanfreepathat this frequencyis 104 in � units,andthat is how far thephotongoeson
thatoneflight. Sofor line scatteringwith aDopplerline profile,thenetdisplacementaftera large
numberN of scatteringsis of orderN, not ` N asit would bein theusualrandomwalk.

Theintegralwith respectto � of the K1 functiondefinesthe K2 function:

K2 �����#� 2

X
² d � h K1 ��� h �#�

X
{ X dx

L � x � E2 � L � x �"��� �]E 0 � (9.18)

If, in equation(9.16),S����h°� is evaluatedat ��h���� andtakenout of theintegral, theresultis

�J �����'p3� 1 � pesc�����k� S�����0% (9.19)

in which thetwo-sidedescapeprobabilityis now givenby

pesc�����#� 1

2
K2 �����0� (9.20)

This is analogousto the monochromaticequation(5.24) discussedearlier, except that now we
are consideringthe escapeof line photonsfrom the mediumwhen the frequency can change
randomlyateachscattering.Thenatureof thekernelsK1 ����� andK2 ����� is all-importantin setting
thequalitativenatureof theescapeof line radiation.Thedifferentshapesof line profile

L � x � lead
to differentkernelbehavior for large � , asshown by AvrettandHummer[18]. For K1 ����� :

K1 �����#f
1

4² 2̀ ln� ² ~ � ©�� Doppler

� a
6² 3ø 2 Voigt, a � � 1

1
6² 3ø 2 Lorentzian�

(9.21)

For K2 ����� :
K2 �����#f

1
2² ` ln� ² ~ � ©�� Doppler

2� a
3� ² Voigt, a � � 1

2
3� ² Lorentzian�

(9.22)

The Milne equationto be solved for the sourcefunction for the constant-temperaturehalf-
spaceproblemis thefollowing:

S�������G½ B§ � � 1 �4½y� X
0

d � h K1 ��� h �4��� S��� h �&� (9.23)



9.1. NON-LTE 149

We will skip the analyticalsolution methods,which can just be copiedover from the single-
frequency or graycase,andgo to theresults.Thevalueof S at thesurface,��� 0, is ` ½ B§ , an
exactresult. ThenS risesfrom thatvaluewith increasing� moreor lessas � 1~ 2 andeventually
reachesB§ when � is approximatelythe thermalizationdepth.The thermalizationdepthcanbe
foundfrom theroot of a transcendentalequationsimilar to equation(5.42). It alsocomesfrom
a physicalargument.When ½ is a smallnumber, thephotonwill survive aboutN � 1� ½ flights
beforebeingdestroyed.Thethermalizationdepthisaboutequalto thenetdistancethephotonwill
go in thatmany flights, which aswe have seenis about e � � N. Thereforethe thermalization
depthis approximately1� ½ on the � scalefor the caseof Dopplerbroadening.This doesvary
with theshapeof theline profile,sofor example,for aLorentzianprofilethethermalizationdepth
is roughly1� ½ 2. A moreprecisedefinitionof the thermalizationdepth ù that is consistentwith
thisargumentis givenby thestatement

K2 � 1
2
ùu�#��½®� (9.24)

Whenscatteringis quitedominant,so ½ is very small, therelationsfor thethermalizationdepth
with thevariousprofilesare

ù$f
1ú ` { ln � � © ú � Doppler

8
9

aú 2 Voigt, a � ½
8
9

1ú 2 Lorentzian�
(9.25)

Thesourcefunctionfor theconstant-temperaturehalf spacewith Dopplerbroadeningand Fig. 9.1
for ½H� 10{ 4 is illustratedin Figure9.1.

The shapeof the line in the spectrumof the emergentflux follows from an applicationof
theordinaryEddington-Barbierrelation.Thusat line centertheflux is about� timesthesurface
sourcefunction,or � ` ½ B§ , thenawayfrom line centerit risesin proportionto 1� L � x �'È exp � x2�
until it reachesthe level of � B§ at x p � log ��½y�"� 2. This givesa trough-shapedprofile with
quite a black centerandsteepedges. In the casethe temperaturedistribution is high at ���
0, goesthrougha broadminimum at somelarge value of � and increasesagainat yet larger� , which is a roughpictureof the solar transitionregion, chromosphereandphotosphere,the
samekind of argumentcanbe usedto sketch the emergentspectrum. If the valueof � at the
temperatureminimumis greaterthanthe thermalizationdepth,thenthe sourcefunctionwill be
smallat thesurface,owing to ` ½ , thenriseinwarduntil at thethermalizationdepthit meetsthe
Planckfunction,which hasbeendecliningover this range.Thesourcefunctiongoesthrougha
maximumat this point. Going fartherinward, the sourcefunction follows the Planckfunction
down to theminimum,thenup againgoingon down throughthephotosphere.This shapeof the
sourcefunctionvs.depthmapsinto theshapeof theemergentflux vs. frequency: it is verysmall
at line center, increasesaway from thecenter, goesthroughamaximumat thedisplacementfrom
centerwherethemeanfreepathcorrespondsto thethermalizationdepth,thendropsagainfarther
from line center, goesthrougha very broadminimum, andfinally risestoward the continuum
whenthemeanfreepathreachesall theway to thephotosphere.This is thepictureof theCaII H
andK linesandtheMg II h andk linesin thesolarspectrum.
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9.1.3 Ivanov’s approximation

Owing to the non-diffusive characterof line transportwith completefrequency redistribution,
a goodapproximationfor the spatialvariationof the sourcefunction in a finite or semi-infinite
mediumwith slabsymmetryis not too simpleto obtain. Sobolev’s Russianschool,andnotably
V. V. Ivanov, havebeensuccessfulatdoingthis. In ananalysisthatis too long to reproducehere,
Ivanov [133] obtainsthis approximatesolutionof thefinite slabproblemwith a uniform Planck
function B§ :

S p ½ B§` � ½ � � 1 �4½x� K2 ����� �w� ½ � � 1 �4½y� K2 ��� 0 �]��� � % (9.26)

where � is theopticaldepthmeasuredfrom onefaceof theslab,and � 0 is theoptical thickness
of theslab. K2 ����� is thekernelgivenin equation(9.18). It hasthelimits K2 ����� 7 1 for � 7 0,
andK2 ����� 7 0 for � 7¯� . Equation(9.26)hasall the right limits: S f3½ B§ when � 0 7 0,
S f B§ for �W%/� 0 �s� 7ò� , andS� 0�¢� ` ½ B§ for � � 0 and � 0 7ò� . In §8.11of [133] the
accuracy of (9.26)is computed,andit is alwayswithin a factor2 andoftenwithin 20 percent.

9.1.4 multilevel atom

TheNLTE problemsof practicalimportanceinvolve morethantwo levels, indeedthey may in-
volveagreatmany levels.An importantstepping-stoneto solvingsuchmulti-level problemsis to
treatthespectrallinesoneat a time, in eachcaseaccountingfor theresponseof thepopulations
of theupperandlowerlevelsof thisoneline to changesin its own radiationfield, but omittingthe
changesthatmayoccurin theotherlevels.This is theequivalenttwo-levelatommethod(ETLA)
that hasbeendevelopedby Avrett [17, 19, 20] andothers. Let the line in questionbe formed
in the transitionbetweenlower level

�
andupperlevel u. Thesourcefunctionexpression(9.6)

becomesfor this line

S§«� 2h� 3

c2

1� b� � bu � exp � h��� kT ��� 1
% (9.27)

in whichb� andbu arethedeparturecoefficientsof thelevel populationsfrom LTE:

bn | Nn

N ðn % (9.28)

in which thequantity N ðn is thepopulationof level n calculatedon thebasisof thermodynamic
equilibriumat thelocalelectrontemperature.Onetechnicalpoint to noteaboutequation(9.27)is
that � neednotbetreatedasconstantacrosstheline profile. In fact,amorecarefulanalysisof the
absorptivity andemissivity profilesshows thaton theassumptionof completefrequency redistri-
bution in theline scattering,thefrequency dependencesof absorption,spontaneousemissionand
stimulatedemissionarerelatedin just theway neededfor equation(9.27). This is discussedby
Castor,DykemaandKlein [61]). Thatreferencewill beusedfor thefollowing discussion.

Theratiob�û� bu canbefoundby solvingthekineticequationsfor thetwo populationsN� and
Nu, assumingtheremainingpopulationsaregiven.Thefull kineticequationsfor thetwo levels

�
andu, in thesteady-statecasewith D � Nn ���!�k� Dt � 0, become

� P� u �
C� u �

a1 � N�¢�C� Pu � � Cu�/� Nu � a2��� P� u �
C� u � N� � � Pu� � Cu � � a3� Nu � a4 � (9.29)
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The termsincluding N� and Nu areput on the left sidesof theseequations,andthe remaining
termsareput on the right. The ratecoefficientsconnectinglevels

�
andu arebroken into their

radiativeandcollisionalparts,P andC. Thephotoexcitationrateis givenby

P� u � X
0

4�28 §
h� J§ d ��% (9.30)

andthephotode-excitationrateis

Pu�>� N�
Nu

ð X
0

4�28�§
h� 2h� 3

c2
�

J§ exp � h �
kTe

d �H% (9.31)

in which Te is the local electrontemperatureand � N�w� Nu � ð is the LTE populationratio at that
temperature.The photoabsorptioncrosssection 8 § can be put back in termsof the oscillator
strengthandtheline profilefunction,if desired.Thequantitiesa1–a4 aretermsrepresentingrates
from

�
or u to otherlevels(a1 anda3) andtermsrepresentingpopulationflow into levels

�
or u

from otherlevels(a2 anda4). They aregivenby

a1 �
i üÑ � : u R� i % a2 �

i üÑ � : u Ri � Ni % (9.32)

a3 �
i üÑ � : u Rui % a4 �

i üÑ � : u Ri u Ni � (9.33)

TheratecoefficientsR representthesumof radiativeandcollisionalcoefficients.
The two equations(9.29)arereadily solved for N� and Nu, andthe ratio of thesegivesthe

sourcefunction:

S§ � i § P� u � ½ § % (9.34)

in which thecoefficients i § and ½ § dependon therates:

i § � 2h � 3 � c2

� c2
�

c4� exp � h��� kTe�>� c1 � c3
(9.35)

½ § � 2h� 3

c2

c3� c2
�

c4 � exp � h �x� kTe�J� c1 � c3
% (9.36)

and,furthermore,thecoefficientsc1–c4 aregivenby

c1 � P� u % c2 � Pu� Nu

N� ð % (9.37)

c3 � C� u � a1a4

a2
�

a4
% c4 � Cu � � a2a3

a2
�

a4

Nu

N� ð � (9.38)

Theseexpressionsdo not requirethattheline benarrow, sothat ��p constantcouldbeassumed;
thusthey work equallywell for photoionizationcontinua.A complexity is thatequation(9.34)is
non-linearin theradiationintensityJ§ in theline becauseof theappearanceof P� u andPu � in the
denominatorsof equations(9.35)and(9.36). For narrow spectrallines theexponentialfactorin
theintegraldefiningPu� canbetakenoutof theintegralandevaluatedat line center, sothatwhen
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i § and ½ § arecalculatedat line centerthestimulatedemissionpartof c2 exp � h��� kTe� precisely
cancelsc1, andthis non-linearitydisappears.

Continuingwith the narrow-line approximation,we simplify equation(9.34)by putting the
crosssectionin termsof the EinsteinA coefficient andthe profile function, in which we make
useof equations(8.23)and(8.27).We finally get

S§®� �J � ½yh B§ � , B ð
1
� ½ h � , % (9.39)

with thedefinitions

½ h � Cu � � 1 � exp �k� h�x� kTe� �
Au� (9.40)

, � a2a3 �\� g�k� gu � a1a4

Au � � a2
�

a4 � (9.41)

B ð � 2h� 3� c2

gua2a3 ��� gl a1a4 �J� 1
� (9.42)

This form of thesourcefunctionexpressiondiffers from thesimpletwo-level form (9.8) by the
presenceof the indirect terms , and , B ð that involve couplingto otherlevels. The valueof ,
canbe interpretedasa quenchingrate,involving anupper-level atomgoingto someotherlevel
andthenreturningto thelower level, correctedin someway for stimulatedemission,in termsof
the direct spontaneousdecayrate. This indirect processeffectively destroys a line photon,and
thusit contributesto thedenominatorin thesourcefunctionexpression.Thenumeratorterm , B ð
involvesthereverseindirectprocess:a lower-level atomis takento someotherlevel, from which
it returnsto theupperlevel, thuseffectively creatinga line photon.

Whenthetransferequationhasbeensolvedfor this particularline, the resultsfor the radia-
tive ratesP� u and Pu� aresaved for the next solutionof the kinetic equationsto yield the level
populations.AvrettandLoeser[20] andothersparameterizetheratesin termsof aquantityz that
is variouslycalledtheNet Radiative Bracket (Thomas[249]), escapefactor(Athay [11]) or flux
divergencecoefficient (CanfieldandPuetter[46]). This is definedfor narrow linesby

z | 1 � �J
S

��½ h B§
S

� 1
� , B ð

S
� 1 � (9.43)

The secondform follows usingequation(9.39). If we compareequation(9.43) with equation
(9.19) for the escapeprobability approximation,we seethat the Net Radiative Bracket is the
accuratequantitythat theescapeprobabilityapproximates.Thenet radiative ratefor transitions
from level u to level

�
is easilyexpressed,for narrow lines,in termsof theNetRadiativeBracket

asfollows:

Nu Pu �5� N� P� u � Nu Au� z % (9.44)

so that if the ratesP� u and Pu� arereplacedby Peff� u � 0 and Peff
u� � Au � z, the self-consistent

solutionfor thelevel populationswill beunchanged.This replacementhasbeenfoundto signif-
icantly improvetheconvergenceof theETLA iterationmethod.Castor,DykemaandKlein [61]
provide the relationsthat canbe usedto computethe Net Radiative Bracketsandthe effective
rateswithout making the narrow-line approximation,and in that paperthe ETLA formulation
wasappliedto bothlinesandcontinua.



9.1. NON-LTE 153

Equation(9.39)hasbeenthe basisof muchof the discussionof line formationin the solar
chromosphereby Thomas,Athay, Jefferiesandcoworkers(cf., ThomasandAthay [250]). They
havefound,for instance,thatthe ½yh termdominatesfor theH andK resonancelinesof CaII, while
the , termis moreimportantfor thehydrogenBalmerlines,with theresultthat thetemperature
rise in the chromosphereproducesemissionfeaturesin the profilesof H andK, but not in the
Balmerprofiles. The hydrogenLyman lines are found to be similar to the Ca II lines in this
respect,andin factarestronglyin emission.

TheETLA methodis usedby Avrett andcoworkers,andwasalsousedby Castor, Dykema
andKlein [61], but it is by no meanstheonly methodfor treatingmulti-level NLTE problems.

Thecompletelinearizationmethodof Auer andMihalas[16] hasbeenusedon a largescale
to solve NLTE problemswith tensor moreof atomiclevels. A goodreview of the linearization
method(s)hasbeengiven by Auer [13]. The basicstructureof the original [16] linearization
methodis as follows. The Feautriervariable j ��9>� (cf., §5.6) is usedto representthe radia-
tion field at a set of angleand frequency points, with NJ angle-frequency pairs in all. The
level populationsN1 % N2 %y���&�!% NNL are anotherpart of the set of unknowns. The total den-
sity or pressureand the temperaturemay be addedto the list if the constraintsof hydrostatic
equilibrium and radiative energy balanceare imposed. All thesevariablesare specifiedon a
meshof spacepoints,z1 % z2 %y�&���!% zND. If Xi representsthe unknownsat spacepoint i : Xi �� j1 %y�&���!% jNJ % N1 %y���&�!% NNL % Ntot % T � , thenthe full solutionvector is X ��� X1 % X2 %y���&�!% XND � .
ThusthereareND � NJ

�
NL

�
2� unknowns. Therearealsothis many equationsto determine

them. There is a Feautrierequation(5.49) correspondingto each j and a populationkinetic
equationcorrespondingto eachN. At thespatialboundariestheFeautrierequationis not used;
rather, thereis a relationbetweenj on the boundaryandthe j at the next point away from the
boundarythat is derivedfrom therelationbetweenh and j at theboundarywhich expressesthe
constraintof a certain(or zero) incomingintensity, or reflectionsymmetry. Therearealsonot
NNL independentkinetic equationsin the steady-statecase,sincethe sumof all NNL equations
identicallyvanishesin thiscase.Oneof theequationsmustbereplacedby theconditionof num-
ber conservation, N� � Ntot. If Ntot is not oneof the unknowns, then it mustbe given as
data.

In thecompletelinearizationmethodthis systemof equationsis just treatedasthelargenon-
linearsystemit is, andthemethodof solutionis theNewton-Raphsonmethod.Thatis, if F � X �#�
0 representsthesetof equationsandX is thesolutionvectorjust described,thenonestepof the
iterationprocessis describedby

Xnz 1 � Xn �
�
F � Xn ��

X

{ 1

F � Xn �0� (9.45)

Therearetheusualproblemswith Newton-Raphson,andthesearisehere:A reasonablefirstguess
is required,or elsethe iteratesquickly diverge. And if the correctionto Xn that is calculated
by solving the linear systemhasexcessively large valuesfor somecomponents,suchthat the
estimatesof thesecomponentsof Xnz 1 wouldbein unphysicalranges,thenall of thecorrections
mayneedto bescaleddown to keepthenew unknownsin thephysicalrange.Thespecialproblem
in the completelinearizationmethodis the sheersizeof the systemof equations(9.45). For
example,if NJ � 4000,NL � 50 andND � 100, thenthe systemsize is 405,200n 405,200.
This would be called a small problem. Quite obviously onedoesnot simply apply Gaussian
eliminationto this system.If it werepossibleto do sowithin theconstraintsof memory, thecost
wouldbeof orderND3 � NJ

�
NL

�
2� 3 p 7 n 1016 operations.Partitioningmethodsareapplied
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instead. More recently, iterative methodssuchas pre-conditionedNewton-Krylov have been
used,but for the presentdiscussionwe will stick to direct solutionmethods.Iterative methods
will beconsideredin §11.11.

The partitioningemployed by Auer andMihalasmakesuseof the sparsityof the Jacobian
matrix

�
F � Xn �"�

�
X as follows. The Feautrierequationscouplethe intensity at a given space

point to its nearest-neighborspacepointsoneachside.Thepopulationkineticsequationsandthe
constraintequationsarelocal in space.Thusthe largematrix hasa block tri-diagonalstructure
in which the blockscontainall the unknownsat a singlespacepoint. That is, the block sizeis
NJ

�
NL

�
2 square.The larger systemis solved usingthe standardrecursionschemefor tri-

diagonalmatrices,exceptappliedhereto theblocks.Eachstepof the(forward)recursionrequires
of order � NJ

�
NL

�
2� 3 operations,andthereareND steps,sothetotalcostis ND � NJ

�
NL

�
2� 3

operations,which is ND2 timesfewer thantheignorantelimination.

Rybicki [221] suggesteda differentpartitioning of the matrix, which, asAuer [13] points
out, makes the methodscalein the sameway as radiative transfersolutionsusing numerical
quadratureof the Milne equation(5.37). The ideais simple: The valuesof j ��9�%/��� at various
anglesandfrequenciesenterthekineticequationsonly in thecombinationsthatdefine �J, namely

d 9 d � L ����� j ��9H%w�
� . But each j ��9H%w�
� canbefoundby solvinga simpletri-diagonalsystem,
viz.,

j k � T { 1
k S % (9.46)

andthenthe �J valuesaresums:

�J �
k

ï
kT { 1

k S � (9.47)

In thiswayall theintensitiescanbeeliminatedfrom thesystem,which leavesthesmallersystem
to solve, of which the order is ND � NL

�
2� . The operationof inverting a tri-diagonalmatrix

is very efficient: O � ND2� operations,so the costof eliminating the intensitiesis O � NJND2 � .
The systemthat is left after the elimination is full, sincethe inverseof a tri-diagonalmatrix
is a full matrix. Thusthe final solutionof this systemrequiresO � ND3 � NL

�
2� 3� operations.

Rybicki’s partitioningwill be moreefficient than the block-tri-diagonalschemewhenND2 R� � NJ
�

NL
�

2�"��� NL
�

2� � 3. Thusrelatively few levelpopulationsandalargenumberof frequency-
anglepairsfavorsRybicki; comparablenumbersof level populationsandfrequency-anglepairs
favors theblock tri-diagonalscheme.For theexampledimensionsabove, theblock-tri-diagonal
schemerequiresabout6 � 6 n 1012 operations,while in Rybicki’s schemetheeliminationof the
intensitiestakes4 n 107 operationsand the solutionof the resultingsystemtakes1 � 4 n 1011

operations.In this casetheeliminationcostis negligible, andtheoverall costfavorsRybicki by
a factor47.

Theforegoingdiscussiondescribessolvingthelinearequationsfor theintensitiesthemselves,
but exactly the samereasoningalso appliesto the linear systemthat must be solved for each
Newton-Raphsoniteration; the sparsitypatternof the Jacobianmatrix hasthe structureneeded
to apply Rybicki’s eliminationscheme.Auer [13] givesquite a completedescriptionof all the
finite-differencemethods,thedifferenteliminationschemes,andtheorganizationof thecomplete
linearizationmethods.
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9.2 Partial redistribution

Oneimportantfootnoteto non-LTE line transferconcernswhat is calledpartial redistribution
or PRD,which wasalludedto above. Spectralline transferwith partial frequency redistribution
is treatedwell in Ivanov’s book [133] and Mihalas’s stellar atmospheresbook [186]. This is
the subjectof line scatteringwhen thereis somedegreeof correlationbetweenthe frequency
of absorptionand the frequency of emissionin the scatteringprocess.Let’s say we write the
absorptivity as

k§¢� kL
L �����&% (9.48)

thenwe write theemissivity, forgettingaboutthealbedofor themoment,as

j §¢� kL

X
0

d � h R ���.%/� h � J§ � % (9.49)

in which R ���.%/��h°� is the redistribution function. The expressionfor the sourcefunction in this
conservativescattering(albedo� 1) caseis

S§«� 1L �����
X

0
d � h R ���W%/� h � J§ � � (9.50)

Theredistribution functionis thejoint probabilitydistribution of thetwo variables,� and � h , the
frequenciesof emissionandabsorption.In orderto conservephotonsit mustobey therelationX

0
d � R ���.%/� h �#� L ��� h �&� (9.51)

Thermodynamicconsistency alsorequiresthatit besymmetricin � and ��h :
R ���W%/� h �'� R ��� h %w�
� (9.52)

apartfrom a smallcorrectionwhen �D�s� 0 and ��h.�s� 0 arenot negligible comparedwith � 0 and
kT � h. If the frequenciesare actually uncorrelated,then R factorsinto a function of � times
a function of ��h , which becauseof the last two constraintshasto be R � L ����� L ����h»� . If this
is put in, then the sourcefunction reducesto the frequency-independentvalue �J that we used
previously; this is thencompleteredistribution. Theoppositeapproximationis thatthefrequency
afterscatteringmustbepreciselythesameasbefore,andin this case

R ���.%/� h �#� L �����"6���� h �]���&� (9.53)

Whentheparticularkindsof line broadeningareconsidered,it is foundthatDopplerbroad-
eningcorrespondsto a mild, but non-zerocorrelationbetweentheabsorptionandemissionfre-
quencies.Solutionstakingtheproperredistribution functioninto accountshow smalldifferences
from completeredistribution,whichasapracticalmatterareignored.Similarly if collisionalline
broadeningis considered,eitherby ion microfieldsor electronimpact,theredistribution function
differseithervery little or notatall from completeredistribution. Theonecasein whichthereare
largedifferencesbetweentheaccurateredistributionfunctionandcompleteredistributionis reso-
nanceline scatteringwith aLorentzianprofiledueto naturalbroadening,perhapscombinedwith
Dopplerbroadening.Thetermnaturalbroadeningrefersto theLorentzianbroadeningwhenthe
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decayrateO is dueto theradiativedecayalone,notto any collisionalprocesses.In resonanceline
scatteringthelower level of theline is agroundstate,which thereforelivesa relatively long time
betweenscatteringevents,andthereforeits energy uncertaintyis quitesmall.This meansthatin
orderto conserveenergy thedifferencebetweentheemittedphotonenergy andtheabsorbedpho-
tonenergy will beof thisorderandthereforealsosmall.Thusapartfrom Dopplerbroadeningthe
frequency shift in thescatteringis negligible. Whenthis is combinedwith Dopplerbroadening
theemissionfrequency canmovein eitherdirectionrelative to theabsorptionfrequency by about
oneunit of e � D.

The definitive paperon the redistribution functionsfor the casesjust discussedis by Hum-
mer [126]. He distinguishesfour cases,of which threearethe onesmentionedin the previous
paragraph.ThesethreeareRI , RI I andRI I I in Hummer’snotation.In RI theline is broadened
solelyby theDopplereffect, andredistribution is dueto thedifferenceof theatom’s velocity as
projectedon the initial andfinal photondirections. In the frameof the atomthe photonis ab-
sorbedandemittedpreciselyat theline centerfrequency. In RI I thereis aLorentzianabsorption
profile in the frameof the atom,correspondingto naturalbroadeningby the radiative decayof
theexcitedstate.It is supposedthatthelifetime of thelowerstateis muchlonger, andconserva-
tion of energy ensuresthattheemittedandabsorbedfrequenciesarethesamein theframeof the
atom.This modelis appropriatefor resonancelines. In theexternalframetheabsorptionprofile
becomesa Voigt functionwhenDopplerbroadeningis addedto the Lorentzianprofile. If there
is collisionalbroadeningthentheabsorptionprofile in theframeof theatomis alsoLorentzian,
but the collisionscausethe excited atomto losememoryof the initial frequency, and thereis
completeredistribution in theframeof theatom.WhentheDopplereffect is includedtheresult
is the RI I I redistribution function. Eventhoughthis is derivedfor completeredistribution in the
frameof theatom,it is not quitecompleteredistribution in theexternalframe.Finally, Hummer
considereda typeof redistribution in which boththeupperandlowerstatesarebroadenedby ra-
diative decayprocesses.With theinclusionof Dopplerbroadeningthis becomesRI V . However,
Hummeradopteda modelfrom Heitler [114] for the redistribution in the frameof theatomfor
thiscase,whichturnsout to bein error. Thecorrectformulawasin factgivenby Weisskopf [260]
andby Wooley andStibbs[268]. This wasclarified by Omont,Smith andCooper[200]. Few
resultsusing RI V areavailable. Themostrigorousdevelopmentof the theoryof the redistribu-
tion function,which relatestheredistribution to theatomickineticsandindicatespreciselywhat
mixtureof RI , RI I , RI I I andRI V is neededfor eachatomictransition,is by Cooper,et al. [73].Fig. 9.2

The natureof RI is indicatedin Figure 9.2. The region with d x d R d x h d for a given x h is
rigorouslyflat; for d x d E d x h d thefunctionfallssteeply. Theprobabilityof theemissionfrequency
x beingnearT x h is greaterwith RI thanwith completeredistribution. However, x andx h areun-
correlatedwith this angle-averagedredistribution function. With angle-dependentredistribution
x andx h arestronglycorrelatedwhenn andnh areparallel,andstronglyanti-correlatedwhenn
andn h areanti-parallel.Fig. 9.3

Thenatureof RI I is qualitatively different,asseenin Figure9.3.While thereis little correla-
tion of x andx h in theDopplercore( d x h d R 2), in theLorentzianwingsx andx h becomestrongly
correlated.In thefarwingstheasymptoticform of themarginaldistribution is

1L � x h � RI I � x % x h �#f ierfc
1

2
d x � x h d for x h � 1 % (9.54)
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whereierfc � z� is thefunctiondefinedby

ierfc � z�#� X
z

erfc� t � dt � 1` � e
{ z2 � zerfc� z�0� (9.55)

Therelativesmallnessof d x � x h d in theline wingssuggeststhataFokker-Plancktreatmentmaybe
useful;this hasbeendoneby Harrington[109] with somesuccess.A morethoroughdiscussion
wasgiven by Frisch [95]. Frischpoints out that RI V is like a weightedaverageof complete
distributionwith RI I , with theweightof completeredistributionbeingproportionalto thenatural
width of thelowerlevel andtheweightof RI I proportionalto thenaturalwidth of theupperlevel.
For mostsubordinatelines(with anexcitedstateasthelower level) thesewidthsarecomparable,
andthussoaretheweights.In thiscasethecompleteredistributionpartcompletelydominatesthe
long-rangebehavior of thescatteringproblem.In otherwords,RI V , like RI and RI I I , behaves
verymuchthesameascompleteredistribution.Theoddmanoutis RI I , whichis therealisticcase
for resonance-linescatteringif thedensityis low enoughthatcollisionalbroadeningis negligible
comparedwith naturalbroadening.

In thecaseof partialredistribution,thetwo-level-atomsourcefunctiontakesthis form:

S§ L �����#��� 1 �4½y� X
0

d � h R ���W%w� h � J§ � � ½ B§ L �����0� (9.56)

For completeredistribution, S§ is independentof frequency and R ���W%/� h � � L ����� L ��� h � , so a
divisionby

L ����� recoversequation(9.8).
The problemof resonanceline transferin the situationdescribedabove, with quite large

valuesof theopticalthicknessof themedium,leadsto someinterestingeffectsandhasbeenwell
studiedin thelaboratory. Line photonsin thiskind of problemdoakind of doublediffusion.The
photonsdiffusein real spacewhile they simultaneouslydiffusein frequency space.Of course
the spatialdiffusion coefficient is relatedto 1� L ���
� , so the diffusion in spaceis very rapid at
frequenciesthat are far from line center. Sincethe photonsmustdiffuse in frequency instead
of being independentlysampledon every scattering,the effect is to keepthemmoreconfined
toward line centerin the partial redistribution case.This meansthat the typical meanfreepath
is less,andthatthephotonswill not travel asfar in a givennumberof scatterings.Thereforethe
thermalizationdepthwill be lessfor a given valueof ½ . In fact it is found for scatteringwith
partial redistribution asdescribedthat the thermalizationlengthis roughly just the sameasfor
a Dopplerprofile, while in completeredistribution,giventheLorentzianwingsof thecombined
profile, thethermalizationdepthis muchlargerthanthat.

9.2.1 Asymptotic resonanceline transfer with RI I

Harrington’s[109] asymptoticsolutionof thetransferequationfor resonanceline scatteringwith
RI I is usefulfor the insight it givesinto thePRDtransferprocess.Theactionof the scattering
kernelis approximatedby expandingthefunction J§ � insidetheintegral in a Taylor seriesabout�
h���� , thenusingtheknown momentsof the RI I functionto obtainthis result:

1L � x �
X
{ X dx h RI I � x % x h � J � x h � dx h p J � x �J� 1

x

dJ � x �
dx

� 1

2

d2J � x �
dx2

% (9.57)
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soMilne’ssecondequation,in theEddingtonapproximation,turnsinto�
2J�
� 2

� 3

2
L 2 � x �&� 1 �Z½y� d2J � x �

dx2
� 2

x

dJ � x �
dx

� 3
L 2 � x �"½1� J � B �0� (9.58)

Theopticaldepthscale� is themeanover theline profile,givenby d ��� kLdz� e � D. Two more
transformationsareintroducednow. Oneis to noticethat

3

2
L 2 � x � d2J � x �

dx2 � 2

x

dJ � x �
dx

p
�

2J�
8 2 (9.59)

in termsof anew frequency-relatedvariable8 definedby

8Z� 2

3

1~ 2 x

0

dxL � x � � (9.60)

Theapproximationis accuratein theLorentzianwingsof theVoigt profile,which is whereall the
transferwill takeplacein theasymptoticregimewe wantto consider. Thevariable8 vanishesat
line center, andin thewingsx 7 T � it variesas 8sf�T ` 2� 3� d x d 3��� 3a� . We arealsogoingto
make theapproximation½v� 1 sothefactor1 �s½ canbereplacedby unity whereit multiplies
thefrequency derivatives.We thenhave�

2J�
� 2

�
�

2J�
8 2

� 3
L 2 ½1� J � B �0� (9.61)

Thesecondclever transformationis the resultof observingthat
L 2, consideredasa functionof8 , is stronglypeakedat 8Q� 0, muchmoresothan

L
is whenconsideredasa functionof x. So

Harrington’ssecondmajorapproximationis to replace3
L 2 by ` 66���8�� . Thefactor ` 6 preserves

thenormalizationof theprofile. Thusfinally thetransferequationbecomes�
2J�
� 2

�
�

2J�
8 2 � ` 6½1� J � B �"6���8��0� (9.62)

Thedeltafunctionontheright handsidetellsusthatline photonsarecreatedor destroyedentirely
at line center. Soexceptat line center, theintensityobeysa two-dimensionalLaplace’sequation
in 8 - � space;in otherwords,thereis doublediffusion.

The solution J ���1%w8�� of equation(9.62)shouldbe continuousat line center, 8�� 0, andin
fact J ���1% 0� is thevalueof �J, which setsthepopulationof the excitedstate.But thereis a step
discontinuityin

�
J �

�
8 :

e
�

J� 8 � ` 6½1� J ���W% 0�J� B �0� (9.63)

Let’sconsideraninfinite mediumwith asources of line photonsconfinedto thesheet�v� 0,
in otherwords, ½ B � s6������ . We take theFourier transformof equation(9.62),using

�
J � k %w8��<�

d � exp � i k ��� J ���1%w8�� . Then

� k2
�
J
�

�
2
�
J�

8 2 � ` 66���8��&��½ �
J � k % 0��� s�0� (9.64)
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TheFouriertransformof thejump conditionis

e
� �

J� 8 � ` 6 ��½ �
J � k % 0�J� s�0� (9.65)

Thesolutionmustbeof the form
�
J � A exp �"� d k 8 d � with a suitablecoefficient A. Puttingthis

into thejumpconditionleadsto

A � ` 6s

2 d k d � ` 6½ � (9.66)

TheinverseFouriertransformto obtainJ ���1%w8�� turnsoutaftera little work to give

J ���W%/8��#� 3

2

s� · e� 3~ 2� ³ Ø ³ z i
³ ² ³ � ú E1 � 3� 2 � d 8 d � i d � d �"½ � � (9.67)

The complex exponentialintegral function is tabulatedin Abramowitz andStegun [1]. We can
seethat the characteristicscalein � , andalso in 8 , is 1� ½ , andthus the thermalizationlength
scalesin this way, just as it doesfor completeredistribution with Dopplerbroadening.Since
the characteristic8 also scalesas 1� ½ , the characteristicfrequency width in Doppler units is
x f3� a� ½y� 1~ 3. Thisasymptoticmodelis not applicableunlessx � 1, so ½ mustbe � a. Fig. 9.4

Thespatialdistribution of theexcitedstatepopulationis proportionalto J ���1% 0� , which can
be expressedin termsof the auxiliary function for sineandcosineintegralsg � z� describedby
Abramowitz andStegun[1], §5.2:

J ���1% 0�#� 3

2

s� g 3� 2½y� � (9.68)

This distribution is shown in Figure 9.4. Half the excited atomsarecontainedin the intervald � d R 0 � 509��½ , thus0 � 509� ½ is thethermalizationdepthfor small ½ .
Harrington’sasymptotictheoryis usefulfor aidingunderstanding,but asanumericalapprox-

imationit is not very good.It is basedon thesmallnessof parameterslike � a ��� { 1~ 3 or ��½ � a� 1~ 3.
The optical depth � mustbe enormous,or ½ tiny indeed,beforethe approximationstartsto be
accurate.For numericalresultsthecalculationsof Adams[4] aremuchbetter.

9.3 Mean number of scatterings;meanpath length

The meannumberof scatteringsandthe meanpath lengtharewaysof describingthe transfer
of line radiationwithin a finite mediumin an integral sense.Therearereasonablyaccuratees-
timatesavailablefor thesequantities,which makesthemvaluablefor roughcalculations.The
referencesthat develop the principal resultsfor the meannumberof scatteringsare by Hum-
mer [127], Adams[4] and Ivanov [133]; the last is a generalreferencewith many asymptotic
expressions.Ivanov alsodiscussesthemeanpathlength.

The definition of the meannumberof scatteringsis the averageover all photonscreatedin
a uniform distribution within the slabof the total numberof timesthey interactwith matterin
the slab,countingthe act of emission,beforethey eitherescapethe mediumor arequenched.
Thenumberof emissionsis counted,but not a final quenchingif thereis one.This meancanbe
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computedby countingthetotalnumberof emissioneventsperunit timeanddividing by thetotal
numberof creationeventsperunit time. This ratio is

� N �J� ² 0
0 d � X

0 dx
L � x � S� x %w���² 0

0 d �¢½ B§ % (9.69)

in which � 0 is thefull opticalthicknessof theslab. Thissimplifiesfor completeredistribution to

� N �J� ² 0
0 d � S�����² 0
0 d �5½ B§ � (9.70)

If the scatteringalbedotendsto zero, that is ½ 7 1, then S becomes½ B§ and � N �;� 1.
When ½ is small comparedwith the escapeprobability K2 ����� thenthequenchingprobability is
negligible and � N � tendsto a limit that is independentof ½ but dependson � 0. Hummer[127]
obtainsanupperlimit

� N �>p 1½ � � 1 �]½x� K2 ��� 0 � 2� % (9.71)

which he proposesas an estimate. Ivanov’s asymptoticmethodsfor large � 0 sharpenup the
estimateto thefollowing, for therespectiveprofile shapes:

� N �Jp
1
2 � 0 ln ��� 0� ` �2� Doppler

æ 2 � 1~ 4�� 2©�� 3ø 2 ² 0
a Voigt

æ 2 � 1~ 4�� 2©�� 3ø 2 ` � 0 Lorentz �
(9.72)

Theseestimatesarehalf of Hummer’s [127], for theDopplercase,and21%lessthanHummer’s
for theothertwo.

The meannumberof scatteringsin a finite slab in the conservative case½^� 0 for partial
redistribution with RI I is a quantitythat is of primeinterest.Thenumericalwork by Adams[4]
andHarrington’s [109] asymptoticanalysisbothagreethat themeannumberof scatteringswith
RI I , for aphotonsourcethatis athin sheetat themidplaneof theslab,is proportionalto � 0 in the
asymptoticregime � a� 0� 1~ 3 � 1. Adamssuggestsacoefficient0.75,but Harrington’sexpression

� N �Jf 0 � 454658� 0 (9.73)

fits Adams’s numericalresultsaboutas well. The proportionalityof � N � to � 0 ratherthan to` � 0 � a is a significant featureof (RI I ) partial redistribution; it is much harderto escapethe
mediumwith PRD. Harrington’s result for a photonsourceuniformly distributed in the slab
is similar, but with a coefficient of 0.332368rather than 0.454658. This is the result that is
comparableto theCRDexpressionsin thepreviousparagraph.

Themeanpathlengthof thescatteringphotonis definedastheaverageof the total distance
it flies from the placewhereit is createdto the placewhereit either is quenchedor crosses
the boundaryof the medium. This is equalto the photon’s dwelling time within the medium
multipliedby thespeedof light. Thedwellingtimecanbecalculated,in thissteady-stateproblem,



9.3. MEAN NUMBER OF SCATTERINGS;MEAN PATH LENGTH 161

bydividing thetotalphotonenergywithin themediumby thetotalenergyrateof creatingphotons.
This leadsto

� � �'� e � D

kL

² 0
0 d � X

0 dx J � x %w���² 0
0 d �5½ B§ � (9.74)

The integrals for � N � and � � � arevery similar; in fact, for a squareprofile thereis the simple
relation

� 1 �Z½y� � � �­� e � D

kL
� � N �<� 1�0� (9.75)

Thissaysthattheaverageflight pathis themean-freepath e � D � kL . (Rememberthatthenumber
of flights is onelessthanthenumberof scatteringsby thedefinitionwe areusing.)

Ivanov’s [133] resultsfor themeanpathlengthfor ½H� 0 and � 0 � 1 arethefollowing:

� � �#f e � D

kL
n � 0 ln ��� 0 � ` �2� Doppler

9
4 � 0 Voigt or Lorentz � (9.76)

In PRD,with RI I , andwith a uniformly distributedphotonsourcein theslab,Harrington’s
methodsleadto a valueof themeanpathlengthgivenby

� � �#f e � D

kL
0 � 692739� a� 4

0 � 1~ 3 � (9.77)

This exceedsthethicknessof theslabby a factorthat is O �"� a� 0 � 1~ 3� . Theaccumulatedsmaller
flightsamountto muchmorethanthesinglelongestflight in this case.

If thereis bothanon-zeroquenchingprobability ½ andacontinuousabsorptioncoefficientkc,
thenIvanov [133], §8.10,pointsout that themeanescapeprobability is 1 �s½ � N �5� kc � � � . This
is physicallyobviousonceit is recognizedthat theeventsof escape,quenchingandcontinuous
absorptionall remove the photons,aremutually exclusive, andexhaustall the possiblephoton
fates.Thediscussionof meanescapeprobabilitiesleadsdirectly to thetopic of Irons’ theorem.

9.3.1 Ir ons’ theorem

Irons’ theoremsaysthat theNet Radiative Bracket is equalto thesingle-flightescapeprobabil-
ity in the mean,with the meandefinedusinga weighting function equalto the emissivity. A
gooddiscussionof Irons’ theorem,andof escapeprobabilitymattersin general,is givenby Ry-
bicki [222]. Thefollowing is ademonstrationof this for theplane-parallelslab(opticalthickness� 0) with completeredistributionbut no continuousabsorption.Thetransferequationis

9 dIx ���1%w9>�
d � � L � x �&� Ix ���W%/9>�>� S�����"�0� (9.78)

Theintensitythatemergesat �v� 0 with 9GE 0 is givenby

Ix � 0 %w9>�'� ² 0
0

d �9 S����� exp � � L � x �9 � (9.79)
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But anintegrationof thetransferequationdirectly, andnotingthat Ix ��� 0 %w9>�#� 0 for 9GE 0, leads
to

Ix � 0 %/9<�­�3� ² 0
0

d �9 L � x �&� Ix ���W%/9>�>� S�����"�0� (9.80)

Thenwecanreplace9 with �29 anddeveloptwo expressionsfor Ix ��� 0 %x�29>� :
Ix ��� 0 %y�29<�#� ² 0

0

d �9 S����� exp � ��� 0 �Z��� L � x �9 % (9.81)

and

Ix ��� 0 %y�29<�'� ² 0

0

d ��29 L � x �&� Ix ���W%y�29>�>� S�����"�0� (9.82)

Now we equatethe two expressionsfor Ix � 0 %/9<� , andalsothe two expressionsfor Ix ��� 0 %y�29<� ,
andaveragethoseequations.Thisyields

² 0
0

d �9 L � x � 1

2
exp � � L � x �9 �

exp � ��� 0 �]��� L � x �9 S�����'�
² 0

0

d �9 L � x � S����� 1 � jx ���1%/9<�
S����� � (9.83)

Thequantity jx ���1%/9<� is theFeautrieraverageof theintensityat T�9 . Thenext stepis to multiply
this equationby 9 andintegrateoverall x andover therange� 0 % 1� of 9 . Theresultis

² 0
0

d � S����� 1

2
[K2 ����� � K2 ��� 0 �4��� ] � ² 0

0
d � S����� 1 � �J �����

S����� � (9.84)

This is astatementof Irons’ theoremfor thiscase,sincez � 1 � �J � S is theNetRadiativeBracket
andthecombinationpesc � 1

2 [K2 ����� � K2 ��� 0 �4��� ] is thetwo-sidedescapeprobability for the
finite slab,generalizingequation(9.20).It is fairly clearfrom thisderivation,andfrom Rybicki’s
presentation[222], thatthis resultcanbeextendedto arbitrarygeometries.An immediatecorol-
lary that Rybicki draws is the relationbetweenthe meannumberof scatteringsandthe escape
probabilitythatappearsin Irons’ theorem.It is

� N ��� 1½ � � 1 �4½x� � z� � 1½ � � 1 �Z½y� � pesc� � (9.85)

Thefirst equalityis anidentity basedon thedefinitionof z � 1 � �J � S, andthesecondequality
is Irons’ theorem. This relationbetweenthe meannumberof scatteringsand the single-flight
escapeprobability recallsHummer’s relation(9.71). In Hummer’s relationthe valueof pesc at
thecenterof theslabappearsinsteadof thesource-function-weightedaverageover theslab.

9.4 Time-dependentline transport

Our discussionso far hasconcernedonly steady-stateline transfer. Now we want to conside
thetime-dependenteffects.Mostly this will beconcernedwith learningwhattheimportanttime
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scalesare;doingtime-dependentpracticalproblemsis a majorcomputationaleffort not a peda-
gogicaltopic.

First we needto considerthe two causesof time dependencein spectralline transport:(1)
thespontaneouslifetime tsp � 1� Au� , which causesthesourcefunction to lag the radiative and
collisional ratesby a time of order tsp; and(2) the time of flight É mfp � c for a meanfree path,
which causesthemeanintensityandthephotoexcitationratesto lag thesourcefunction in time
by aboutÉ mfp � c. Thequantitiesvaryby ordersof magnitudein differentradiationenvironments,
andthereforeso doestheir ratio. The spontaneouslifetime varieslessthanthe flight time; its
orderof magnitudeis

tsp p 23� h��� eV� 2 nanoseconds� (9.86)

This is for a line with unit oscillatorstrength,andh��� eV is theline energy in electronvolts. We
seethatthis timescaleis veryshortin astrophysicalterms,whentheline energy is indeedaround
1 eV, andit is evenshorterfor high-energyenvironmentswhentheline is in thekeV x-ray range.
The flight time of the line photonis harderto estimatein generalterms. In many problemsof
stellarastrophysicsthemeanfreepathis of the orderof an atmosphericscaleheightdown to a
small fractionof a scaleheight.Theflight time for a scaleheightin thesolarphotosphereis 0.4
milliseconds.This is four ordersof magnitudegreaterthanthespontaneouslifetime. Thuswhen
the time scaleis largeenoughto beof any interestin theastrophysicalproblem,the flight time
will greatlyexceedthespontaneouslifetime.

In problemsthat areon a terrestrialscale,with dimensionsfrom microns(lasertargets)up
to meters(laboratoryscale),the time of flight will rangefrom lessthana femtosecondup to a
few nanoseconds.In essentiallyall of thesecasesthe time of flight will be muchlessthanthe
spontaneouslifetime. Thus in most laboratory-scaleproblemsthe dominanttime dependence
comesfrom thespontaneouslifetime, while in astrophysicalproblemsthedominanttimescaleis
theflight time.

Thetimedependenceassociatedwith thespontaneouslifetime—in generalwith thefiniteness
of all the rates—isincorporatedin the two-level-atommodelby usingthe rateequationfor the
excited-statepopulationin placeof thestate-stateequation.Thus

dNu

dt
� N�x� B� u �J �

N� u �>� NU � Au� � Bu � � Cu�ý�0� (9.87)

The importantapplicationsof time-dependenttransportare to resonancelines, so in that case
the time dependenceof the lower-level populationis neglected. Using equation(9.87)andthe
definitionof thesourcefunctionleadsto

dS

dt
� Au� 1

� g� � gu

gu

S

2h� 3 � c2
�J � ½ h B �I� 1 � ½ h � S � (9.88)

Thestimulationfactor1
� �k� g� � gu �"� gu � 2h� 3 � c2 cannormallybeomitted,leaving this useful

equation:

dS

dt
� Au� �J � ½ B �I� 1 � ½x� S � (9.89)

In thefollowing discussionwewill first consideranexamplein whichflight time is dominant
andthespontaneouslifetime is neglected,andthenonewhich is thereverse.
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Let’s returnto the time-dependenttransportequationfor a line formedby a two-level atom
with partialredistribution,andwe will alsoincludea backgroundcontinuousopacity.Theequa-
tion includingtime-of-flight is

1

c

�
I §�
t

�
n � � I §«�

��� kL
L ����� � kc � I § � � 1 �]½x� kL d � h R ���.%/� h � J§ � � ½ B

L ����� � kcSc � (9.90)

Now weform theLaplacetransform,with
�
I § � p�#� X

0 dt exp �"� pt � I § � t � . Theequationbecomes

n � � �
I § �3� kL

L ����� � kc
� p

c

�
I §

� � 1 �4½y� kL d � h R ���W%/� h � �J§ � � 1

p
½ B

L ���
� � 1

p
kcSc

� 1

c
I §�� 0�0� (9.91)

What we noticeaboutthis equationis that it is identicalto a steady-stateline transferequation
with an extra contribution p� c in the continuousopacity, an effective continuousemissivity of
kcSc � p

�
I §�� 0�"� c andaneffectivePlanckfunctionof B � p.

Wewantto find outabouttherateatwhich theintensityrelaxestowardasteadystate,assum-
ing thereis one.Thesteady-stateintensityobeys this equation

n � � I s§ ����� kL
L ����� � kc � I s§ � � 1 �4½y� KL d � h R ���W%/� h � Js§ � � ½ B

L ���
� � kcSc � (9.92)

If we define e I § to be I § � I s§ , thenits Laplacetransformobeys this equation

n � � � e �
I §��#��� kL

L ����� � kc
� p

c
e �

I §
� � 1 �4½y� kL d � h R ���W%/� h � e �

J§ � 1

c
e I § � 0�0� (9.93)

A theoremon Laplacetransformstells us what the effect is of kc on the time dependence:If� e I §&� 0 � t � is thesolutionwithoutcontinuousabsorption,thenexp �"� kcct �&� e I §�� 0 � t � is thesolution
includingcontinuousabsorption.Sowecandropkc at this pointwith no lossof generality, since
it canalwaysbeput backlaterusingthis result.

Let’s considerthe caseof completeredistribution in an infinite homogeneousmediumwith
aninitially white,isotropicdeparturee I §�� 0� from thesteady-stateintensity.For conveniencewe
convert thefrequenciesto Dopplerunits,andusethe line profile functionon theDoppler-width
scale

L � x � , anddefinea new variable ÍG� p e � D ��� kLc� . The redistribution functionbecomes
R � x % x hµ�#� L � x � L � x hµ� . Thetransformthenobeys thisequation

e �
Ix � L � x � � Í'�#�?� 1 �Z½y� L � x � ˜̄J

� e � D

kLc
e I § � 0�0� (9.94)

Multiplying this equationby
L � x �"��� L � x � � Í­� andintegratingoverx leadsto

˜̄J �3� 1 �]½x� ˜̄J

X
{ X dx

L 2 � x �L � x � � Í � e � D

kLc
e I § � 0� X

{ X dx
L � x �L � x � � Í � (9.95)
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A function F ��Í­� thatdependson the shapeof the line profile, oftencalledthe curve-of-growth
function,is definedby

F ��Í­�#� X
{ X dx

L � x �L � x � � Í � (9.96)

Thefirst integral in equation(9.95)is seento be1 �4Í F ��Í'� . Thereforethesolutionof equation
(9.95)is

˜̄J � e � D e I § � 0�
kLc

F ��Í­�½ � � 1 �4½y�"Í F ��Í­� � (9.97)

Our tasknow is to considerspecificshapesof line profile function, approximateF ��Í­� for
eachof thesefor Í 7 0, and then, since ÍbÈ p, usethe approximationto get the inverse
Laplacetransform,andtherebyfind �J for larget . For asquareline profile, i.e., a“line” thathasa
constantopacityratherthanasmoothshape,weuse

L � x �'� 1 for 0 } x } 1, with theresultthat
F ��Í­�'� 1��� 1 � Í'� . Thenwe seethat

˜̄J � e � D e I § � 0�
kLc

1½ � Í � e I § � 0� 1

p
� ½ kLc� e � D

� (9.98)

TheinverseLaplacetransformgives �J � e I §�� 0� exp �"�2½ kLct � e � D � . In otherwords,theinitial
departureof the intensityfrom the steadystatevaluedecayswith a meanlifetime givenby the
time to make1��½ flights with a meanfreepathof e � D � kL .

With Dopplerbroadeningthecurveof growth functionturnsout to be

F ��Í'�#f 2 ln
1` �5Í % (9.99)

when Í is small. We will refer to the ` ln expressionasC ��Í'� ; it is a slowly-varying function,
rangingfrom 1 to 3 overquitea largerangein Í . Thetransformof �J canthenbewrittenas

˜̄J f e � D e I § � 0�
kLc

2C ��Í­�½ � � 1 �4½y� p e � D2C ��Í­�"��� kLc� � (9.100)

In the Laplaceinversion,mostof the contribution comesfrom valuesof p that make Írp�½ .
Making thissubstitutionin C ��Í­� leadsto

�J f e I § � 0� exp � ½ kLct

e � D2C ��½y� � (9.101)

This is almostthesameresult,with thesamemeandecaytime, asfor thesquareprofile, except
thatthemeanfreepathandthemeanfreetime areincreasedby thefactor2C ��½x� .

For a Voigt profile it is sufficient to calculateF ��Í'� usingthe large-x asymptoticform of the
profile,

L � x �«f a����� x2� . Thenit is easyto seethat F ��Í'�«f ` � a� Í . This will only apply forÍ � a. Thenthetransformis

˜̄J f e � D e I §
� 0�
kLc

` � a� Í½ � ` � aÍ � e I § � 0� 1

` p � ` p
� ½ ` kLc����� e � Da��� � (9.102)
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FindingtheinverseLaplacetransformin thetablesleadsto

�J f e I §�� 0� exp
½ 2kLct� e � Da

erfc ½ kLct� e � Da
� (9.103)

In this casethedecaytime is of ordera � ½ 2 timestheflight time for a line-centermeanfreepath.
In every case,the meandecaytime is aboutequalto the flight time for the thermalization

lengthcorrespondingto thegivenprofileandvalueof ½ . This is atfirst surprisingsincetheflight
time addsup all the flight distancesratherthantaking the net displacement.But we recall the
longest-single-flightpicture,which saysthat the sumof all the flights is just aboutthe sameas
thelongestone,andalsoaboutthesameasthenetdisplacement.

Thereareothercasesto consider, suchasPRD,andotherproblemsto analyzesuchasthe
time-dependentspreadingof line radiationin aninfinitemediumwith noquenchingor absorption.
We will roundout thepresentdiscussionby treatingthatproblemwith completeredistribution in
thecasethatthespontaneouslifetime dominatesthetime dependenceratherthantheflight time.

Thedynamicalequationfor thesourcefunctionbecomes�
S���1% t ��

t
� Aul

X
{ X d � h K1 ���D�Z� h � S��� h �>� S����� � (9.104)

ThisbecomesHolstein’s [119, 120] andBiberman’s[33] integro-differentialequationfor trapped
resonance-lineradiationwhenwerecognizethatS is proportionalto theexcited-statepopulation.
We supposethatat t � 0 thereis a thin sheetof excitedatomsat �o� 0. We Fourieranalyzethis
equationwith respectto � andobtain� �

S�
t
� Au�þ� �K1 � k ��� 1� �S � (9.105)

At theinitial time theFouriertransformof thedeltafunctionrepresentingthesheetof excitation
is

�
S� 0�'� 1. And thereforethesolutionfor thetransformis�

S� k % t �#� exp � Au� � 1 � �
K1 � k �k� t � (9.106)

In orderto find how S� t � varieswith large t we have to investigate
�

K1 � k � for k 7 0. This is
thework doneby Ivanov andcoworkersandreportedin [133]. Thegeneralexpressionis

�
K1 � k �'�

X
{ X dx

L 2 � x �
k

tan
{ 1 kL � x � � (9.107)

Theresultsobtainedfrom theasymptoticevaluationof theintegral are:

�
K1 � k �#f

1 � ©
4

³
k
³

` ln� 1~�� � © ³ k ³ ��� Doppler

1 � � 2© a
³
k
³

3 Voigt

1 � � 2© ³ k ³
3 Lorentz �

(9.108)

Theinversionto find S���W% t � thengivesin theDopplercase

S���W% t �Jf W� 1� 2 �
W2

% (9.109)
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in which W is a Lorentzianwidth in opticaldepthgivenby

W � � Au � t
4 ln � Au � t � ` �2� � (9.110)

Thewaveof excitedatomsspreadslinearly in timewith aneffectivevelocity

W É mfp

t
� � Au � É mfp

4 ln � Au � t � ` �2� � (9.111)

This is guaranteedto be small comparedwith c sincethe lifetime dominatesthe time of flight
only if Au �ûÉ mfp � c.

In theVoigt casetheform for S���1% t � at larget is

S���1% t �Jf 9� Au � t � 3 z3gF � z�0% (9.112)

in termsof thevariablez � Au� t ��� 3̀ ��� andthefunctiongF � z� (not thesameastheearlierg � z� )
thatis relatedto theFresnelintegrals,cf., Abramowitz andStegun[1], §7.3,equation(7.3.6).The
rangeof � thatcontainshalf theexcitedatomsis foundto be d � d } 0 � 86� Au� t � 2. Remarkably, the
wave of excitedatomsspreadsat anacceleratedrateastime goeson! Theeffective wave speed
is of order A2

u� É mfpt , which is Au� t times larger than in the Dopplercase. Thusafter several
scatteringsthe Voigt wave of excited atomsis moving muchfasterthanthe Dopplerone. This
modelis only for completeredistribution; with PRDthespreadof excitedatomsis significantly
slower. We canestimatethe meannumberof scatteringsby N p Au � t . Thenthe width of the
excitedatomdistributionwouldbeapproximatelythethicknessof thefinite slabthatwouldhave
thatmeannumberof scatterings,in otherwords, �)p N p Au � t . This correspondsto thesame
wavespeedasin theDopplercase.

Holstein [120] treatedthe homogeneousinfinitely long cylinder in a calculationthat was
extendedby PayneandCook [204]. Theseauthorswereseekingthedecayconstanteigenvalue
for theboundedmedium;PayneandCookalsoprovide thespatialvariationof S for largetime.
Thescalingof characteristicsizewith timeagreeswith theresultsabove; theshapefunctionsare
modifiedfor cylindrical geometryvs.slabgeometry.
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Chapter 10

Refraction and polarized light

10.1 Refraction

Our pictureof the radiationhasto be modifiedwhenthe atoms,ions andelectronsrespondco-
herentlyto theoscillatingelectricfield. Thisgivesthemediumadielectricconstantandtherefore
anindex of refraction,andthetransportof radiationis modified.Thediscussionwe give hereof
refractioneffectsin radiationtransportis derivedfrom CoxandGiuli [79].

Thematerialin a volumeelementdV canhavea meanelectricdipolemomentp, inducedby
thelocalelectricfield ê , givenby

p ��ÿ ê dV % (10.1)

whereÿ is theAC electricsusceptibilityof thematerial.Thiscoherentoscillatingdipolemodifies
thepropagationof theelectromagneticwaves,sincenow thereis a dielectricconstant

½l� 1
�

4�2ÿ�% (10.2)

andthephasevelocityof EM waveswill be

	 p � c

n
(10.3)

wheren � ` ½ is the refractive index. (We will continueto usen for the directionvectorof
photonpropagation.The scalarsymbolwill alwaysbe the refractive index, andthe vectorwill
refer to the photondirection.) The susceptibility, dielectricconstantandrefractive index may
all becomplex, sincetheatomicdipolesdo not necessarilyoscillatejust in phasewith the local
electricfield.

This continuous-mediumpicturethat leadsto the dielectricconstantis the resultof another
applicationof coarsegraining. It doesnot make senseunlessthewavelengthof theEM wave is
largecomparedwith theparticlespacing.Whenthis is donemorecarefully, theresultis foundto
dependon thetwo-particlecorrelationfunctionsfor theplasmaspeciesat thevaluesof k and S
appropriatefor theEM wave. We cannot go into thatlevel of detailhere.

Theverysimplestexampleof theplasmasusceptibilityis providedby thefreeelectrons.The
susceptibilityperelectronis foundby solvinganequationof motionwhichwe write

m�r �
m� c

�
r �3� eê % (10.4)

169
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in which ê is presumedto oscillateas exp �"� i S t � . We have includeda “drag” force � m� c
�
r

that representsheuristicallythe electron-ioncollisions that producerelaxationof the electron
velocitiesto themean.This termwouldbetheright-hand-side�

�
f �
�
t � coll termin theBoltzmann

equationfor theelectrondistribution function.Thesolutionfor theelectrondisplacementis

r � eê
m ��S 2 �

i S>� c � % (10.5)

sothesusceptibilityperelectronis

a)��� er

ê �3� e2

m

1S 2 �
i SJ� c

� (10.6)

Thecomplex dielectricconstantbecomes

½H� 1 � S 2
peS 2 �
i SJ� c

% (10.7)

whereS pe is theelectronplasmafrequency 4� Nee2 � m. Thecollisionfrequency � c is generally
quite small, andif it is neglectedthe dielectricconstantis real andthe refractive index is n �

1 �I��S pe��S>� 2 provided S is above the plasmafrequency. For frequenciesbelow the plasma
frequency EM wavescannotpropagatein thispicture.

Let’s returnto the casethat ½ andn have a small imaginarypart andseewhat that doesto
thepropagationof thewave. Thewave vectoris S<� 	 p

�
k � nS �

k � c. Theexponentialexp � i k � r �
will containa factorexp �k� � � n�kS �

k � r � c� , which correspondsto anabsorptivity, i.e., attenuation
coefficientof theenergy flux, of

k§ � 2S
c
� � n�&� (10.8)

We canalsoexpressthisas

k§¢� � ��½y�"S·�� n� c � S 2
pe� c·�� n� c ��S 2 � � 2

c � � (10.9)

Thecollisionfrequency, for Coulombcollisionswith ionsZ, isanumberof orderNi � Ze2 � kT � 2 ` kT � m,
andwhenthisandthedefinitionof theplasmafrequency areinserted,theabsorptivity for S � � c

is foundto beof order

k§¢p 4� Z2e6

c � mkT � 3~ 2S 2 ·V� n� NeNi � (10.10)

This is nothingmoreor lessthanthefree-freeabsorptivity, after correctionfor stimulatedemis-
sion, that we discussedearlier(cf., eq. (8.79)),apartfrom the numericalfactorsandthe factor
of the real refractive index in the denominator. We seethat free-freeabsorptionemergesfrom
a completelyclassicalplasmaphysicsdiscussion,in which, if needbe, the correlationsof the
plasmaspeciescanbeincluded.
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If theoscillatingdipolesrepresentedby all theelectronsareaddedincoherentlyinsteadof co-
herently, theneachoneproducesscatteredradiationaccordingto theRayleigh-scatteringformula8Z�3� 8�#� 3� k4 d a d 2, whichbecomes

8s� 8�
3

e2

mc2

2 S 2

S 2 � � 2
c
� (10.11)

This is exactly Thomsonscatteringexceptfor the roll-off at very low frequency. Thusplasma
dispersionandThomsonscatteringarealternatives,andwhich occursundera particularsetof
plasmaconditionsdependsonthecorrelationfunctions.All threeprocesses,Thomsonscattering,
free-freeabsorptionandplasmadispersion,mustbetreatedin a unifiedway for denseplasmas.

Returningto the caseof a real index of refraction,we inquire next what happenswhenwe
applyquantizationto theelectromagneticfield definedusingthemacroscopicfieldsthataccount
for the dielectriccontribution. We mustunderstandthatquantaof thesefields do not represent
just a disturbanceof ê and

ë
traveling thoughspace,but includethe sympatheticresponseof

theplasmaaswell. The energy in suchwavesis really partly in field energy proper, andpartly
in materialenergy. If we declineto usethe macroscopicfields for our photonstates,thenwe
will find that the transportequation,which itself resultsfrom a coarse-grainingprocedure,will
transportradiationat thewrongrateor in thewrongdirection.

Our “dressed”photons,the quantaof the macroscopicEM field, still have the energy èxS ,
but their momentumis è k � nS �

k � c. The numberof photonstatesof a particular(transverse)
polarizationin a volumeV in a rangedk of k anda solidangled ¨ is still

Vk2dkd ¨� 2�<� 3 % (10.12)

but whenk is replacedby its valuein termsof S this becomes

n2 S 2d ¨ d S� 2�2� 3c2	 g
% (10.13)

where	 g is thegroupvelocity

	 g | d S
dk

� (10.14)

The thermodynamicequilibriumintensitycanbe calculatedby multiplying the numberof pho-
tonspermode,theenergy perphoton,thenumberof modesperunit volumeperunit frequency
perunit solid angleandthegroupvelocity of thephoton.TheBose-Einsteinvaluefor thenum-
berof photonspermodein thermodynamicequilibriumat temperatureT is unchanged,asis the
energy of thephoton,while thenumberof modesis multiplied by n2c� 	 g andthegroupveloc-
ity is multiplied by 	 g � c; we concludethat the equilibrium intensityis alteredby the dielectric
accordingto

B§ 7 n2B§
� (10.15)

Themodificationof theexpansionof the vectorpotentialA in the creationandannihilation
operatorsrequiresa carefulcalculationof theenergy densityincludingthematerialcontribution
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for a dispersive medium,cf., Landauand Lifshitz [157]. This leadsto a modificationof the
multiplicative factor � 2�«è c2� S V � 1~ 2 to � 2�®è c	 g � nS V � 1~ 2. As a result the crosssectionfor
emissionprocessesis modifiedby a factorn2c��	 g from thedensityof statestimesafactor 	 g � cn
from theA expansion,or a factorn overall. Thecrosssectionsfor photoabsorptionaremodified
by a factor 	 g � cn from theA expansionanda factorc� 	 g from thedivision by thephotonflux,
or a factor1� n overall. Thisgivestheresultsquotedby Cox andGiuli,

k§ 7 k0§
n

(10.16)

j § 7 nj 0§ % (10.17)

wherethequantitieswith superscript0 arethe onesgivenby the atomicphysicsin the absence
of refraction.SeealsoMercier[183] andDawsonandOberman[83]. It is aninterestingandun-
settledquestionhow generaltherelationis betweentherefractingabsorptivity andahypothetical
non-refractingabsorptivity.

The transportequationincluding refractionis modifiedin threerespects.First, the raysare
bent,sothetransportoperatormustcorrespondto differentiationalongacurvedpath.Second,the
absorptionandemissionmustusethemodifiedvaluesof absorptivity andemissivity. Thethird
correctionis thatowing to the refraction,which canproducefocusingor defocusingof a beam,
theintensityis not itself constant,evenin theabsenceof absorptionandemission.It is I §�� n2 that
is constant.Thiscanbeshown eitherby calculatinghow abeamexpandsin solidanglefollowing
a clusterof rays,or by invoking thesecondlaw of thermodynamicsandtherelation(10.15).The
transportequationasmodifiedis

1

c

�
� I § � n2��

t
�

n � � I §
n2

� dn
ds

� � n
I §
n2

� 1

n2 � j §®� k§ I § � � (10.18)

Thevectordn� ds is therateof bendingof the ray directionperunit lengthmeasuredalongthe
ray. This comesfrom Snell’s law, which takesthis form for ourproblem:

dn
ds

�3� I � nn�>� � logn � (10.19)

As discussedby Cox andGiuli, the definitionsof energy densityandradiationpressureare
modifiedfrom thosefor thenon-refractingmedium.Thethreemomentsarenow givenby

E§¢� 1	 g 4© I § d ¨4% (10.20)

F§ �
4© nI § d ¨4� (10.21)

and

P§ � n

c 4© nnI § d ¨4� (10.22)

The energy densityhasa division by the groupvelocity replacingthe division by c, while the
pressurehasa divisionby thephasevelocityc� n replacingthedivisionby c.
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Theanglemomentsof equation(10.18)arecomplicationby thepresenceof theray-bending
termin thetransportoperator. Cox andGiuli [81, 80] carryout thecalculations,from which we
find thefollowing: ��

t

	 g

c
E§ �����

F §ò� 4� j §«� k§�	 gE§ (10.23)��
t

1

n2c
F § ����� c

n3
P§ � � k§

n2
F § (10.24)

for the caseof isotropicabsorption,emissionandrefraction. Equation(10.23)shows that our
notionsof energy andmomentumconservationaremodifiedby refraction.Equation(10.24)can
alsobewrittenas

���
P§ ��� n

c
k§ F § � 3P§ � � logn � (10.25)

The left handsideis the actualrateat which the radiationfield is gainingmomentum;the first
term on the right-handsideis the momentumimpartedthroughabsorption/emissionprocesses,
sincethemomentumflux is k � SI� n� c timestheenergy flux. Thesecondtermon theright is a
ponderomotiveforceterm.

In thediffusionlimit theintensitygoesto n2 timestheordinaryPlanckfunction,andtherefore
E§ goesto n2c� 	 g times4� B§ � c andthepressureP§ goesto n3 times4� B§ � 3c. As a resultthe
diffusionexpressionfor theflux is

F § �3� 4� n2

3k§ �
B§ % (10.26)

andif theabsorptivity is put in termsof thenon-refractingvaluek0§ thisbecomes

F § ��� 4� n3

3k0§ �
B§ � (10.27)

Wetakethefrequency integralof thisandexpressthetotalflux in termsof anew Rosselandmean
opacity:

F ��� 168 T3

3t R � �
T % (10.28)

with

1t
R

�
X
0 d � n3õ 0ö dB ö

dTX
0 d � dB ö

dT

% (10.29)

Notice that the index of refractionis included(cubed)in the numerator, but not in the denom-
inator. That is becausewe want the denominatorto continueto be exactly 48 T3 � � , sincethis
is usedin obtainingequation(10.28). In the simplemodelthatn � � 1 �A��S pe� SJ� 2 � 1~ 2 the nu-
meratorintegral in equation(10.29)mustbecutoff below theplasmafrequency S pe, andwecan
seethat theintegranddropsto zeroasthis limit is approached,sothecontribution to 1� t R from
frequenciesbetweenS pe and,say, 2S pe is muchreducedby theeffectof refraction.If thedensity
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is high enoughthat èxS pe p kT therewill be a significantincreasein t
R. This modificationto

theRosselandmeanopacityis alsodiscussedby CoxandGiuli.
The importanceof refractionin mostastrophysicalproblemsis not greatsincethe plasma

frequency is givenby

èxS pe � 0 � 37133
Ne

1020cm{ 3

1~ 2
eV % (10.30)

which puts it well below the optical frequency rangeat the densitieslikely to be encountered.
It remainsa significantissueat radio frequenciessince,for example,evenat thetypical coronal
densityof 108 cm{ 3 the plasmafrequency is 90MHz. The correctionto the Rosselandmean
opacity indicatedin equation(10.29)is often omittedeven in the large opacity tabulationsbe-
causein theconditionswherethis correctionis significantthereareuncertaintiesin the opacity
calculationthatareevenlarger.

10.2 Description of polarized light

Wehavesofarassumedthattheradiationfield is equallystrongin thetwo modesof polarization,
andwe have summedor averagedover the polarizationsasappropriate,to get resultsfor unpo-
larizedlight. This is really not correctin a numberof circumstances,andin this sectionwe will
show whatmightbedoneaboutthat. In truth,for mostpurposeswecontinueto usetheresultsfor
unpolarizedlight, at thecostof somelossof accuracy, sincethenumberof unknownsgoesupby
2–4timeswhenpolarizationis considered,andthereforeit is anissueof computationalexpense.

Whatis themathematicaldescriptionof polarizedlight? Hereis theclassicalwayof defining
it, derived from Chandrasekhar’s book [65]. Considerpropagationin the z direction. The x
componentof theelectricfield is onepossiblerandomfunctionof time andthe y componentis
another. Themeansquarevalueof ê x is 4�#� c timestheintensityif all theradiationis propagating
in thez directionandthereis no y component,sowecall c � ê x � 2 � 4� Ix, thex intensity.Likewise
for Iy. Thesum Ix

�
Iy is indeedthetotal intensity I . This would betheendof thestory, andin

factit sometimesis, exceptfor thepossibilityof correlationbetweenê x and ê y. And it turnsout
thattherearepiecesof opticalapparatusthatcandetectcorrelationsbetweenê x and ê y whenone
of thetwo componentshasbeenshiftedin phaseby somecontrolledamount.Suchanapparatus
is thequarter-waveplate,for example,which introducesashift of �#� 2. A mathematicalapproach
thatbringsout thewaythat ê x and ê y maybecorrelatedwith ashift in phaseis thefollowing. We
pick aninterval of time � thatis longenoughfor 1��� to besmallerthanthefrequency resolutione � we areinterestedin. We expandê x and ê y over this interval in complex exponentialseries:

ê x � t ���
k

ax : ke
{ i � k t � aðx : ke

z i � k t (10.31)

ê y � t ���
k

ay : ke
{ i � k t � aðy : ke

z i � k t (10.32)

If we now pick out onefrequency of interest,say S k, the Fourier coefficientsfor the two field
componentsarerepresentedby two complex numbers,ax : k anday : k. Fromthesewebuild a2 n 2
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Hermitianmatrix � k asfollows:

� k � ax : k
ay : k aðx : k aðy : k � d ax : k d 2 ax : kaðy : k

aðx : kay : k d ay : k d 2 � (10.33)

Thevalueof � k: 11 is thepower spectrumof ê x, andif this is summedover thefrequenciesthen,
by Parseval’s theorem,we recover Ix. Thusthis is proportionalto the spectralintensityfor the
x polarization.Likewisefor � k: 22, which givesthespectralintensityfor the y polarization.The
off-diagonalcomponentscomein whenwe introducea funny polarizerthatrespondsto

d cosa ax : k � sin a ei � ay : k d 2 % (10.34)

wherea and Í arearbitrarily adjustableangles.Theresponseis seento begivenby this expres-
sion

cosa sin a ei � d ax : k d 2 ax : kaðy : k
a ðx : kay : k d ay : k d 2 cosa

sin a e{ i �
� cos2 a�� k: 11

�
sin2 a�� k: 22

�
cosa sin a>� ei � � k: 21

�
e
{ i � � k: 12��� (10.35)

Thefull matrix is neededto determinethis responsefor all possiblevaluesof a and Í .
The matrix � k is often called the coherencymatrix (cf., Born andWolf [35], §10.8.1). In

quantummechanicallanguageit is a densitymatrix with respectto thepolarizationmodes.The
componentshaveconventionaldesignationsasshown here:

� k � 1

2
I
�

Q U
�

i V
U � i V I � Q

% (10.36)

wherethe quantitiesI , Q, U and V are the Stokesparameters. The matrix is positive semi-
definite,sowhile Q, U andV caneachhaveeithersign,I mustbepositive,andI ¹ Q2 �

U2 �
V2.

The extensionof our treatmentto the quantizedradiationfield is fairly easysinceexpan-
sions(10.31)and(10.32)are just like the representationof the fields in termsof creationand
annihilationoperators.Thequantumequivalentto equation(10.33)is

� k � Tr � a†
kxakx akxa†

ky

a†
kxaky a†

kyaky
% (10.37)

in which � without a subscriptis theoverall densitymatrix for the radiationfield, andthetrace
is takenoverall theradiationstates.This entailsa summationoverall occupationvectors d nkì �
in which then’s take all possiblevalues.In thecasethattheradiationfield is relatively weakthe
only non-vanishingdensitymatrix valuesconnectstateswith eitherno photonsat all, or just one
photontotal in all themodes.In this case� k reducesto just thepartof � connectingthestates
thathaveonephoton.Thatis, wecanregard � k itself astheradiationdensitymatrix. Thedensity
matrix for situationswith multiple photonoccupanciesis anotherinterestingsubject,but it takes
usbeyondwhatcanbediscussedin theintensitypicture. For example,somemeasurementscan
distinguishbetweendifferentprobabilitydistributionsfor thephotonnumberthatcorrespondto
thesameintensity. Theintensityinterferometerof Hanbury Brown andTwiss[40] reliesonsuch
aneffect,sincephotonstatisticsarenot Poissonowing to thephotons’bosonnature.
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Sofar, sincewehavechosenjustonetimeinterval � , the � k matrix is relatedpreciselyto one
complex vector � ax : k ay : k � , thereforeit is rank1, andtheStokesparametersobey the relation

I � Q2 �
U2 �

V2 precisely. This is not the generalcase.Whenthe electricfield contains
noise,which is truewhenemissionfrom thermalsourcesis considered,thetime-dependentfield
componentsarestochasticprocessesandtheFouriercoefficientsoverany finite time interval are
randomvariables.In thissituationthequantitywewantto useto describetheradiationis theav-
erageof � k overaninfinite numberof realizationsof thetime-dependentfields,or overaninfinite
numberof differenttimewindows � . After averaging,� k will still havetheHermiticity property,
and it will still be semi-definite.In fact, it is exceedinglyunlikely that I � Q2 �

U2 �
V2

will remaintrue,andthereforethematrix is highly likely to bepositivedefinite.This meansthat
every funny polarizerasdescribedabovewill givesomenon-zeroresponse.

Somegeneralpropertiesof thecoherency matrix or theStokesparametersarethefollowing.
When two beamsof light are merged,supposingthemto comefrom distinct sourcesso they
are completelyuncorrelated,then the coherency matricesor Stokes parameterscan be added
component-by-component. The casethat I � Q2 �

U2 �
V2 is calledelliptically polarized

light; it containsjust one,possiblycomplex, polarizationmode.It is calledelliptical becausethe
points � ê x % ê y � traceoutanellipsein thex-y plane.If U � 0 thesemi-majorandsemi-minoraxes
of theellipsearealignedwith x andy. If V � 0 thenthelight is linearlypolarizedin general,and
theplaneof polarizationdependson Q andU , thepositionanglewith respectto thex-axisbeing� 1� 2� tan{ 1 U � Q. If U � 0 thenthe light is x-polarizedif Q � I andy-polarizedif Q � � I .
In the U � 0 case,if also Q � 0, the light is circularly polarized. Circularly polarizedlight
with V � I hastherelationthatay : k � exp �"� i �'� 2� ax : k andthereforethe y componentof the
field leadsthex componentof thefield by aquarterperiod.Thusthepoint representing� ê x % ê y �
movesclockwisearounda circle in thex-y diagramast increasesata fixedz (assumingthatthe
xyzcoordinatesystemis right-handed).Thisis right-circularpolarization.If aquarter-waveplate
is usedto delay ê y relative to ê x by �#� 2 for right-circularlypolarizedlight, theresultis light that
is linearlypolarizedat �V���'� 4. In thecasethatV ��� I themotionis counter-clockwisearound
thecircle, this is left-circularpolarization,andtheeffect of thequarter-wave plateis to produce
linearly polarizedlight at ��� 3�#� 4.

Every Hermitianmatrix canbe diagonalizedby a unitary transformation,which meansthat
� k canbeexpressedin termsof rotated,possiblycomplex, orthogonalpolarizationmodes,with
respectto which the two field componentsarecompletelyuncorrelated.Therearetwo waysof
sayingthis. Oneway is thatanunpolarizedbeam,with anintensityfor bothpolarizationmodes
equalto eachotherandequalto thesmallerintensityfor theoriginalbeam,canbeseparatedout,
andwhat is left is elliptically polarized.Thusany kind of light canbeformedby themixtureof
someunpolarizedlight with a beamof elliptically polarizedlight. Theotherway to sayit is that
thearbitrarybeamof light is thesumof suitableamountsof two particulararbitraryorthogonal
elliptical polarizations.Orthogonalelliptical polarizations,by the way, differ from eachother
by interchangingthe major and minor axes, and reversingthe senseof rotation. So linear x
polarizationis orthogonalto linear y polarization;linearpolarizationalongy � 2x is orthogonal
to linear polarizationalongx �Ê� 2y. Right circular polarizationis orthogonalto left circular
polarization.

Elliptically polarizedlight that is normalizedto unit intensity, so Q2 �
U2 �

V2 � 1, cor-
respondsto a point on the unit spherein QUV space. This is called the Poincaŕe sphere. It
givesaneasywayof visualizingtypesof polarization,andtheactionsof variouspolarizers.(See
Huard [122].) The “North” pole of the Poincaŕe sphereis right circularly polarizedlight and
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thesouthpole is left circularly polarized.Theequatorcontainsthe typesof linearpolarization.
The longitudeis twice thepositionangleof themajoraxisof theellipse,andthe latitudedeter-
minestheellipticity accordingto latitude � 2½ with tan½H� minoraxis� majoraxis.Thenorthern
hemispherecontainstheright-handedpolarizations,andthesouthernhemispheretheleft-handed
ones. Diametricallyoppositepointson the Poincaŕe sphererepresentorthogonalpolarizations.
Theactionof aphaseplateor compensatoris visualizedasarotationof thesphereaboutacertain
direction.For example,thequarter-wave plateproducesa 90� rotationaboutthe Q axis,sothat
U becomesV andV becomes� U . In general,theactionof polarizersandcompensatorsis rep-
resentedin matrix languageby I h�� MI , a transformationmappingtheold StokesvectorI into a
new oneI h . The4 n 4 matrixM is calledtheMuellermatrix for thedevice.

If we changefrom onesetof polarizationbasisvectors,for examplethe vectorsex andey
we have beendiscussing,to someotherpair e1 ande2, wherewe will requirethate1 ande2 are
normalizedandorthogonal:e1ð � e1 � e2 ð � e2 � 1 ande1 ð � e2 � 0,whathappensto thecoherency
matrix?Supposethat

ex ey � e1 e2 M % (10.38)

in termsof a 2 n 2 unitarymatrix M. Thenthevectorfield Fourieramplitudecanbeexpressed
in two equivalentways,

ex ey
ax : k
ay : k (10.39)

or

e1 e2
a1: k
a2: k � (10.40)

Thereforetheamplitudesarerelatedby

a1: k
a2: k � M

ax : k
ay : k � (10.41)

Whentheseamplitudesareusedto constructthecoherency matrix �!hk with respectto thesenew
polarizationmodes,it turnsout to be

� hk � M � kM† � (10.42)

So the unitary transformationsthatdiagonalizethecoherency matrix do indeedjust correspond
to picking differentpolarizationmodesfor thebasis,assuggestedabove.

As anexampleof this transformationlet’s take themodes

e1 � � ex
�

i ey` 2
(10.43)

e2 � ex
�

i ey` 2
� (10.44)

Thesearethecircularpolarizationmodes.Thematrix M in this caseis

M � 1` 2

� 1 � i
1 � i

� (10.45)
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Applying this to find thetransformedcoherency matrix in termsof theStokesparametersgives

� hk � 1

2
I
�

V � Q � i U� Q
�

i U I � V
� (10.46)

Soasaresultof thetransformationV now playstherolethatQ did before, � Q playstherolethat
U did before,and � U playstherole thatV did before.We recognizee1 asthebasisvectorfor
theright-circularpolarizationmode,ande2 asthebasisvectorfor theleft-circularpolarization.

It mustbe addedherethat, sadly, the conventionsrelatedto the Stokesparametersandthe
coherency matrix arenot too well established.Someauthorsassumethat the time dependent
exponentialfactoris exp � i S t � insteadof exp �"� i S t � . This reversesthesignof V . Someauthors
definea positive V asreferringto counter-clockwiserotationof the electricvector, which does
the samething. And thereareothervariations. In this presentationexp �"� i S t � andclockwise
rotationhave beenassumed,andin this andotherrespectsit hasbeenattemptedto follow the
conventionsdescribedin detailby Rees[216].

10.3 Transport equation for an isotropic medium

The transportequationfor polarizedlight we shall considerfirst will includeonly the effect of
scatteringon thepolarizationcomponents,andrefractionandany dependenceof theabsorptivity
onpolarizationmodewill beputasidefor now. Wewill dealwith avector-valuedintensitybased
on thefour Stokescomponents,

I �
I
Q
U
V

� (10.47)

Theabsorptivity is (in our approximation)a scalar, but theemissivity is alsoa vector, sinceit is
potentiallydifferentfor thefour components.Thusthetransportequationis

1

c

�
I §�
t
�

n � � I § � j § � k§ I § � (10.48)

Incidentally, theadditivity of Stokesvectorsis whatallowsusto write alineartransportequation.
Thereis an implicit assumptionthat thegainsor lossesof radiationin a volumeelementhave a
randomphasecomparedwith theradiationfield itself. Thatwill notbethecaseif the“scatterers”
arespatiallyordered,for example.

The discussionhingeson the form of the Stokesvectoremissivity j § . Thermalemissionis
unpolarized,andthereforeit correspondsto

j § �
k§ B§

0
0
0

� (10.49)

If this is theonly kind of emission,if any radiationincidentat theboundariesis unpolarized,and
if any radiationpresentat the initial time is unpolarized,thenthe transportequationshows that
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the radiationremainseverywhereunpolarizedat all time, a common-senseresult. However we
shallseethatscatteringprocessesproducepolarizationwhenthereis nonepresentto begin with.

Thereis asimpleresultfor theStokesvectoremissivity for scatteringprocesseslikeThomson
andRayleighscattering.To seehow to gettherefrom thequantummechanics,we needto begin
with a density-matrixform of Fermi’sgoldenrule,which is

�� f � f � 2�è
i i � � f h d Hint d i h ��� i � i � i d Hint d f ��6�� E f � Ei �&% (10.50)

wherethe initial statesi andi h areonedegeneratesetin energy, with populationsandpossible
correlationsas given by � i � i , and the final set of states f and f h are anotherdegenerateset,
andfurthermorethereis overall conservationof energy. In the caseof RayleighandThomson
scatteringthe indiceson theinitial density(polarization)matrix are ± h1 and ± 1, andwe want to
find the contribution to the final statedensitymatrix with indices ± h2 and ± 2. The first matrix
elementof Hint will containa factoreðk2 ì 2� � ek1 ì 1� and the secondmatrix elementcontainsa
factoreðk1 ì 1

� ek2 ì 2. Theproductof thesetwo factorsis thedependenceof thedifferentialcross
sectionfor coherency matrix componentson the polarizationmodes.If we definethe direction
cosinematrix C by Cì 1 ì 2 � eðk1 ì 1

� ek2 ì 2, thenthepolarization-matrixrateof emissiondueto
scatteringof photonsin thesolid angled ¨ 1 canbewrittenasthematrix product

Ne
e2

mc2

2

C† � kCd ¨ 1 � (10.51)

Obtainingthe direction cosinematrix explicitly is an exercisein angularalgebra;indeedthe
cleanestway of representingangularquantitiessuchas � k and the relatedemissivity function
is by meansof irreducibletensors,for which all the methodsof Racahangularalgebramay be
invoked.We arenot ableto delve into thathere.

The directioncosinematrix C is easyto give if the polarizationsarereferredto the plane
containingthe initial and final photondirections. Let polarization1 be perpendicularto that
planeandpolarization2 beparallelto it. Thenthedirectioncosinematrix is

C ��� eðk1 ì 1
� ek2 ì 2 �#� 1 0

0 cos¬ % (10.52)

where ¬ is the scatteringangle. Working out the matrix productsin equation(10.51)using
the definition (10.36)of � k andthenrearrangingthe polarizationcomponentsasStokesvector
componentsgives

1

2
Ne

e2

mc2

2 1
�

cos2 ¬ sin2 ¬ 0 0
sin2 ¬ 1

�
cos2 ¬ 0 0

0 0 2cos¬ 0
0 0 0 2cos¬

I
Q
U
V

d ¨ 1 (10.53)

for the contribution to the Stokesemissivity vectorfrom this particularinitial photondirection.
However beforebeingusedto actuallysolve the equationof transferthe matrix appearinghere
muststill be transformedto accountfor thefact that thepolarizationmodesmustbe referredto
a consistentazimuthalangleof reference,sincethescatteringplanerotatesaroundasthephoton
directionsvary. Equation(10.53)asit standsis sufficient to show us thatunpolarizedradiation
scatteredthrough ¬ � 90� becomes100% linearly polarizedperpendicularto the scattering
plane.
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10.4 Polarized light in an anisotropic medium

Theequationof transferin theprecedingsubsectionassumesthat theabsorptioncoefficient is a
scalarquantity;thatis, is thesamefor thetwo modesof polarization.Anotherimplicit assumption
is that the index of refractionis the samefor the two modes.Neitherof thesethingsis true for
an anisotropicmedium. This is a mediumin which the dielectric tensoris not a scalartensor,
andin which, therefore,thespeedof light is differentin differentdirections.This is encountered
in birefringentcrystals,andin astrophysicsin describinglight propagationthroughmagnetized
plasmas.Four examplesof thelatterare(1) theformationof Zeemansplit or broadenedspectral
linesin thesolarphotosphere(Beckers[28]), (2) remoteprobingof theearth’s ionosphereusing
microwave emissionof O2 (Lenoir [167]), (3) formationof the cyclotron line in the accretion
columnof a neutronstar(MésźarosandNagel[185]) and(4) Faradayrotationof radiosignals
from distantpulsarsby theinterstellarmedium.

The last of theseexamplespointsout the needto considerin the transferequationnot only
theabsorptionof theStokescomponents,but alsotherotation—theexchangeof energy between
components.Thetheoryof Faradayrotationhaslong includedtherotationeffect basedon clas-
sical optics without incorporatingit in the transferequation,while the theory of spectralline
formationin themagnetizedsolarphotosphereinitially ignoredtherotation(Unno[254]). A uni-
fied treatmentincludingbotheffectshasnow beengivenfor theradioastronomycaseby Lenoir
[166] and for the solar Zeemaneffect by Rachkovsky [210], Landi degl’Innocenti and Landi
degl’Innocenti [160]. A generalformulation for the Zeemaneffect problembasedon QED is
foundin Landi [158].

Lenoir [167] usesasemi-classicaldevelopmentbasedonMaxwell’sequationsto arriveat this
form of thetransferequationexpressedin termsof thecoherency matrix �

d �
ds

�
G � � � G† � 2B§ A % (10.54)

in whichG is, in effect, � 2� i � É timesthecomplex tensorindex of refraction,G† is its Hermitian
adjoint,andA is its Hermitianpart, � G �

G† �"� 2. (Lenoir’sphaseshave to becorrectedfor time
dependenceexp �k� i S t � .) In Lenoir’s formulationheassumesthepermittivity ½ 0 of vacuumbut
includesapermeabilitytensor	P��9 0 � I ��
 � thatincorporatestheplasmaZeemaneffect,andit is
thenfoundto besufficientto takeG �3��� i �#� É�� 

� , where


��
standsfor the2 n 2 projectionof



into theplaneperpendicularto thedirectionof propagation.Alternatively, theidealpermeability9 0 maybe used,andthe permittivity givenby the generaldielectrictensor� . The result is the
same,with �x��½ 0 � I replacing



.

Lenoir specificallyconsidersLTE radiativetransferin themicrowaveregionof thespectrum,
thushisabsorptioncoefficientimplicitly containsacorrectionfactor1 � exp �"� h��� kT �#p h�x� kT
for stimulatedemission,andhemayusetheRayleigh-JeansapproximationB§ p 2kT � 2 � c2. He
thereforerefersto brightnesstemperatureratherthanto the specificintensityandits coherence
components.However, nothing in the formulationpreventsusing it, asquotedabove, for the
coherency matrix in intensityunits,providedit is understoodthatG hasbeencorrectedfor stim-
ulatedemission.

In theforegoingequationsall thetensorsare2 n 2. If thepolarizationbasisvectorsareex and
ey, correspondingto therelation(10.36)betweenthecoherency matrixandtheStokesparameters,
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thenthetensor


�

, for example,is just



� � ÿ xx ÿ xyÿ yx ÿ yy
(10.55)

in thecasethat theradiationdirectionin questionis the+z direction.If, asabove,a differentset
of polarizationvectorsis used,relatedto theseby aunitarytransformationwith amatrix M, then
thetransformedcoherency matrix �!h of equation(10.42)will obey this transferequation

d �!h
ds

�
MGM† � h � � h MG†M† � 2B§ MAM† % (10.56)

aswecanseeby multiplying equation(10.54)ontheleft by M andontheright by M†; thematri-
cespassthroughthederivativewith respectto s if thepolarizationmodesarespace-independent.
Theform of thetransferequationis unchangedin this basis,andit is necessaryjust to transform
theG andA tensorsto thenew basis.

Thetransferequationfor thecoherency matrix � canbemadeinto a usefultransferequation
for theStokesvectorI . If theG matrix is writtenas

G � G11 G12
G21 G22

% (10.57)

thenworking out thematrix productsin equation(10.54)usingequation(10.36)leadsto

dI
ds

�
KI � j � KS % (10.58)

with theabsorptionmatrixK andtheemissivity andsourcefunctionvectorsj andS definedby

K �
L

I
L

Q
L

U
L

VL
Q

L
I

L hV � L hUL
U � L hV L

I
L hQL

V
L hU � L hQ L

I

% j � B§
L

IL
QL
UL
V

% S � B§
1
0
0
0

� (10.59)

Thesevenparametersthatappearin equation(10.59)arerelatedto theG elementsbyL
I � ·�� G11� � ·�� G22�L

Q � ·�� G11�>�4·�� G22�L
U � ·�� G12� � ·�� G21�L
V � � � � G12� � � � G21�L hQ � � � G11�J� � � G22�L hU � � � G12� � � � G21�L hV � ·�� G12�>�4·�� G21�«� (10.60)

This notationfollows Jefferies,et al., [134]; the
L

s shouldnot be confusedeitherwith angles
or with valuesof line profile functions,althoughit turnsout that for polarizedline transferthe
unprimed

L
s are variouscombinationsof profile functionsof the Zeemancomponentstimes

geometricalfactors,andthe primedparameterscontainthe correspondingdispersionfunctions,
whicharesimilar to thederivativesof theprofiles;seebelow.
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Theactionof the
L h elementsof K in equation(10.58)is worthyof note.Theseelements,by

themselves,causetheStokesparametersQ % U % V to rotateasoneprogressesalongtheray. The
axisof rotationis � L hQ % L hU % L hV � , andthemagnitudeof this vectorgivestheangleof rotationper
unit of pathlength. Theeffect canbevisualizedby consideringa counter-clockwiserotationof
thePoincaŕesphereaboutthis direction.

Thediagonal
L

I elementsof K produceuniformabsorptionof all thecomponentsof I , sothat
thepercentageandtypeof polarizationareunchangedas I is reduced.But theeffect of

L
Q,

L
U

and
L

V is to selectively absorbonepolarizationandto absorblesstheorthogonalone. Specifi-
cally, thepolarizationcomponentalong � Q % U % V �2�b� L Q % L U % L V � is absorbedat the increased
rate

L
I
� � L 2

Q
�)L 2

U
�KL 2

V � 1~ 2, while theorthogonalpolarization� Q % U % V �#���"� L Q %x� L U %x� L V �
hasthedecreasedabsorptioncoefficient

L
I �I� L 2

Q
�IL 2

U
�\L 2

V � 1~ 2. (Thelargeandsmallabsorp-
tion coefficientsarethesameastwice theeigenvaluesof A, theHermitianpartof G. A condition
of physicalreasonablenessis thatA shouldbe positive definite.) If thepathlengththroughthis
material is sufficiently large, then the attenuatedemerging radiationis 100% polarizedalong� Q % U % V �2�b�"� L Q %y� L U %y� L V � , regardlessof its initial polarization.Sotherecipefor making
a polarizerthat passesonly linear polarizationin the x direction(Q E 0 % U � V � 0) is to
provide a slabof materialwith large,negative

L
Q,

L
I p d L Q d andnegligible valuesof theother

parameters.
A simpleexampleof thetransferequationfor anisotropicpolarizedlight is providedby Fara-

day rotationof cosmicradiowavesdueto magnetizedinterstellarplasma.Thedielectrictensor
� for this caseis a generalizationof equation(10.7)discussedearlier. Following Allis, et al. [9],
andcorrectingthe phasesfor time dependenceexp �"� i S t � leadsto the dielectrictensor, for the
caseof a uniformstaticfield B alongthez axis,givenby

�y� ½ 0 � I � S 2
pe

2S
� �

r � i � � � r � 0
i � � � r � � �

r 0
0 0 2p

% (10.61)

with thedefinitions

r � 1S � S B
�

i � c
% � � 1S[�]S B

�
i � c

% p � 1S �
i � c

% (10.62)

in which S B is theelectroncyclotronfrequency eB � mc andS pe and� c are,asbefore,theelectron
plasmafrequency 4� Nee2 � m andtheelectron-ioncollision frequency. Making theassumption
thatboth S B and � c aremuchsmallerthan S leadsto

�y� ½ 0 p 1 � S 2
peS 2

�
i
S 2

pe� cS 3
I
�

i
S 2

peS BS 3

0 1 0� 1 0 0
0 0 0

� (10.63)

Theisotropicpartof thistensoris whatwefoundbefore;thesecondtermis new. Thecomponents
aswritten arefor a coordinatesystemwith thez axisalongB. But thematrix in thesecondterm
canalsobe written in tensorlanguageasbi j � ei j k Bk � B in termsof the antisymmetrictensor
ei j k which is

�
1 if i j k is anevenpermutation,� 1 if i j k is anoddpermutation,andis otherwise

0. Sinceei j k andBk transformlike a goodtensorandvectorunderrotations,thesameformula
canbeusedto expressthis matrix for a generalorientationof B, which gives

�y� ½ 0 p 1 � S 2
peS 2

�
i
S 2

pe� cS 3 I
�

i
S 2

peS BS 3 B

0 Bz � By� Bz 0 Bx

By � Bx 0
% (10.64)
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andtherefore

G � i S 2
pe

2S c
� S 2

pe� c

2S 2 c
I
� S 2

peS Bz

2S 2 c
0 1� 1 0

% (10.65)

wheretheidentitymatrix I is now 2 n 2,andS Bz isanew variable,S Bz ��S B Bz� B � eBz� mc. In
contrastto S B, S Bz canhaveeithersign,dependingontheanglebetweenB andthe

�
z axis.The

Faradayrotationwill apparentlydependon only thatcomponentof B that is alongthedirection
of propagationof thewave.

Thescalarimaginary(dispersive)partof G disappearsin thetransferequation,sinceit hasno
effectontheintensities.It is,however, responsiblefor pulsardispersionmeasures.Therealscalar
part of G representsabsorptiondueto inversebremsstrahlung,asdiscussedbefore. Given this
resultfor G, theelementsof K canbereadoff:

L
I �?S 2

pe� c ����S 2c� , L Q � 0,
L

U � 0,
L

V � 0,L hQ � 0,
L hU � 0 and

L hV � S 2
peS Bz ����S 2c� . Neglectingthe emissionby the cold interstellar

material,theStokestransferequationsbecomes

dI

ds
� � S 2

pe� cS 2c
I (10.66)

dQ

ds
� � S 2

pe� cS 2c
Q � S 2

peS BzS 2c
U (10.67)

dU

ds
� � S 2

pe� cS 2c
U

� S 2
peS BzS 2c

Q (10.68)

dV

ds
� � S 2

pe� cS 2c
V � (10.69)

If thelight from thedistantsourceis partially linearlypolarized,thenat thesourceV � 0, andit
remainsso.Weseethat I , Q andU areattenuatedat thesamerateby theinversebremsstrahlung.
But thecouplingof Q andU producesrotationof theplaneof polarization.Therateof rotation
canbecalculatedby

d �
ds

� d

ds

1

2
tan{ 1 U

Q
� 1

2

1

Q2 �
U2

Q
dU

ds
� U

dQ

ds
� S 2

peS Bz

2S 2c
� (10.70)

Therotationperunit pathlengthis proportionalto theelectrondensity, theprojectionof B onthe
line of sightandinverselyto thesquareof thefrequency. If thecomponentof B in thedirection
of propagationis positive,thesenseof therotationis counter-clockwise.It oftenhappensthatthe
total rotationangleasobservedon theearthfor acertainradiosourceis many times2� at typical
frequencies.What is observedin thesecasesis a linearvariationof thepositionangleof linear
polarizationwith É 2 over a small rangeof É . Thecoefficient is proportionalto NeBz ds over
theline of sightto thesource,calledtherotationmeasure.

Landi degl’Innocenti’s[158] form of thetransferequationfor � is

d �
ds

� 1

2
f
�

f† � g� � � g† �
h� � � h† � (10.71)

Thethreenew matricesthatappearhere,f, g andh, take theplacesof G andA, andareexpressed
by Landi degl’Innocenti asspecificsumsof atomicdensitymatrix elementsmultiplied by two
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factorsof quantitieslike � a d p � ed b� andby the complex line absorptionprofile function, about
which morebelow. They representspontaneousemission,absorptionandstimulatedemission,
respectively. Thestimulatedemissionterm,with h, entersthetransferequationasa subtraction
from the absorptionterm, as expected. The spontaneousemissionmatrix f is the stimulated
emissionmatrix multiplied by the factor2h� 3 � c2, alsoasexpected. Whenthe atomicdensity
matricesreduceto simplepopulations,andfurthermorearein LTE, thenthe h matrix becomes
exp �"� h��� kT � timestheg matrix andwe candenoteg � h by G, with the resultthat f is GB§ .
This reducesLandidegl’Innocenti’sequationto Lenoir’s form.

Landi degl’Innocenti’s resultfor the g matrix canbe looked at in moredetail in the simple
caseof absorptionfor a normalZeemantriplet, for examplein a 1S0–1P1 transition. The 1P1
level is split by theZeemaneffect into the M �c� 1, M � 0 andM � 1 sublevels,andtheline
is split into the0 7 � 1 8�{ component,the0 7 0 � componentandthe0 7 1 8 z component.
The frequenciesof the componentsturn out to be �^�m� 0 �[� B, � 0 and � 0

� � B, respectively,
where� 0 is theunperturbedfrequency and � B � eB � 4� mc is thenormalZeemansplitting. The
expressionfor thecomponentsof theg matrixat frequency � becomes

gÜ � � C � u %y� 1 d p � eÜ d � % 0� � u %y� 1 d p � e�Õd � % 0� ð @V��� 0 �4� B �4�
�� � u % 0 d p � eÜ d � % 0� � u % 0 d p � e�Õd � % 0� ð @V��� 0 �Z���� � u % � 1 d p � eÜ d � % 0� � u % � 1 d p � e�Õd � % 0� ð @���� 0
� � B �]��� % (10.72)

in which C is a certaincombinationof atomicconstantswith the populationdensityof atoms
in the lower level. The complex function @V� e ��� hasa real part H , which is the Voigt profile
functionfor a Dopplerwidth e � D anda Lorentzianwidth OC� a e � D, andtheimaginarypart is
2F , thedispersionfunctionthatcanbederivedfrom H usingtheKramers-Kronigrelation.If we
define	�� e ��� e � D, thenthefunctionsaregivenby

e � D @�� e ����� i� 3~ 2
X
{ X exp �"� t2 � dt	 �

i a � t

� 1` � H � a %/	�� � 2i` � F � a %/	�� (10.73)

with
(10.74)

H � a %w	��¶� a�
X
{ X exp �"� t2 � dt��	o� t � 2 �

a2 (10.75)

F � a %/	
��� 1

2�
X
{ X ��	v� t � exp �"� t2 � dt��	o� t � 2 �

a2
% (10.76)

also
(10.77)

e � D @�� e ����� 1` � ï ��	 �
i a�

� 1` � exp ����	 �
i a� 2 erfc� a � i 	
�®� (10.78)

Thelastrelationconnectsthecomplex profileshapewith thecomplex errorfunction(Abramowitz
andStegun[1]).
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The factorslike � u %y� 1 d p � eÜ d � % 0� evaluateto physicalconstantstimesthe reducedmatrix
element� u dºd p d�d � � timesthetrigonometricalfactorrelatingthedirectionof eÜ to the � 1 spherical
componentof a unit vectoralongtheB field. In fact,thevectorp canbeexpressedas

p ��� ph1eh{ 1
�

ph0eh0 � ph{ 1eh1 (10.79)

in termsof its sphericalcomponentsin an x h y h zh coordinatesystemwith the zh axis along B,
andthe sphericalbasisvectorsin this coordinatesystem.An applicationof the Wigner-Eckart
theoremto � u %x� 1 d p d � % 0� gives

� u %y� 1 d p d � % 0�Y� � � u %y� 1 d ph{ 1 d � % 0� eh1
� � � u d�d p d�d � � 1 1 0

1 � 1 0
eh1 % (10.80)

wherethe3 j symbolhasthevalue1� ` 3. Expressingeh1 in xyz coordinatesrequiresselectinga
directionfor the x h axis in theplaneperpendicularto B; a differentchoiceof this directionwill
multiply this matrix elementby a complex phasefactorexp � i 6 � . Fortunatelythis will cancelout
when � u %y� 1 d p � eÜ d � % 0� is combinedwith � u %y� 1 d p � e�Õd � % 0� ð . Arbitrarily selectingex h to lie in
thexy planeleadsto

ex h � � sin
L

Bex
�

cos
L

bey

ey h � � cos� B cos
L

Bex � cos� B sin
L

Bey
�

sin � Bez

ez h � sin � B cos
L

Bex
�

sin � B sin
L

Bey
�

cos� Bez % (10.81)

where � B and
L

B are the polar andazimuthalangles,respectively, of B in the xyz coordinate
system.Theresultis

eh1 � 1` 2
� � sin

L
b � i cos� B cos

L
B � ex� � cos

L
B � i cos� B sin

L
B � ey

�
i sin � Bez % (10.82)

from which thecontributionof just the 8 { Zeemancomponentto G is foundto be

G11 ��8�{'��� C h sin2 L
B
�

cos2 � B cos2
L

B @���� 0 �4� B �]��� (10.83)

G12 ��8 { ��� C h � sin2 � B sin
L

B cos
L

B � i cos� B @���� 0 �4� B �]��� (10.84)

G21 ��8�{'��� C h � sin2 � B sin
L

B cos
L

B
�

i cos� B @���� 0 �4� B �]��� (10.85)

G22 ��8 { ��� C h cos2
L

B
�

cos2 � B sin2 L
B @���� 0 �4� B �]���«% (10.86)

in which C h is theconstantC h�� C � 1 � exp �"� h � 0 � kT �k� d�� u d�d p dºd � � d 2 � 6.
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Thecontributionsof the 8�{ componentto theK matrix follow from equation(10.59)with

L
I ��8�{#�Y� C h h � 1 �

cos2 � B � HrL
Q ��8�{#�Y� � C h h sin2 � B cos2

L
B HrL

U ��8�{#�Y� � C h h sin2 � B sin2
L

B HrL
V ��8�{#�Y� C h h 2cos� B HrL hQ ��8�{#�Y� � C h h sin2 � B cos2

L
B 2FrL hU ��8 { �Y� � C h h sin2 � B sin2

L
B 2FrL hV ��8 { �Y� C h h 2cos� B 2Fr � (10.87)

In theserelationsC h h
� C h°��� ` � e � D � andHr standsfor theredcomponent(the 8 { component)
profile function H � a %/	
� with 	��3��� 0 �4� B �]���"� e � D , andlikewisefor Fr .

In a similar way the contributionsof the blue ( 8�z ) andunshifted( � ) components,denoted
by subscriptsb and p, respectively, canbe evaluated. The final result is representedby these
relations:

L
I � C h h 2sin2 � B Hp

� � 1 �
cos2 � B �0� Hb

�
Hr �L

Q � C h h sin2 � B cos2
L

B � 2Hp � Hb � Hr �L
U � C h h sin2 � B sin2

L
B � 2Hp � Hb � Hr �L

V � C h h 2cos� B � Hr � Hb �L hQ � C h h sin2 � B cos2
L

B � 4Fp � 2Fb � 2Fr �L hU � C h h sin2 � B sin2
L

B � 4Fp � 2Fb � 2Fr �L hV � C h h 2cos� B � 2Fr � 2Fb �«� (10.88)

Fig. 10.1
Thistransferequationis illustratedwith acalculation,followingRees[216], of theStokesline

profilesof a genericline formedin themagnetizedsolaratmosphere.The line formationmodel
is the Milne-Eddingtonone,with the assumptionof LTE, a ratio of line opacity to continuous
opacity that is independentof depth,a linear variationof the Planckfunction with continuous
opticaldepth,anda constantgeometryof themagneticfield. For this modeltheline-centerratio
of line to continuousopacityis 10, thePlanckfunctionis B§¢È 1

� � 3� 2�"� c, theline wavelength
is 4500Å, theVoigt parameteris a � 0 � 01,theZeemanshift is 1 Dopplerwidth unit, theatomic
massis thatof iron, 56,thetemperatureusedto calculatetheDopplerwidth is takento be5000K
andthemagneticfield is inclined60� to theverticaldirectionat anazimuthof 30� with respect
to the x axis. The radiationis viewed alongthe vertical. The magneticfield implied by these
numbersis closeto 2000G, which is reasonablefor a sunspot.

Theprofilesof theStokescomponentsareillustratedin Figure10.1.Theupperportionshows
thetotal intensityprofile,andalsoshows theprofilesfor right-circularandleft-circularpolariza-
tion, i.e., of I

�
V andI � V . At thishighvalueof themagneticfield thereis averysizeableshift

of theprofilebetweenthetwo circularmodes.Indeed,thetwo 8 componentsarealmostresolved
in thetotal intensity. Themagnetometer,which looksfor modulationof theintensityin thewing
of the profile asthe polarizationis flipped betweenleft andright circular, easilymeasuresthis
largeshift. The lower partof thefigureshows theprofilesof Q andU by themselves. Because
the magneticfield is viewed obliquely, linear polarizationis seenwith a similar magnitudeto
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circularpolarization,exceptfor oneeffect. That is, that theFaradayrotationproducesdepolar-
izationof thelinearcomponents.This is indicatedin thefigure. Thelinearpolarizationis much
larger whenthe Faradayrotation is absent.The degreeof linear polarizationpeaksin the line
wingsnearwherethecircularpolarizationis largest.By usingmodelssuchasthis theobservers
can infer the magnitudeanddirectionof the transversemagneticfield component,albeit with
someinaccuracy. At lower valuesof thefield thecontrastbetweenthetwo circularpolarizations
becomesveryslight,andcarefulsignalprocessingis neededto extractthelongitudinalfield. The
linearpolarizationeffect is evensmaller, sothederivedtransversefieldscanneverbeasaccurate
asthelongitudinalones.Thereasonwhy thelinearpolarizationis sosmall,besidesFaradayde-
polarization,canbeseenin equations(10.88):

L
Q and

L
U havetheform of aseconddifferenceof

theprofile function H , andwill beproportionalto S 2
B for small S B, while

L
V is afirst difference

andwill beproportionalto S B to thefirst power.
This examplehasassumedLTE anda normalZeemantriplet. The majority of the lines we

might want to studyhave so-calledanomalousZeemanpatterns,andthe level populationsmay
well be non-LTE. The completeformulationby Landi degl’Innocenti [158] encompassesthese
complications.



188 CHAPTER10. REFRACTION AND POLARIZEDLIGHT



Chapter 11

Numerical techniquesfor radiation
transport

In this chapterwe give brief discussionsof themainsolutionalgorithmsfor radiationhydrody-
namicsproblems,someof which arevery quick andapproximateandsomeof which represent
the bestattemptsat accuracy. It is unfortunatelytrue that “you get what you pay for” in these
calculations,andaccuracy comesataconsiderablecost.Theearliermaterialin theselectureshas
broughtout quite a few differentprocessesthat complicatethe endeavor, suchasthe effectsof
fluid velocity on radiationquantities,the complicatedspectraldependenceof the opacity, non-
LTE, refractionandpolarization.Theseeffectsarenot too hardto includesingly, althoughwith
someeffort, but accountingfor all of themhasnot seemedto be a practicalobjective up to the
presenttime. And of coursethesedifficultiesarecompoundedmany-fold in higher-dimensional
geometries.Our discussionof algorithmswill begin with the low-budgetmethodsthat may be
pricedjust right for many purposes,aftersomepreliminaryobservationsaboutsolutionstrategy.
Somegeneralreferenceson this subjectarethefollowing: TheconferencevolumeAstrophysical
RadiationHydrodynamics[265] is a goodplaceto start. A recentmeeting[197] that included
presentationson many of the currentadvancedhydrodynamicsmethodswasthe 12thKingston
Meetingon TheoreticalAstrophysicsheldin Halifax in 1996.A startingpoint for surveying the
advancednumericalmethodsin radiationtransportis the pair of booksby Kalkofen [138, 139]
andthe workshopproceedingsStellar Atmospheres: BeyondClassicalModels[82]. The most
comprehensive review of the astrophysicalmethodsto dateis provided by the 2002Tübingen
workshopStellarAtmosphereModeling[124].

11.1 Splitting hydrodynamicsand radiation

Operatorsplitting is a time-honoredmethodfor calculatinginitial valueproblemsthatconsistof
differentkindsof physics,of whichat leastsomemustbetreatedin animplicit fashion.Earlyde-
scriptionsof theapplicationof this ideato radiationhydrodynamicsarefoundin thecepheidand
RR Lyraestellarpulsationcalculationsby Christy [66] andCox, et al. [78]. Anotherradiation-
hydrodynamiccalculationfrom aroundthe sametime is the supernova model of Colgateand
White [70].

The idea is simple: advancephysicalprocess(A) as if it werethe only activity during the

189
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timestep,thenusethatresultasthestartingpointandadvancephysics(B) for thesametimestep
asif it werethe only activity, andso on throughall the processes.To fix someof theseideas,
supposewerepresentall thevariablesin ourproblem,representedin somediscreteway in space,
asa vectorX, andsupposeit satisfiesasystemof equationswewrite as

dX
dt

� A � X � � B � X � � ���&�!% (11.1)

whereA andB areoperatorsthatperformdifferentkindsof physics.Wediscretizetimeusingthe
sett1 % t2 %y���&�ß% tn %y�&��� . Theexplicit methodof time differencingis approximatelythis:

Xnz 1 � Xn

e t
� A � Xn � � B � Xn � � �����0� (11.2)

Whenwe write A � Xn � we meanthat no information later in time than tn is included. The in-
formationfrom severalprior time stepsmaybecombinedto providedanestimateof theforward
differencethatis of higherorderthanthefirst in e t . Includingall thephysicalprocesseswewant
to is no problemin this approachsincewe needonly keeptrackof thetime derivative contribu-
tionsfrom all theprocesses,calculatedby takingspatialderivativesanddoingintegrals,thenadd
theseup at theendto get thetotal amountby which to advanceX. Thefailuremodeof this ap-
proachis thatit is almostalwayssubjectto a time-stepconstraintimposedeitherby thecondition
for numericalstability,or by accuracy considerations.This takestheform

e t
6 A6 X

R c % (11.3)

wherec is somenumericalvaluerathersmallerthan1, andlikewisefor theotheroperators.
In termsof the particularphysicalprocesseswe needto consider, the stability limits that

arisefrom this reasoningare the Courantlimit, cs e t � e x R 1, from the hydrodynamics,and
a radiationCourantlimit c e t � e x R 1 if we wereso brave as to do radiationtransportwith
explicit timedifferencing.If weusetheradiationdiffusionapproximation,thenthestability limit
is KR e t ����� CÝ � e x � 2�«R 1. Wemayor maynotbeableto livewith theCourantlimit; it depends
on how long we want to evolve the problemcomparedwith the hydrodynamictime scale.The
radiationlimit is usuallytheonethathurts. The radiationdiffusionlimit canbefactoredin this
way:

KR e t� CÝ � e x � 2 � 168 T4

3� CÝ TV

1t
R� e x

V e t

e x
% (11.4)

wherewe have introduceda typicalflow speedV . Thefirst factoron theright handsideis, apart
from thefactor16� 3, theinverseof theBoltzmannnumberfor theflow. This factorcaneasilybe
of order100.Thesecondfactoris thereciprocalof theopticaldepthof azone.Thisopticaldepth
certainlygetsassmall asunity. The third factor is the time stepcomparedwith the flow time
acrossa zone;we would hopethat this would beaboutunity. SotheinverseBoltzmannnumber
makesthis stability criterion too largeby a factorthatmaybe100. Thereforeexplicit radiation
diffusionis not a goodidea.We reacha similar conclusionusingtheexplicit radiationtransport
equation.In anon-LTE problemwefacethestiffnessof thekineticsequations,onwhichwehave
commentedearlier.

Thereis a negativeaspectof implicit time differencing.Theratherlargetruncationerroras-
sociatedwith usinga time steplargecomparedwith the naturaltime scalesbasedon �/6 A � 6 X �
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makesthenumericalrepresentationquitedissipative, in thesensethatnoiseis filteredout. This
numericaldissipationcan suppressreal instabilities in the problem, and eliminate real high-
frequency componentsthat are physically significant. The validity checksthat are appliedas
the problemrunssmoothlyalongwith giant time stepsmay fail to reveal that high-frequency
modeswoulddevelopif they wereallowedto. Of course,suppressingthehigh-frequency modes
is preciselywhy onewantsto usetheimplicit methodin thefirst place,but theremaynot thenbe
away to verify thatthesignificantresultsarebeingobtainedcorrectly.

We turn thento implicit differencing.We try this:

Xnz 1 � Xn

e t
� A � Xnz 1 � � B � Xnz 1 � � ���&�Õ� (11.5)

Now we facea major computationchallenge.The valueswe want to find, Xnz 1, appearin the
(nonlinear)functionson the right handside,and to make mattersworse,they appearin every
term. Notwithstandingtheobstacles,this approachhasbeenusedvery successfullyin a number
of astrophysicalproblemssuchas stellar pulsationand protostarcollapse. The attackon the
problemis direct: setup all the equationsasa non-linearsystemfor the unknowns Xnz 1 and
applythemulti-variateNewton-Raphsonmethod.Theinitial guessfor Xnz 1 mightbetakento be
Xn. At eachsteptheJacobianmatrix elementsarecalculated,thelargestpartof thecost,andthe
linearsystemfor thenext setof correctionsto Xnz 1 is solvedby directelimination.Thenotable
successesof this methodhave beenin 1-D sphericalgeometry.1-D is kind to directelimination
asa methodof solvinga bandedlinearsystem:thecostscaleslinearly with thenumberof zones
andas the cubeof the matrix bandwidth,that is, of the numberof variablesper zone. Direct
elimination is muchmorecostly in 2-D, andwe begin to look for differentsolutionmethods.
Therearealso problemswith ensuringNewton-Raphsonconvergence;it may be necessaryto
severelyrestrictthetime stepto ensurerapidconvergence.

Herethenis operatorsplitting. If thetime derivativeof X is split into k pieces,thenthereare
k partialtime stepsto advancefrom time tn to time tnz 1:

Xnz 1~ k � Xn

e t
� A � Xnz 1~ k �

Xnz 2~ k � Xnz 1~ k

e t
� B � Xnz 2~ k �

���
Xnz 1 � Xnz � k{ 1��~ k

e t
� F � Xnz 1 � � (11.6)

This doesin fact convergeto a solutionof the differentialequationas e t 7 0, aswe cansee
by addingtheequationsandTaylor-expandingtheright-handsidesaboutXn. However, it is only
first-orderaccurate.Theorderof accuracy is improved,whentherearejust two operatorsA and
B, by alternatingcycleson which A is donefirst, thenB, with cyclesthat do the operatorsthe
otherway around(calledStrang splitting). With morethantwo operatorsthe practiceis to do
ABC �&��� on onecycleand �&��� CBA on thenext.

Whataretheadvantages?Somepartsof thephysicsmaynotbestiff atall, andthoseoperators
may be advancedusingan explicit equation,leaving the implicit differencingfor the partsthat
are stiff. Whenan implicit equationhasto be solved for onevariablein the splitting method
thebandwidthof the linearsystemis muchreduced.It is nine timesfasterto solve threelinear
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systemswith bandwidthonethanto solve onelinearsystemwith bandwidththree.If youdo not
really needto solve two of thethreesystemsin thesplit case,thegain is a factor27. Thelower
dimensionalityof thenon-linearsystemhelpsgreatlywith therobustnessof theNewton-Raphson
convergence.Thedisadvantageis that theerrorof thetime differencingis increased,andit may
not bevery easyto estimate.Strangsplitting helpswith this, but therecanstill be theproblem
that A might move the solutionin the wrong direction,creatingan error that B hasto correct.
This problemis not usuallytoo severe,but it mustbewatchedfor.

Thestellarpulsationcalculationsfor RR Lyraestarsby Christyandfor cepheidsby Cox, et
al., weremadeup of sphericalLagrangianzoneswith just threeunknownsperzone,theradius,
velocity and temperature.The calculationsproceededin a staggeredway with time, with the
velocity beingupdatedfirst, a half time steplater theradii wereupdated,andfinally thetemper-
atures.Only thetemperatureequationwasimplicit. TheNewton-Raphsonmethodappliedto the
materialenergy equationled to a tri-diagonalsystemfor the temperaturecorrections,which is
aboutaseasyaslinearsystemsget.

With two or morespacedimensionsthe choicesbecomemorepainful. The considerations
abouttime steplimits still apply, soperhapsthehydrodynamicscanbedoneexplicitly, although
someof themodernmethods(cf., Godunov) maystill usesplittingasaconvenience.Theradiation
equationsare a major problemnow. The radiationdiffusion equationhasthe characterof an
elliptic equationin spaceafterthetimedifferencingis done,andthis is not at all aseasyto solve
asa scalartwo-point boundary-valueproblemin 1-D. So even if the radiationequationis split
andtreatedseparately, the solutionrequiresan iterative linear systemsolver suchasconjugate
gradient(CG)or alternating-directionimplicit (ADI). It will alsobeseenbelow thattheadequacy
of diffusionasa substitutefor properlyangle-dependentradiative transferis morequestionable
in 2-D and3-D thanin 1-D.

Thecouplingof thematerialtemperatureto theradiationfield, throughthematerialinternal
energy equation,hasthe helpful propertythat it involvesonly local quantities,apartfrom the
advection term (which is lumpedwith the hydrodynamicsprocessesin the splitting method),
unlessthermalconductivity mustbe considered.Often the conductionflux is negligible, so on
thetemperaturecouplingstepthematerialtemperature,oratleasttheNewton-Raphsoncorrection
to it, canbeeliminatedusinga localequationsoonly theradiationfield remainsto befoundfrom
a largesystemof equations.This reducesthedimensionalityby a factortwo, which is important
whenthesolutioncostvariesasthecubeof thenumberof unknownsperzone.

11.2 Thermal diffusion

Now we begin to walk througha hierarchyof increasingsophisticatedandmorecostly, but not
necessarilymoreaccurate,algorithmsfor solvingradiationhydrodynamicsproblems.We begin
with themethodChristy, Cox,Colgateandothersused,thermaldiffusion,alsocalledequilibrium
diffusion. In this methodthe radiationfield is removed from the problemand replacedusing
therelationsderivedfor thediffusionlimit, (6.66),(6.72)and(6.78),althoughthesecond-order
correctionsin E � 0� and P � 0� areusuallyignored,alongwith the relativistic correctionsto F � 0� .
The combinedenergy equationfor matterandradiationis used,which in effect addsaT4 � � to
the internalenergy, aT4 � 3 to the pressure,andincludesF � 0� asa flux. The advectionpartsof
this having alreadybeentreated,what is left is an implicit equationfor the temperaturesat the
advancedtime step. The key part of makingthis equationimplicit is usingthe advanced-time
temperaturesin the flux. That is, the equationlooks somethinglike this after discardingthe



11.3. EDDINGTON APPROXIMATION 193

advectionflux andthework term:

� nz 1enz 1 �
Enz 1 �Z� nen � En

e t
� ���

KR ��� nz 1 % Tnz 1 � � Tnz 1 � 0 � (11.7)

Werepeatthatthisequationis notcompletesincetheunnecessarytermsfor thepresentdiscussion
have beendropped.Theflux term in this equationis certainlynot centeredin time asit should
beto make it second-orderaccurate.Thatwould betrueif theflux in bracketswerereplacedby
thearithmeticaverageof thevaluesat tn andtnz 1, calledCrank-Nicholsondifferencing.But that
form, in the limit KR e t ����� CÝ � e x � 2� � 1, is susceptibleto non-linearnumericalinstabilities.
Thenwe might try a weightedaverage,with a somewhat largerweightappliedto the tnz 1 flux.
Thatdoesseemto solve theinstability problem,but thesolutionremainsnoisierthanif thefully
backward-differencedform is used,asgivenfirst. This is anotherexampleof deliberatelychoos-
ing themoredissipativenumericalrepresentationasatrade-off to obtainthehighestpossibletime
step.

Equation(11.7)is solved,asdiscussedearlier, usingtheNewton-Raphsonmethod.Thespa-
tial derivativeoperatorsarefirst representedin whateversecond-orderaccurateform is permitted
by thenatureof thespatialzoning.In Euleriancalculationstheordinarycenteredsecondderiva-
tive formula canbe used. Thereis somequestionaboutthe properspatialcenteringof the KR

factor, anddifferentchoicesmaybemade.TheJacobianmatrix thatemergeswhentheequations
arelinearizedis thematrix of thesystemthatis to besolved. If theopacity-variationpartsof the
linearizationcouldbe ignored,thenthesystemcouldbearrangedto besymmetricandpositive-
definite,a very greatadvantagefor theapplicationof iterative solvers.Sometimesit is proposed
to lag theopacitiesin time for just that reason.Goodresultshave alsobeenobtainedincluding
theopacitytermsusingnon-symmetricsolvers,suchasthedirecteliminationmethodin 1-D.

The failure modeof thermaldiffusion is its inability to treat optically thin regions. Even
the RR Lyraepulsationcalculationsof 1965revealedthe shortcomingsof the method,because
thetemperaturethroughouttheatmosphereof thestarwasspuriouslyforcedto a constantvalue
by the useof a diffusion approximationin an optically thin region. In reality the temperature
becomesdecoupledfrom theradiationfield, asdiscussedin section7.2.

11.3 Eddington approximation

The major objectionjust mentionedto thermaldiffusion is removed if the assumptions(6.66),
(6.72)and(6.78)arereplacedwith thesimpleclosurerelationP � E � 3 andE andF areretained
asvariables.Theequationsdeterminingthemare(6.51)and(6.52),althoughthe 1� c termsare
usually droppedin the latter. The advectionandwork termsare also often droppedfrom the
energy equation,but, asdiscussedearlier, this commitsthe errorsof ignoring radiationenergy
densityandwork in theoverall energy budget.Thefrequency integral of theopacitymultiplied
by theflux hasto beapproximated,sincethespectraldistribution of F § is unknown; guidedby
thermaldiffusiontheRosselandmeanis used,leadingto

F �3� c

3t R� �
E � (11.8)

Theenergycouplingtermontheright-handsideof equation(4.29)is approximatedasin equation
(8.89),or perhapswith theRosselandmeanheretoo.1Thefinal resultfor thecombinedmoment

1In thediffusion limit both E� andB� have thesamespectraldistribution, while thespectraldependenceof cE���
4á B� is proportionalto � dB�ýã dT ��ã"ä�� , whichprovidessomejustificationfor usingtheRosselandmeanin thisplace.
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equationsis this:

� D � E ���!�
Dt

� E

3
���

u � ��� c

3t R � �
E � t

P � c � aT4 � E �&� (11.9)

We needto stressat this point thattheradiationquantitiesherearethosein thecomoving frame,
eventhoughthesuperscripts� 0� havebeendroppedto reducetheclutterin theequations.Only by
usingcomoving radiationarewe permittedto evaluatetheopacityandemissivity sansvelocity
effects.

We describenow how thetemperatureupdateproceedswhenthe(gray)Eddingtonapproxi-
mationasjustdescribedis used.We repeattheinternalenergy equationgivenearlier,�

� e�
t

�$��� ��� ue� � p
���

u ��� t P � c � aT4 � E �&� (11.10)

With operator-split hydrodynamicstheadvectionandwork termsin equation(11.10)havealready
beenevaluatedat thepoint thetemperatureupdateis beingdone.Everythingelsein thisequation
is local, so when the equationis linearizedfor the Newton-Raphsonprocedurethereis just a
simplelinearequationto solve to obtainthecorrectionto T in termsof thatfor E. Thenthis can
besubstitutedinto thelinearizedform of equation(11.9),which remainsanelliptic equationfor
thecorrectionsto E, at leastprovidedthetermsarisingfrom thevariationof theopacitywith T
arenot too large. After thesubstitutionof 6 T in termsof 6 E thestructureof equation(11.9) is
identicalto the thermaldiffusionequationapartfrom certaindifferencesin the coefficientsthat
correctthesmall-optical-deptherrorsin thermaldiffusion.Thecostto solve theelliptic equation
is unchanged.

The significant technologyissuesconnectedwith both thermal diffusion and Eddington-
approximationcalculationsare(1) makinga finite-differenceor finite-elementrepresentationof
thepartialdifferentialequation,and(2) solvingtheresultinglargesparselinearsystemof equa-
tions.Rapidprogresshasoccurredin bothareasin recentyears,andwewill discussthis in §11.4.
The computationaltechniquesneededfor radiationdiffusion are not materially different from
thoseappliedto otherengineeringproblemsinvolving elliptic operators,suchasheatconduction,
electrostaticsandviscousincompressiblefluid flow.

Theboundaryconditionsrequiredfor equation(11.9),andalsoequation(11.7),comefrom
reasoningsimilar to that leadingto equation(5.33). We will repeatthe argumentin somewhat
greatergenerality, to allow for the specificationof an intensityof radiationthat is incidenton
theproblemat theboundary. We let IB bethis incidentintensity,andif nB is theunit outward-
directednormalvectorfor a pieceof the boundary, then IB is definedfor ray directionsn that
obey n

�
nB R 0, i.e., that point inward. Now, we do not know how muchradiationwill shine

out of the problemat the boundary, but supposewe knew what the averagecosinewasfor this
outward intensity. That is, we think we aregiveneverythingwe want to know aboutthe inward
intensity, but wemakeanansatzabouttheoutward intensity. Theansatzis

n
�
nB � 0

d ¨ n
�
nB I � n �

n
�
nB � 0

d ¨ I � n � � � 9<��% (11.11)

avaluewethink weknow. If theintegralsin thenumeratorhadbeenoverall solidangleinsteadof
theoutwardhemispherethentheratiowould havebeennB

�
F� cE. We addandsubtractintegrals
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over theinwardhemisphereto make it look somewhatlike thatandfind

nB
�
F
�

n
�
nB é 0

d ¨ d n � nB d IB � n �
cE �

n
�
nB é 0

d ¨ IB � n� � � 9>��% (11.12)

Thisis thedesiredresult.Whenit is rearrangedit becomesalinearrelationconnectingthenormal
componentof F with E at theboundary, possiblyincludinganinhomogeneoustermwhenthere
is incident radiation. It is a boundarycondition of mixed type, i.e, neitherNeumann(nB

�
F

specified)nor Dirichlet (E specified).We frequentlywanttheboundaryconditionwhenthereis
vacuumor a “black absorber”outsidesothat IB � 0. Thentherelationis simply

nB
�
F � � 9<� cE � (11.13)

Oh yes,whatdo we take for � 9>� ? Themostpopularvalueis 1� 2, andanargumentfor this was
suggestedin theearlierdiscussionof theexactHopf function. Equation(11.13)with thechoice� 9>��� 1� 2 is theMilne boundarycondition.Whenequation(11.13)is combinedwith theFick’s
law formula(11.8)for theflux, thevacuumboundaryconditiontakesthis form

E �3� 1

3 � 9>� t R�
�

E�
n

% (11.14)

in which

�
E �

�
n is thenormalderivativeof E. A geometricalpicturethatgoeswith thisequation

is that a linear extrapolationof E outsidethe boundaryreachesa value of zero at a distance
1��� 3 � 9<��� meanfree pathsfrom the boundary;this is the extrapolation length implicit in the
boundarycondition.Theextrapolationlengthis 2/3 of a meanfreepathif � 9>� is takento be1/2,
andit is 1� ` 3 meanfreepathsif � 9>� is taken to be 1� ` 3. In a scattering-dominateddiffusion
problemtheenergy densityin the interior, that is, deeperwithin themediumthantheboundary
layer, is approximatelyproportionalto thesolutionof Milne’s first problem,which is E Èj� �
q �����<p?� �

qX , in which q ����� is theHopf function. If this relationis extrapolatedto theplace
whereE � 0, thentheextrapolationlengthmustbeqX p 0 � 71045meanfreepaths.Themost
commonlyusedvaluefor theextrapolationlengthis 2/3.

Thereis onemoreboundaryconditionthat appliesin othercases,andthat is the reflection
or symmetrycondition. If a perfectmirror or perfectdiffusereflectoris appliedto the surface
thenthe incomingintensity is forcedto be exactly equalto the outgoingintensityandthe flux
vanishes.Thisalsooccurswhenapieceof theboundaryis partof aplaneof reflectionsymmetry.
ThusnB

�
F � 0 for thosepartsof theboundary. Noticethatit is only thenormalcomponentof the

flux thatvanishesin this case.This boundaryconditionis exactly theNeumanntype. Dirichlet
boundaryconditionsdo not seemto be quite physical. This is a statementthat the full-sphere
averageof the intensityat a boundarypoint is a specifiedvalue. What is unphysicalhereis that
it commitsthe problemto entera conspiracy with the agentsoutsidethe boundaryto make the
averageof their respective contributionsto E comeout to a given value. If the outsideworld
is just a thermalbath,thenthe incomingintensityis thecorrespondingPlanckfunction,but the
emergent intensity is whatever it is, and the averagewill not necessarilybe the samePlanck
function.Thecomparablespecificationof a non-zerovaluefor thenormalflux is morephysical.
Thesignificanceof this specificationis thattheagentsoutsidehaveabatterythatreleasesenergy
atadefiniterate,andthey capturewhateverenergy comesout throughtheboundaryandgivethat
backplustheenergy releasedby theirbattery. Whenweputaninnerboundaryradiusonastellar
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atmosphereproblem,andreplaceall of thestarwithin thatradiuswith a boundarycondition,we
aremakingan assumptionlike this. In this casethe “battery” actuallyexistsandis the nuclear
energy sourceat thecenterof thestar.

TheEddingtonapproximation,unlike thermaldiffusion,givesquitereasonableresultsin the
optically-thin partsof the star. This is not to saythat it is accurate, just that it is qualitatively
correct.As we saw earlier, it givesanerrorof order20%in theEddingtonfactorat �o� 0 in the
Milne problem.It yieldsawaveequationfor light waves,whichis qualitativelycorrect,for which
the wave speedis c� ` 3, which is off by 42%. As MihalasandMihalasMihalas,B. W. say, in
discussingradiativewaveswith thermalrelaxation,“In ouropiniontheEddingtonapproximation
shouldalwaysyield resultsthatareat leastqualitatively correct.”

OnepathtowardmakingtheEddingtonapproximationmoreaccurateis to includeanEdding-
ton factor,which we discussin §11.5.

11.4 Diffusion solvers

Solvinga diffusionproblemin 1-D thathasbeenput into finite-differenceform usinga centered
3-pointformulasuchasthis:

� Ai Ji { 1
�

Bi Ji � Ci Ji { 1 � Di % (11.15)

is very simpleindeed.Theforwardandbackrecursionschemegivenby

Ei � Ci

Bi � Ai Ei { 1
(11.16)

Fi � Di
�

Ai Fi { 1

Bi � Ai Ei { 1
(11.17)

Ji � Fi
�

Ei Ji z 1 % (11.18)

is solved in the forward direction to obtain the Es and Fs, thena backsubstitutionusing the
third equationgivesthe unknowns. If the tri-diagonalmatrix � Ai Bi � Ci is diagonally-
dominant,so Bi E d Ai d � d Ci d , therecursionis guaranteedto bestable.This conditionis almost
alwaysmetwith centereddifferencingof diffusionequations,soour problemis solved. Thetri-
diagonalrecursionis so efficient that only a handfulof floating-pointoperationsareneededto
obtaineachof theunknownswewant;thatis asgoodasit gets.Sothe1-D problemis solved.

Life is moredifficult in 2-D and3-D, andthatis thetopic of this section.
First, let’s considerwhat not to do, if efficiency is the goal. A finite-differenceformula

representinga diffusionequationin 2-D veryoftenconnectsfive or nineneighboringpointson a
more-or-lessrectangulargrid. Thematrixof this systemof linearequationshasonerow for each
equation,andnon-zeroentriesin that row in all thecolumnscorrespondingto meshpointsthat
arecoupledto thepoint in themiddle. If themeshpointsareorderedraster-fashion,goingacross
in thex directionfirst, thenup in y, theneighborpointsin x to themiddlepoint producematrix
entriesimmediatelyadjacentto the diagonal.But the neighborpointsup or down in y produce
matrix elementsseparatedfrom the diagonalby aboutNx columns,whereNx is the sizeof the
meshin the x direction. Both normalGaussianeliminationappliedto this matrix andblock-
tridiagonaleliminationwith Nx n Nx blocksleadto a solutioncostof order N3

x Ny operations.
This is acostthatis N2

x operationsperunknown,which is thousandsof timesworsethanthe1-D
case.
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How much bettercan we do? By using iterative linear solution methodsthe cost can be
broughtdown to somethinglike N2

x Ny, or Nx operationsperunknown. Somemethodsmaydo
evenbetterthanthis,but thenit dependsonhow nicelyconditionedthematrix is. The(relatively)
goodnews is that in 3-D thescalingfor the iterative methodsis alsoof orderNx operationsper
unknown. Hereis a laundrylist of linearsolvermethodsthatwe maywantto discuss:conjugate
gradient,conjugategradientpreconditionedby differentmethods,Chebyshev, Orthomin,which
is alsoknown asGeneralizedMinimum Residualmethod(GMRES),multigrid, andmultigrid
with aselectionof preconditioners.Theseareall methodsfor solvinglargesparselinearsystems.
A systemof non-linearequationsleads,by applying the Newton-Raphsonmethod,to sucha
sparselinear system. But it may be that it is painful and expensive to actually computeand
storethe Jacobianmatrix that is neededat eachiteration. The Newton-Krylov method(s)area
wayof carryingout theNewton iterationssimultaneouslywith theGMRESor otherlinearsolver
iterations.All thesemethodswill bediscussedbriefly in theremainderof this section.A recent
studyof a few promisingcandidatesolvers for a radiationdiffusion problemwas reportedby
Baldwin,etal. [22].

Wewill follow thediscussionby Saad[228]. Ourgoalis to solvea linearsystemof equations

Ax � b % (11.19)

for avectorof unknownsx, which in mostcasesconsistof oneunknown perspatialcell in a2-D
or 3-D mesh.Thecells,andtheunknowns,areorderedin someway, suchasin therasterscan.

11.4.1 Jacobi; Gauss-Seidel;Successive Over-relaxation

Thesearethesimplest,oldestandpoorestof theavailablemethods.Theideais to separateA into
its diagonal,subdiagonalandsuper-diagonalparts.Thatis,

A �?� E
�

D � F % (11.20)

in which D is thediagonalof A, � E is the lower-triangularmatrix that is thesub-diagonalpart
of A, and � F is theupper-triangularsuper-diagonalpartof A. TheE elementsarethetermsthat
couplea givencell to cells that comeearlierin the rasterscan,andF containsthecouplingsto
cellsthatcomelater. In consideringJacobiiterationthelinearsystemis written in this way:

Dx � b
�

Ex
�

Fx � (11.21)

Thenwesolveby aprocessof iterationin whichthecurrentguessfor x is put in ontheright-hand
side,andthediagonalsystemis solvedfor thenext guess:

Dxkz 1 � b
�

Exk �
Fxk � (11.22)

With luck, this Jacobiiterationwill converge.Clearly, if the E andF matricesaresmall in some
sensecomparedwith D, thenthereshouldbegoodconvergence.Moreprecisely, themethodwill
convergeif the largest,in magnitude,of theeigenvaluesof thematrix D { 1 � E �

F � is lessthan
unity. Sincefor commonfinite-differencerepresentationsof thediffusionoperatorD is justequal
to E

�
F plussource-sinktermsthatmaybesmall,thiseigenvaluemaybeonly slightly lessthan

unity.
TheGauss-Seidelmethodis describedby thisequation:

� Exkz 1 �
Dxkz 1 � b

�
Fxk � (11.23)
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So half of the off-diagonalpart of A is kept on the left-handsidefor the iteration. This is just
aboutaseasyto performasthe Jacobiiteration. For eachiterationyou scanthroughthe mesh,
updatingthe cells oneat a time. Whenx is correctedin eachcell, the new valuereplacesthe
old one,andthenew valuewill beusedfor updatingcells thatcomelater in thescan.Only the
cells that follow the given onewill have just the prior iterationdataavailable. In this casethe
convergencedependson theeigenvaluesof � D � E � { 1F . Again, theeigenvaluesareanticipated
to be just slightly lessthanunity. It is found that they may be twice as far from unity as the
eigenvaluesfor Jacobiiteration,which will cut thenumberof requirediterationsin half.

The thing that helpsout the convergenceof Gauss-Seidel(it would help for Jacobitoo, but
it is usuallyusedwith Gauss-Seidel)is Successive Over-relaxation(SOR).For SOR,compared
with Gauss-Seidel,someof thediagonalpart D of A is puton theright-handsideof theequation
alongwith the F part,andtherestof D andthe E partarekepton theleft:

� 1S D � E � xkz 1 � b
�

F � S[� 1S D xk � (11.24)

With SrE 1 this makesthecorrectionssomewhat largerandacceleratestheconvergence;it can
alsomake thecorrectionstoo large,andproducedivergence(if S$E 2). TheoptimumvalueforS turnsout to be

S^� 2

1
� ` 1 �]É 2

% (11.25)

in termsof thelargesteigenvalueÉ for Jacobiiteration.When S hasthisoptimumvaluetheSOR
eigenvaluebecomesSA� 1. SORcanyield a hugegain in convergencerate. Whenthe Jacobi
eigenvalueis 0.999,andthe Gauss-Seideleigenvalueis 0.998,thenSORhasan eigenvalueof
0.914provided S is set to 1.914. That is a speed-upof 89 times. Empirically estimatingthe
Jacobieigenvalueandtheoptimum S is notsimple,however.

A usefulextensionof Jacobiiterationis Block Jacobi, for which theunknownsarepartitioned
into somenumberof groups,andfor eachiteration the equationsbelongingto eachgroupare
solvedfor theunknownsfor thatgroupusingprior valuesof theunknownsin othergroups.This
is employed in parallel solution techniquesfor large systemsfor which the spatialdomainis
decomposedinto subdomains,andeachsubdomainis given to a separateprocessor, or to a set
of shared-memoryprocessors.Block Jacobiis by far thesimplestmethodfor solving the linear
systemin this case.

11.4.2 Alter nating-Dir ection Implicit method

In 2-D diffusion problemsthe matrix A often hasthe structureof a tri-diagonalmatrix in the
y-directioncombinedwith a tri-diagonalmatrix in the z-direction,asexpectedfor an operator
like

�
�

2�
y2

�
�

2�
z2

� (11.26)

Thematrix A will alsousuallycontainsomediagonalpieces,suchassource-sinktermsfor radi-
ationdiffusion.ADI is amethodwith two 1-D solutionsperfull iterationcycle,onein which the
z operatoris put ontotheright-handside,anda judiciouslychosendiagonalcomponentis added
to bothsides,leadingto atri-diagonalsystemin y oneachz line. Thesecondhalf of theiteration
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cycle is thereverse.Sincethecostof a tri-diagonalsolve is of thesameorderasthenumberof
unknowns,onefull ADI cycle hasaboutthesamecostasoneSORcycle. Saad[228] mentions
the result that the optimumconvergenceratefor ADI, with the bestchoiceof that judiciously-
chosendiagonalcomponent,is thesameaswith asymmetrizedSOR,in which therolesof E and
F areswitchedonalternateiterations,usingtheoptimum S in thatcase.

It is interestingto considerwhat the convergenceratesactuallyare,andhow they depend
on the mesh. For a simplePoissonequationproblemwith Dirichlet boundaryconditions,on a
N n N mesh,theJacobieigenvalueis aboutÉo� 1 �4� 2��� 2N2 � . This meanstheoptimumSOR
eigenvalueis roughly1 � 2�#� N. In orderto reducethe initial errorby a factor106 thenumber
of iterationswill needto beniter p 3 ln 10N � �Bp 2 � 2N. This is thebasisfor thinking that the
iterationcountmayscalewith thesizeof themesh.

11.4.3 Krylo v methodsin general

A greatmany of thecurrentiterativesolutionmethodsfall underthegeneraldescriptionof “K eep
multiplying thematrix into thecurrentresidual,andateachstepcombineall thevectorstogether
in someway to get the next guess.” This collection of vectors,which has the genericformÎ"	 0 % A	 0 % A2	 0 %y�&���Õ% Am{ 1 	 0 Ï , spanwhat is calleda Krylov subspace.What distinguishesthe
differentmethodsin this classis the“combineall thevectorstogether”part. A recurrenttheme
is to choosethe next iterateso that the error, or the residual,will be orthogonalto the Krylov
subspace.Sincethe subspacegetssteadily larger as the iteration proceeds,the error can be
quenchedfastandfaster.

11.4.4 Conjugategradient

Theconjugategradient(CG) methodof HestenesandStiefel [117] andLanczos[155] is a very
usefulmethodfor symmetricpositive-definitematrices(all the eigenvaluesarepositive). Dif-
fusion problemscanin principle alwaysleadsto symmetricpositive-definitesystemsof finite-
differenceequations,but in the applicationthis is not always true. When it is, thenCG is an
excellentchoice,usuallywith asuitablepreconditioner.TheCGalgorithm,like theotherKrylov
methods,repeatedlycorrectsthecurrentestimateof x by trying adisplacementin thedirectionof
a vector p, thesearchdirection,which variesfrom iterationto iteration. Thecorrectdistanceto
move alongthe p directionfor thenext iterateis determinedsothat thenew residualwill beor-
thogonalto theKrylov subspacebuilt up in stepsfrom theinitial residual.A wonderfulproperty
of thesymmetricsystemis that if thenew residualis just madeorthogonalto thepreviousone,
thenorthogonalityto thewholesubspaceis guaranteed.Thento find thenew searchdirectionthe
new residualis orthogonalizedwith respectto theprevioussearchdirection.Thisalsoguarantees
orthogonalitywith all the previousones.Given the new searchdirection,thenext iterationcan
begin.

The mathematicalexpressionof the algorithmis the following, where � f % g� is the notation
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for thevectorinnerproduct,whichmightalsobewritten f T g, with T standingfor thetranspose:

a j � � r j % r j �� Ap j % p j � (11.27)

x j z 1 � x j
� a j p j (11.28)

r j z 1 � r j �4a j Ap j (11.29)

Í j � � r j z 1 % r j z 1 �� r j % r j � (11.30)

p j z 1 � r j z 1
� Í j p j � (11.31)

The iteration begins with any goodchoicefor x, and with r � p � b � Ax. At eachstep
thereis onematrix-vectormultiplication required,andtwo innerproducts.Thetotal numberof
floating-pointoperationsis aboutequalto thenumberof non-zeroelementsin A.

Theconvergenceratevariesastheiterationsproceed,but theworst-caseestimatedependson
theconditionnumbert of A. Theconditionnumberis definedas t �$É max� É min in termsof the
largestandsmallesteigenvaluesof A. Theeigenvaluesareall realandpositive. Theerrorafter
many iterationsis multiplied by the factor � ` t � 1�"��� ` t �

1� eachiteration. For the Poisson
problemmentionedabove, the conditionnumberof A is somethinglike t � N2 � � 2, with the
resultthattheerroramplificationfactoris p 1 � 2�#� N, which is thesameasfor optimumSOR
andaboutthesameasoptimumADI. Theadvantageof CGis thattherearenoparametersto tune,
theAchillesheelof thelattermethods.

11.4.5 GMRES; ORTHOMIN; Ng; BCG; Chebyshev

We turn to analgorithmthatcanbeusedfor non-symmetricmatrices,which unfortunatelyoften
occurevenwhenthey oughtnot. This is the GeneralizedMinimum Residualmethod,GMRES
for short. Theideaof this methodanda coupleof its variantsis that them-dimensionalKrylov
subspacebasedon A andthe initial residualvectorr0 is built up. Thedimensionm of thesub-
spacemayhave to bechosenat theoutset.Thena procedure(Gram-Schmidtor Householder’s
method)is usedto orthogonalizethevectorsr0 % Ar0 %y�&���!% Am{ 1r0 to form a setof basisvectors.
Given this orthonormalset,is is easyto selecta candidatesolutionxm by addingto x0 a linear
combinationof the basisvectors,where,in the caseof GMRES, the L2 norm of the residual
b � Axm is minimized.If this answeris not goodenough,andit will not beif m � N, thenthe
choicesare(1) startover againwith xm in placeof x0, or (2) keepon going,with the orthogo-
nalizationprocedureappliedto only themostrecentk vectors.The lattermodificationis called
Quasi-GMRESor QGMRESby Saad. The orthogonalizationprocedurein the basicmethod,
andespeciallyin QGMRES,becomescomplex when the goalsof well-conditionednumerical
operationsandstorageminimizationaretakeninto account.

Thereis a reorganizedform of GMRES,calledGeneralizedConjugateResidual(GCR),that
recursivelydefinessearchdirectionvectorsp j suchthatall thevectorsAp j areorthogonal.These
take theplaceof theorthonormalbasisin theGMRESmethod.TheKrylov subspaceis thesame
in thetwo cases,andbothmethodsminimizethesamenormof theresidual,andthereforeshould
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bealgebraicallyequivalent.TheGCRalgorithmis describedby

a j � � r j % Ap j �� Ap j % Ap j � (11.32)

x j z 1 � x j
� a j p j (11.33)

r j z 1 � r j �]a j Ap j (11.34)

Í i j � � � Ar j z 1 % Api �� Api % Api � for i � 0 % 1 %y�&���!% j (11.35)

p j z 1 � r j z 1
� j

i Ñ 0
Í i j pi � (11.36)

Theresidualis availableateachstep,soit is easyto decidewhento stopiterating.Unfortunately,
unlike CG, theprojectionprocessinvolvesmoreandmoretermsas j increases.TheGCRalgo-
rithm, like GMRES,caneitherbestoppedandrestarted,or theprojectionscanbe limited to the
mostrecentk vectors,viz.,theloopon i andthesumoveri canbelimited to i � j � k

�
1 %y���&��% j .

TheGCRalgorithmis calledORTHOMIN(k) in thatcase.SeeVinsome[258].
A methoddueto Ng [194] hasbeenusedby Olson,et al. [198]; it is describedby Auer [14]

andcomparedby him with ORTHOMIN [15]. It hasverymuchthesameflavor asORTHOMIN,
andis describedasfollows. A certainnumberk of simplerelaxationiterationsxnz 1 � xn �

b �
Axn areperformed,andtheresidualsr n � b � Axn arerecorded.Thenit is requiredthata new
candidatefor x givenby

x � xk � k{ 1

pÑ 0

a p � xk � x p � (11.37)

shouldyield the minimum possibleresidualwith respectto possiblechoicesof the coefficientsa p. Whenthis is workedout (see[15]) it impliesthatthefinal residualis rk projectedorthogonal
to the spacespannedby the vectorsrk � r p % p � 0 %y���&�!% k � 1. It turnsout that Ng’s method
is identical to GMRESwith m � k andwith a restartafter eachk iterations. The difference
with ORTHOMIN(k) is thatORTHOMIN keepson goingwithout a restart,but usesa truncated
orthogonalization.

Another wrinkle on Krylov-spacemethodsis Bi-ConjugateGradient(BCG). This usesa
methoddueto Lanczosto developtwo Krylov subspaces,onebasedon A andtheotherbasedon
its transposeAT . Sequencesof basisvectorsarechosenthataremutuallyorthogonalratherthan
orthogonalwithin eachset. Thelogic is very similar to thatof CG,but thesolutionat eachstep
doesnot minimizethenormof a residualasin theCGcase.Saad[228] providesthedetails.

The final Krylov-type methodwe wish to discussis the Chebyshev methoddescribedby
Manteuffel [177]. The ideabehindtheChebyshev methodis that the residualat thenth stepof
theiterationis equalto thematrix Tn � � d � A�"� c� � Tn � d � c� multipliedby theinitial residual.This
matrix is acombinationof powersof A upto thenth degree,sothis is aKrylov-subspacemethod
like theotherswe have discussed.TheTn � z� arethecomplex Chebyshev polynomialsandc and
d areconstantsthat areestimatedbasedon knowledgeof the eigenvaluespectrumof A. First
of all, themethodwill not work unlessall theeigenvalueshave positive real part (A is positive
definite).Thenc andd shouldbesuchthatanellipsewith its centeratd andfoci locatedatd T c
shouldbe the smallestonepossiblethat enclosesall the eigenvalues. (If the major axis of the
ellipseis alignedwith theimaginaryaxisthenc canbeimaginary.) TheChebyshev polynomials
haveamaximalpropertythatis, of thepolynomialsof agivendegreethatareboundedby 1 in the
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interval � 1 } z } 1, they arethelargestpossibleoutsidethatrange.This translatesinto making
theresidualassmallaspossible.Therecurrencerelationfor Chebyshev polynomialsleadsto this
setupof theiterationmethod:

xn � xn{ 1
�

dxn{ 1 (11.38)

rn � b � Axn (11.39)

pn
2 � c2 pn{ 1

1

4d � c2pn{ 1
1

(11.40)

pn
1 � 1

�
pn

2

d
(11.41)

dxn � pn
2dxn{ 1

�
pn

1rn � (11.42)

Thestartingvaluesare p0
1 � 2� d, p0

2 � 0 anddx0 � r0 � d.
The estimationof c and d can be problematic. Calvetti, et al. [44], provide an efficient

algorithmfor estimatingtheconvex hull of theeigenvaluesof A basedonmodifiedmomentsthat
arecomputedastheiterationproceeds.After acertainfixednumberof iterations,or soonerif the
residualsbegin to increase,theconvex hull estimateis updated,new valuesarederivedfor c and
d, andtheiterationis restarted.

TheChebyshev methodhasbeensuccessfullyusedin ALTAIR [61] for iterative solutionof
thesystemof kineticequationsfor theatomicpopulations,andalsoto acceleratetheNetRadiative
Bracket iterations.

11.4.6 Multigrid

Multigrid is not simply a method,it is a wholefield of research.Thereaderis recommendedto
visit thewebsitehttp://casper.cs.yale.edu/mgnet/www/mgnet.html andcon-
sult the referenceslisted there,suchas the text by Wesseling[263] and the tutorials of Hen-
son[115]. The following discussionis aimedat merelygiving the flavor of multigrid methods,
andthe literaturemustbe consultedfor the details. A systemof linear equationsAx � b may
describeanelliptic PDEsuchastheradiationdiffusionproblem.Thematrix A quitepossiblyhas
nicepropertiessuchasbeingsymmetricandpositivedefinite.Multigrid is thenamefor amethod
in which thesolutionx � A{ 1b is approximatedin this way:

x p PA
{ 1
coarseRb % (11.43)

in which Acoarseis a substantiallysmallermatrix than A, andP andR arerectangularmatrices.
The matrix R is called the restrictionmatrix, becauseit restrictsor projectsthe vector it acts
on to a smaller-dimensionalsubspaceof the spacecontainingx andb. The matrix P is called
the prolongationmatrix becauseit prolongsor interpolatesthe datafrom the subspaceinto the
original larger space. In order to fix the ideaswe can think of A as being a finite-difference
operatoron a fine meshwith a meshspacingh, and Acoarseis thesimilar operatoron the mesh
with spacing2h, thatis, with everysecondmeshline omitted.In this pictureP would bewritten
as I h

2h andR as I 2h
h . For a 2-D problemthedimensionof Acoarsewould be1/4 aslargeasthatof

A, andin 3-D it would be1/8.
The coarsesystem,with meshspacing2h, may still be too big to be solved readily. The

coarseningprocesscanthenbeappliedrecursively, sothat

x p I h
2h I 2h

4h ���&� I H ~ 2
H A

{ 1
H I H

H ~ 2 ���&� I 4h
2h I 2h

h b � (11.44)
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The idea is that the mesh-spacedoubling proceedsto the point that the linear systemon the
coarsestmeshH is trivial to solve. The whole processof evaluatingx usingequation(11.44)
is calleda V-cycle; thepictureis that thesystemsizegoesdown, down, down astherestriction
operatorsareappliedto b, thenthecoarsestsystemis solveddirectly, afterwhichtheprolongation
operatorsareappliedup, up, up to give the answeron the finestmesh. The step-doublingand
step-halvingpicture is only generic,of course. The restrictionandprolongationoperatorscan
be anything that is convenientfor the problemat hand, the only requirementbeing that they
arereadily appliedandleave a small enoughsystemat the coarsestlevel. Thereareadditional
requirementsif thematricesateverylevelareto preservethesymmetricpositive-definiteproperty
of A itself. Oneof theseis thesymmetrycondition

I h
2h Èj� I 2h

h � T � (11.45)

Thereplacementof thesolutionx � A{ 1b by theV -cycledoesnot solve thesystemexactly
sincethefine grid is finer thanthe coarsegrid for a reason:theansweris moreaccurate.Thus
it is still necessaryto applysomerelaxationof thesolutionon thefinestgrid. After oneor more
applicationsof therelaxationequationxkz 1 � xk �

r k, with r k � b � Axk, therewill bea final
residualr . This is thequantitythatshouldbeusedin placeof b at thebeginningof theV -cycle.
At theendof thecycle,theresultx is reallythecorrectione x thatshouldbeaddedto thesolution
on the finestscale. In fact,onerelaxationoperationcanbe appliedat eachlevel of refinement,
duringthedown-down-downpartof theV -cycle,sothattheresidualfrom thatoperationbecomes
theright-hand-sidefor thesystemat thenext-coarserlevel. Thenon theup-up-uphalf of theV -
cycletheprolongedcorrectionsfrom thecoarserlevelareaddedto thestoredsolutionat thatlevel
to bepassedon to thenext finer level.

Multigrid succeedsbecauserelaxationatthefinestscalequickly reducestheshort-wavelength
errorsin the solution,while not affectingvery muchthe long-wavelengtherror modes.But the
hierarchicalmultigrid treatmentextinguishesthoselong-wavelengtherrors.Thecostof applying
oneV -cycle is just a modestfactor larger thanonerelaxationcycle at the finestscale,so this
improvementin reducinglong-wavelengtherrorsis almostfree. Multigrid methodscanhave an
iterationcountthatis well below thesizeN of themesh;insteadof beingof order100,iteration
countsp 10 arenot unusual.

Themultigrid applicationthatis discussedby Baldwin,et al. [22], is morecomplicatedthan
we have just described,and indicateshow variedthe multigrid conceptcanbe. The multigrid
approachin this caseis called SemicoarseningMultigrid, or SMG. The “Semi” in the name
refersto thefactthatin the2-D problemsconsideredonly onedirection,sayx, is coarsened.The
coarseoperatorat eachlevel still includesthefull fine-scalecouplingin theotherdirection.The
updateoperationsat eachlevel includea tri-diagonalsolve in the y-direction. Baldwin, et al.,
describeusingSMG by itself, andalsoincludingonestepof conjugategradientiterationbefore
andafter the V-cycle, that is, usingSMG asa preconditionerfor CG. This turnedout to be the
most efficient of all the methodsBaldwin, et al., comparedon several of their test problems.
Its competitorsweresimpleSMG andoneof the variationsof preconditionedCG that will be
describedbelow.

11.4.7 Preconditioning

Thetopicof thissubsectionhasalreadybeenmentionedseveraltimes,soweshouldfind outwhat
thismeans.Recallthattheconjugategradientmethodhasanasymptoticconvergenceratiogiven



204 CHAPTER11. NUMERICAL TECHNIQUESFORRADIATION TRANSPORT

by � ` t � 1�"��� ` t �
1� , wheret ��É max� É min. Theratio is theconditionnumberof A. A matrix

A with alargevalueof t is calledill-conditioned;amatrixwith asmallone(i.e., closeto unity) is
well-conditioned.For anill-conditionedmatrixtheconvergenceratiois verycloseto unity, which
meansthatCG,or any otheriterativemethod,will beveryslow to converge.In theotherextreme,
a matrix with a condition numberof unity is alreadyvery closeto a scalartimes the identity
matrix, which makes the convergenceof the iterative methodsimmediate. Preconditioningis
thenthe namefor an operationthatwill take an ill-conditionedmatrix andmake it into a well-
conditionedone,or at leastbetter.

Consideragainthesimplerelaxationmethod,

xkz 1 � xk �
b � Axk � b

� � I � A� xk � (11.46)

If A is very closeto the identity matrix the convergencewill be swift. SupposeA is not very
closeto theidentity, but thatanothermatrix M is at handthatis closeenoughto A thatM { 1A is
reasonablycloseto theidentity. Thenif M { 1 is appliedto thelinearsystembeforesettingup the
relaxationequation,theiterationbecomes

xkz 1 � xk �
M
{ 1 � b � Axk �#� M

{ 1b
� � I � M

{ 1A� xk � (11.47)

We now hopethattheconditionnumberof M { 1A is muchcloserto unity thatwasthecondition
numberof A, andthat thereforetheconvergenceratio will bemuchless. In applyingprecondi-
tioning we do not actuallydemonstratethematrix M { 1, or multiply it by A. We just have to be
ableto solve a linearsystemwith matrix M. Thepreconditionediterationof whateverkind goes
like this: First evaluatetheresidualin theaccuratelinearsystemusingthecurrentx:

r k � b � Axk � (11.48)

Thensolve thefollowing systemfor thepreconditionedresidual:

M
�
r k � r k � (11.49)

Now proceedwith thechoseniterationmethodusing
�
r k wherethe residualwould normallyap-

pear. IterationmethodslikeCGandGMRESrequirebeingableto multiply avectorp by A, and
they generatetheresidualusinga recursionrelation. In this case,for thepreconditionedsystem,
p is first multiplied by A, andthenthelinearsystemM 	o� Ap is solvedfor thevector 	 that is
put in theplacewhereAp shouldbe.

In theprevioussubsectionwediscussedusingmultigrid asa preconditioner, andin theappli-
cationby Baldwin, et al., it wasusedto preconditionCG. Thesecond-simplestof all precondi-
tionersis the diagonalof the matrix, M � D. (The simplestis no preconditioning.)Diagonal
preconditioningof simplerelaxationis just Jacobiiteration.Diagonalpreconditioningof conju-
gategradientmayalsobea goodthing to do, asshown by Baldwin, et al. CG is unaffectedby
a scalefactorappliedto theentirelinearsystem,but diagonalscalingwill balancethediagonal
elementsin differentrowsof thematrix,andaccordingto Gershgorin’stheorem2 thisshouldhelp
balancethe eigenvaluesandmake the conditionnumbersmaller. But therearebetterprecondi-
tionersfor CG,aswe seenext.

2Theeigenvaluesof a matrix lie in theunionof thecirclesin thecomplex planecenteredon eachdiagonalelement
with aradiusequalto thesumof theabsolutevaluesof theremainingelementsin thecorrespondingrow; thesameis true
for columns.



11.4. DIFFUSIONSOLVERS 205

Probablythemostimportantpreconditioneris IncompleteLU factorization(ILU). We recall
that LU factorizationis the decompositionof A in this way: A � LU , in which L is a lower-
triangularmatrix with a unit diagonal,andU is an upper-triangularmatrix. The factorization
makesit veryeasyto thensolvea linearsystemAx � b, sinceb � U { 1 � L { 1b� canbeevaluated
by first doing 	�� L { 1b recursively in theforwarddirection,thendoingU { 1 	 by recursionin the
backwarddirection.If A is a sparsematrix,sothatthenon-zeroelementsin eachrow spanquite
a largenumberof columnsoneithersideof thediagonal(for example,aboutNx oneachsidefor
a 2-D diffusionproblemwith a 5-point or 9-point stencil),the LU decompositionwill produce
matricesL andU in which the interveningelementsthatarezeroin A have becomenon-zero.
That is, thereis fill-in of the sparsitypattern.This is why the exact LU decompositionof A is
expensiveto do.

IncompleteLU is definedin this way: Performa normalLU decomposition,exceptthat at
eachpoint of theeliminationprocess,if a non-zerovaluewould begeneratedfor someelement
of L or U whereyou do not wantone,thendiscardthatelementandproceed.The “whereyou
do not wantone” partgivesyou somelatitude.Thecommonlyadoptedchoiceis to throw away
any elementsthatareplaceswheretheelementof A vanishes.That is, “whereyou do not want
one” is any placewhereai j � 0. Saad[228] discussesthepseudocodefor achieving this. Saad
alsoprovesthattheILU factorizationis a well-conditionedoperationif A is a M-matrix.3 Some
of theiterativemethodssuchasCGcanbeprovedto beconvergentonly if A is a M-matrix. The
resultof ILU preconditioningof a M-matrix is alsoa M-matrix.

ILU is usedasa preconditionerby letting the matrix M discussedearlierbe LU , whereL
andU arethe resultsof the ILU process.The ILU decompositionwould be doneonceandfor
all andstoredduring the iterations.Thesolutionof M 	]� Ap discussedabove is evaluatedas	K� U { 1 � L { 1Ap� . Saadprovidesexamplesof applyingGMRESwith ILU preconditioningas
justdescribed,andit showsbig gainsfor severalof theexamplesoversimpleGMRES.

Saadalsodiscussesothervariantsof ILU. Oneof theseis ILUT, whichstandsfor Incomplete
LU factorizationwith Thresholding.The ILUT algorithmtakestwo parameters.The first is a
tolerancesuchthatafill-in elementis discardedif its magnitudeis lessthanthespecifiedtolerance
timesthenormof therow. Thesecondparameteris themaximumnumberof fill-in elementsthat
will bekept,basedon a list in which theelementsareorderedby decreasingmagnitude.Sample
calculationsby Saadshow that ILUT is significantlymorerobust, andalsofaster, thansimple
ILU. For thetestcasesin Baldwin,etal., ILUT-GMRESperformedfairly well, but wasgenerally
outperformedby preconditionedCG andmultigrid. Of course,ILUT-GMRESis a methodthat
worksonnon-symmetricmatricesfor whichCGvariationsdonot,andmany implementationsof
multigrid donot either.

For positive definite symmetricmatricesthe methodof LU factorizationcan be modified
somewhat to preserve the symmetryin the factors. It alsoallows only oneof the factorsto be
stored.This is theCholesky decomposition,

A � LLT % (11.50)

in whichasinglelower-triangularmatrix L appears,andU hasbeenreplacedby thetransposeof
L. Thealgorithmfor performingtheCholesky decompositionisalmostthesameasfor LU except
the squareroot of the diagonalelementis extractedat eachstepandusedto scalethe column

3A matrix A is a M-matrix if it hasa positive diagonal,negative off-diagonalelements,andtheelementsof A� 1 are
positive. Thelastconditioncanbereplacedby theconditionthatthespectralradiusof I � D � 1A is lessthanunity, where
D is thediagonalof A.
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ratherthanusingthediagonalelementitself. TheIncompleteCholesky preconditionerintroduced
by Meijerink, et al. [182], is arrived at by performinga Cholesky factorizationanddiscarding
fill-in elementsexactly asin ILU. SimpleIC decomposition,with all fill-in elementsdiscarded,
is shown by Meijerink, et al., to always succeedif A is a M-matrix. The implementationof
IC-preconditionedconjugategradient(ICCG)by Kershaw [142] for radiationdiffusionproblems
showsa greatsuperiorityoverGauss-Seidel,ADI andblock-SOR.In Baldwin,et al., a threshold
variationICT of IC preconditioningwasappliedwith criteriathesameastheILUT factorization
justdescribed.In theirsamplecalculationsa thresholdof 10{ 4 wasallowedandagenerouslimit
on the numberof fill-in elements.The ICT-CG methodturnedout to bequitecompetitive with
multigrid asthebestmethod.

11.4.8 Nonlinear systems;Newton-Krylov

ThegenericPDEfor radiationdiffusionis�
E�
t

� ��� � D � T � � E � � t �5� 4� B � cE �0% (11.51)

wherethediffusioncoefficient D is afunctionof thematerialtemperatureT , whichis determined
by �

e� T ��
t

� t � cE � 4� B �0� (11.52)

The dependencesof D on T , of B on T , of t on T , of e on T , andeven of D on E and
�

E,
areall quite nonlinear. The nonlinearitypersistseven if the equilibrium-diffusion assumption
cE � 4� B is made.To ensurestabilitythisequationis discretizedin timeimplicitly, asdiscussed
earlier. Thatmeansthat thetime-advancedEnz 1 will appearin thediffusioncoefficient,aswell
asin the

�
E factor, asin

En � Enz 1 � e t
���

D
Tn �

Tnz 1

2
� En �

Enz 1

2
� 0 % (11.53)

in which Tnz 1 comesfrom Enz 1 by anauxiliarycalculation.This is to besolvedfor Enz 1. This
is theprototypenonlineardiffusionproblem.

The solutionchoicesare(1) lag D by using D � Tn � insteadof the time-centeredform; (2)
usethetime-centeredD but solve theequationin a Picarditerationin which D is updatedafter
eachsolve;4 (3) useNewton-Raphsoniterationon Enz 1, including the variationof Tnz 1 and
thereforeD with Enz 1. Choice(1) is unacceptablebecauseof inaccuracy andpossibleproblems
with thermalinstability. For choice(2) theconvergenceis not nearlyasgoodaswith choice(3).

TheNewton-Raphsonmethodfor asystemof nonlinearequationsF � X ��� 0 is theiteration

J � Xn � Xnz 1 � J � Xn � Xn � F � Xn �0% (11.54)

in which J standsfor theJacobianmatrix J �
�

F �
�

X. TheJacobianof this systemwill beone
of thoselarge,sparsematrices,sothis linearsystemthatmustbesolvedfor eachNewtoniteration
falls in thecategorywehavebeendiscussing.But anadditionalconsiderationis thattheJacobian

4Picarditerationis anelegantway of saying“substitutetheunknown backin anddo it again.”
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matrix elementsthemselvesmay be costly to evaluate. In someothernonlinearproblems,not
radiationdiffusion,it maybequitedifficult to explicitly do thederivativesfor theJacobian.This
is wheretheNewton-Krylov methodcomesto therescue.

Recallthatall theKrylov-subspacemethodsfor solvinglinearsystemsdependon thematrix
A (hereto be replacedby the JacobianJ) only throughits productsA	 with specifiedvectors.
But we haveawayof doing J 	 ; it is

J 	�� limú�� 0

1½ � F � Xn � ½x	��>� F � Xn � � � (11.55)

If wesimplyevaluate� F � Xn � ½x	��1� F � Xn �"�k��½ with asuitablesmall ½ , weshouldgetanapprox-
imatevalueof J 	 thatis goodenoughfor thepurpose.TheNewton-Krylov method,first applied
to problemssuchasthis by Brown andSaad[39], is a doubleiterationwith Newton iterations,
andinneriterationsusingGMRESor anotherKrylov method,andusingtherelationjustgivento
replacematrix-vectorproducts.

The GMRES iterationsmay well needpreconditioningto converge satisfactorily. But the
preconditionersoften explicitly usethe matrix, e.g., as in ILU or IC preconditioning. What
shouldbedoneaboutthis? In a studyof preconditionedNewton-Krylov solutionof equilibrium
diffusionproblems,Rider,Knoll andOlson[219] useonemultigrid V-cyclebasedon thematrix
A of the linear diffusion equation,i.e., the onewith fully laggedcoefficients, to precondition
the GMRESiterations. It is not necessaryto updateA during the Newton-Raphsoniterations.
The amountof GMRESiterationwithin the Newton-Raphsonloop is adjustable.It could fully
convergetheGMRESfor every Newton iteration,or do only a singleiteration,or somethingin
between.Rider, etal., choseto doavariablenumberof GMRESiterations,with theconvergence
tolerancetighteningastheNewton iterationsproceeded.

JonesandWoodward[136] examineda problemof ground-waterdiffusionthat is described
usinga nonlinearadvection-diffusionequation.They appliedtheNewton-Krylov methodusing
GMRES with two kinds of multigrid preconditioner:one usedpointwisecoarseningand the
other, theSMGfrom above,usedcoarseningby planesthroughthemesh.Therelaxationapplied
at eachlevel wasGauss-Seidel.The GMRESconvergencetolerancewasadjusteddynamically
asthe Newton-Raphsonconverged. The resultsshowed that therewasa trade-off betweenthe
simplerandcheaperpointwisemultigrid andthemorerobustSMG.

The Chebyshev methodcanalsoserve asa nonlinearsolver. HymanandManteuffel [131]
describea nonlinearmethodthatexploits the eventuallinearity of Picard-typeiterationxnz 1 �
F � xn � to apply ideasfrom theChebyshev algorithmto estimatetheoptimumcoefficients a andÍ in a relaxationequation

xnz 1 � xn � a r n � Í¢� xn � xn{ 1 �0% (11.56)

wheretheresidualis definedto be

r n � xn � F � xn �0� (11.57)

Thisperformedquitewell ona3-D solutionof Burgersequation.Castor,DykemaandKlein [61]
usedChebyshev accelerationfor the Picarditeration appliedto the Net Radiative Brackets in
the multi-level ETLA methodfor NLTE radiative transfer. The nonlinearityis severe in these
problems,andtheJacobianis not readilyobtained,nor is a preconditioneravailable.Chebyshev
is thebestaccelerationmethodthathasbeenfoundfor this problem.



208 CHAPTER11. NUMERICAL TECHNIQUESFORRADIATION TRANSPORT

Ng accelerationhasalsobeenusedfor nonlinearcalculations.For example,the CONRAD
code[176] in useat the FusionTechnologyInstitute of the University of WisconsinusesNg
accelerationfor the level populationsin a 1-D collisional-radiative equilibriummodelbasedon
single-flightescapeprobabilities.

11.5 Eddington factors and flux limiters

TheEddington-factormethod,alsocalledthevariableEddingtonfactor(VEF) method,is simple
in concept:If thepreciseratioof thepressuretensorto theenergy densitywereincludedasanad
hoc multiplier in the Eddingtonapproximationequations,they would thenbecomeexact. This
methodof solvingtransportproblemsoriginatedwith thework of Gol’din [103], underthename
Quasi-Diffusion.TheEddingtontensornomenclaturewasintroducedby Freeman,et al. [92].

Let theEddingtontensorT bedefinedby

P | TE � (11.58)

Substitutingarelationlikethis into themonochromaticsecondmomentequationin thecomoving
frame,equation(6.50),for example,leadsto

1

c

�
F §�
t

� 1

c
��� � uF§ � � c

��� � T§ E§ �#�3� k§ F § � (11.59)

If, as in §11.3,we drop the 1� c termshereandsolve for F § which is substitutedinto the first
momentequation,weget

� D � E§ � �!�
Dt

�
E§ T § Ç � u � ��� ct §�� ��� � T § E§&� � 4� j §«� t §&� cE§
� (11.60)

A frequency-averagedversionof equation(11.60)takestheplaceof equation(11.9),andcanbe
usedin the sameway. The solutioncost is much the same,except that the partial differential
equationis not self-adjointin general,andthereforecannot, evenin principle,beapproximated
by a differencerepresentationwith a symmetricmatrix. Thus we are compelledto usenon-
symmetricsolversfrom theoutset.

Someother featuresof the VEF equationareseenby taking certainlimiting cases.If the
materialtermsandthevelocity termsaredroppedin equation(11.59)andalsoin equation(4.27),
andthenF§ is eliminatedbetweenthem,theresultis�

2E§�
t2

� c2 ��� � ��� � T § E§ � � � 0 � (11.61)

This equationhaswavesolutionsthatlocally obey thedispersionrelation

S 2

c2
� k

�
T § � k � (11.62)

For a radiationfront propagatingin the directionn theEddingtontensorwill be just nn, which
meansthe dispersionrelation is S�� k

�
nc. This meansthe groupvelocity is exactly c in the

directionn. Sothewavespeedcomesout right.
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A similar limit that is informative is to considera vacuumregion in steadystatethat hasa
radiationfield passingthoughit. Apparentlythis field mustsatisfy

��� � T § E§��'� 0 � (11.63)

If weexpandthetensordivergencewefind

E§ ���
T§ � T§ �¼� E§ � 0 % (11.64)

andif we thenmultiply on theleft by theinverseof thematrixT § anddivideby E§ we get

T { 1§ �Ð���
T §¢�3� �

log E§�� (11.65)

With a generaltensorT § this equationwill be inconsistent,becausea conditionfor solubility is
apparently

�K( � T { 1§ �Ð���
T § � � 0 � (11.66)

Puttingthis argumentdifferently, we cansaythat sinceunderthestatedconditionsthereis cer-
tainly a solutionfor theradiationfield, thenequation(11.66)mustbesatisfied.But supposethat
thetensorhasbeenobtainedby someapproximationprocedureanddoesnot exactly obey equa-
tion (11.66),andsupposethat the region is not exactly a vacuum,but therearesmall valuesof
absorptivity andemissivity that we let tendto zero. Thenwhat we expectis that this limit is a
singularlimit, andthat thesolutionthat is found in the limit doesnot have a finite valueof the
flux. This sadexpectationis supportedby somenumericalexperience.

This problemsignificantlyimpairstherobustnessof theVEF method.A possibleremedyis
thefollowing. Supposetherewereanintegratingfactorq§ suchthat

��� � T § E§ �#� 1

q§ T § �Ð� � q§ E§ � (11.67)

weretrueregardlessof E§ . Apparentlytheintegratingfactorwould have to obey this equation

T § �¼� logq§ � ���
T § � (11.68)

This doesnot seemlike progresssincethe conditionfor this to be solubleis also(11.66). But
now supposethatweextractasinglescalarequationfrom thisvectorequationandobtainq§ from
it, thenmake thereplacement(11.67)asanadditionalapproximation.Onepossibility is to take
thedivergenceof theequation,whichgives

��� � T§ �¼� logq§ � � ��� � ���
T § �&% (11.69)

astheequationfrom whichq§ is to befound.Givenanumericalestimateof T § wewouldevaluate
thesecondderivativeon theright-handside,thensolvethePoisson-equation-likePDEfor logq§ .
The additive constantis unimportantsincea multiplicative factor in q§ cancelsout when the
integratingfactoris used.BecauseT § is symmetricandpositive definitethis self-adjointelliptic
equationis easyto solve usingiterative methods.This approximationideahashopefor it since
thecurl condition(11.66)is accuratelyobeyedin boththediffusionlimit andthefree-streaming
limit.
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If theformulafor theflux is alteredusingequation(11.67)thentheVEF equationbecomes

� D � E§ � �!�
Dt

�
E§ T § Ç � u � ��� cT§t § � q§ �¼� � q§ E§�� � 4� j §«� t §�� cE§
% (11.70)

which alsonow hasthenicepropertyof beingself-adjoint.In fact,it is this propertythatmakes
theequationwell-posedfor any T § in thelimit k§ 7 0.

This approachwasintroducedby Auer in sphericalgeometry,for which thecurl conditionis
exactlysatisfied,asameansof improving theconditioningof theVEF equation(11.60).We will
returnto thatbelow in discussingsphericalproblems.

Thequestionbeforeusnow is, wheredoestheEddingtontensorcomefrom? Therearetwo
generalphilosophies.Thefirst is to usean analyticmodelbasedon the problemgeometrythat
attemptsto capturethe main featuresof the tensorasthey dependon thatgeometry. Let’s take
sphericalgeometryastheillustration.At aparticularpointwesetupa localCartesiancoordinate
systemwith the z axis in the radial direction,andx and y tangential.Axial symmetryaboutz
meansthat the tensoris diagonalandthe x andy diagonalelementsareequal. Thusthe tensor
hastheform

T �
1{ f

2 0 0
0 1{ f

2 0
0 0 f

� (11.71)

sincethe tracemustbeunity. In otherwords,we let the r r componentof the tensorbe f , then
the two transversecomponentsare � 1 � f �k� 2. We speakof f as the Eddingtonfactor. This is
definedin the sameway asthe Eddingtonfactor in slabgeometrydiscussedearlier. A simple
analyticmodelfor f of thetypewe arediscussingis theformulathatcomesfrom assumingthat
the photosphereof a star radiatesan equalintensity in all directions,andthat the spaceabove
the photosphereis completelytransparent.Thusat a point locatedabove the photospherethe
radiationfield is constantwithin a certainconeandzerooutsideit. Thehalf-angleof theconeis�Z� sin{ 1 � Rp � r � in termsof the photosphericradiusRp andthe local radiusr . Thecosineof

this angleis 9P� cos�V� 1 �I� Rp � r � 2. Doing theintegralsfor Pr r andE leadsto

f � 1

3
� 1 � 9 � 9 2 �&� (11.72)

As r approachesRp thevalueof 9 tendsto zero,so theEddingtonfactor f tendsto 1/3. Soin
this simplemodelwe would adoptthis formulafor f in r E Rp andset f � 1� 3 in r } Rp. As
a practicalmatter, it hasbeenfoundthatusingsuchformulasfor theEddingtonfactorameliorate
somewhattheerrorsin theEddingtonapproximation,but not enough.

The secondgeneralapproachto the VEF method,now usedexclusively, is to employ an
auxiliary calculationthat solves the radiative transferequationas accuratelyas possible,with
good resolutionin anglespace,and obtain the tensorpoint by point in spacefrom the angle
momentsderivedfrom this calculation.Onemaywell ask,why botherwith theVEF equationat
all whenan accurateangle-dependenttransfercalculationwill have to bedoneanyway? There
areat leasttwo reasons.One is that making the large setof radiationtransportequationsfor
many anglesimplicitly coupledthroughthe materialtemperatureleadsto a systemtoo costly
to solve. For the auxiliary calculationthe distribution of temperatureis taken asgiven, which
removes the implicitnessand thus makes the transfermuch cheaper. The secondreasonhas
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to do with retardation,the presenceof the time derivative term in the transportequation. The
burdenof carryingthis term is severe— not in the costof solving the spatialdifferencingwith
this small correction,but in the amountof storagerequiredto carryall the intensitiesfrom one
time stepto the next. It may be true that droppingretardationstill producesa tensorthat is
sufficiently accurate,eventhoughtheflux andenergy densityin theauxiliary calculationmight
haveunacceptablesystematicerrorsasa result.Thecasefor theVEF methodhasprosandcons,
and is by no meansclosed. We will return to this discussionin connectionwith approximate
operatoriterationmethods(ALI), alsocalledpreconditioning.

Thereis anothermodificationto the Eddingtonapproximationthat is somewhat relatedto
the useof Eddingtonfactors,and is an alternative to it. This is the flux limiter. The primary
referenceon flux limiters and their connectionto the Eddingtonfactor in 1-D is Pomraning’s
paper[208]. The ideais to discardthe

�
F �

�
t term in the flux momentequationandmake the

EddingtonapproximationP§V� � E§&� 3� I, but compensatetheerrorsof theseapproximationsby
includinga correctionfactorin thediffusioncoefficient:

F §«�?� cDt §�� �
E§
� (11.73)

Thetensor(in general)D is theflux limiter. Theonly differencebetweenD andT is which side
of the divergenceoperatorthe tensorstandson; the inside for T and the outsidefor D. From
this point on, the philosophiesof flux limiters andEddingtonfactorsbegin to differ. Thereis
no practicalway to self-consistentlycalculatea flux limiter soasto produceagreementbetween
solutionsusingequation(11.73)andaccuratetransportsolutions.Instead,flux limiters areused
in theway thatanalytically-basedEddingtonfactorsmight beusedbut todayarenot. That is, a
relatively simpleformula is adoptedfor theflux limiter thatcapturessomeessentialfeaturesof
theproblem,but whichcannotbeveryaccurate.Flux limitersareintendedmainly to compensate
for the omissionof the

�
F �

�
t term. The raw Eddingtonapproximationcangive a flux that is

arbitrarily large comparedwith cE if the gradientof E is large enough;this is somethingthat
canneverhappenif

�
F�

�
t is retained.Thisproblemis correctedby makingsurethatD becomes

small when
�

E is large,so the flux is indeedlimited to be no larger thancE. The tensorD is
invariablychosento bea scalartensor,thatis, just a scalarfactorD, andthis is consideredto be
a functionof thedimensionlessquantity

R � d � E§ dt § � E§ � (11.74)

A small value of R meansthat the ordinary diffusion flux is small comparedwith cE§ , and
thereforeno limiting shouldbenecessary, and D shouldbe 1/3. A largevalueof R meansthat
thephysicallimit ontheflux is violatedby theordinaryflux formula,andlimiting is needed.The
properlimit F § 7 cE§ is obtainedif

D � R� 7 1

R
for R 7�� � (11.75)

Theliteratureonflux limiters hasbecomeextensive,andwe will quotethreehere:

D � R���
1

3z R sum
1

max� 3: R� max
1
R cothR � 1

R Levermore

� (11.76)
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The sum and the max flux limiters are just formulaechosento have the right limits. Lever-
more’s [168, 169] flux limiter is derivedfrom anapplicationof theChapman-Enskogmethodof
kinetic theory. Levermore’stheorymodifiesthedefinitionsgivenhereby includingafactorof the
scatteringalbedo± in thedenominatorof thedefinitionof R, andtheresultfor D thencontains
a factor ± in thedenominatoraswell. Theeffect of thealbedois to leave bothlimits of theflux
limiter unchanged,but to changethetypicalvalueof E � d � E d whereD switchesfrom onelimit to
theotherfrom onemeanfreepathfor thetotalabsorptivity to onescatteringmeanfreepath.Thus
in aproblemwith almostpureabsorptionthevalueof R wouldbelargeandtheflux wouldbeset
to cE§ evenat largeopticaldepth.This is appropriateif thereis no internalsourceof radiation
andonly a beamincidentat theboundary, but it is clearlywrongin themoreusualcasewith an
internalsource.

Therearesomecommentsto be madeaboutthe applicationof flux limiting in an implicit
radiationdiffusionproblem. It is evident that theglobalgeometryof theproblem,which deter-
minestheangulardistribution of theradiationfield andimplicitly boththeEddingtonfactorand
thetensorD, cannot beencompassedby formulaslike equation(11.76).That is, no matterhow
muchskill is employedin selectingD, theerrorwill none-the-lessbesimilar to the20%errorof
theEddingtonapproximationin general.For this reasonthereseemslittle to choosebetweenthe
alternative expressions.Thesecondpoint is that D is a non-linearfunctionof E§ andits gradi-
ent,andthis addsadditionalnon-linearityto equation(11.9)beyondthatdueto thetemperature.
Furthermore,in 2-D or 3-D thegradientsin thedifferentdirectionsarecombinedin thediffusion
coefficient sinceD dependson thenormof thegradient.Thealternative of usinga functionfor
eachcoordinatedirectionthatdependson thatcomponentof thegradientalonecanleadto a flux
vectorthatmakesa largeanglewith

�
E§ , andthis is unphysical.Thebetterapproachis eitherto

dealwith thenon-linearitiesusingNewton-Raphsonor to lag thevalueof D in time.

11.6 Method of discreteordinates

This methodwasoriginally introducedby Chandrasekhar[65] to solve thestandardproblemsof
monochromaticor grayscatteringin 1-D slabgeometry,andit is particularto thatgeometry. We
refer to section5.2 for the definition of the anglecosine 9 andthe formulationof the relation
betweenthesourcefunctionSandthemeanintensityJ, equation(5.25).Theideaof themethod
of discreteordinatesis to choosea setof discretevaluesof 9ñ�_ÎkT�9 i % i � 1 %y���&�!% nÏ anda
quadratureformula

1

{ 1
d 9 f ��9<� 7 n

i Ñ 1

ï
i � f �"�29 i � � f ��9 i � � � (11.77)

Thequadraturewill alwaysbenormalizedsothat

n

i Ñ 1

ï
i � 1 � (11.78)

Chandrasekharconfinedhimselfto theeven-orderGaussianquadratureson � � 1 % 1� for which the
valuesof 9 i arethepositivezeroesof theLegendrepolynomialsP2n ��9<� . Thefirst approximation
hasa singlevalueof 9 i which is thezeroof P2 ��9>� , namely1� ` 3. Much moreaccurateresults
areobtainedwith otherquadratureschemes,suchassubdividing � 0 % 1� into a large numberof
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subintervalsandapplying3-point Gaussianquadratureon eachsubinterval. TheHopf function
in section5.3wasobtainedusing12pointschosenin thiswaywith 4 subintervals;its accuracy is
about5.5significantfigures.

Whenthis discretesetof anglesis usedfor thetransferequationit takesthis form

T�9 i
dI ¡i
d � � I ¡i � S� (11.79)

Forafully computationalapproachto thisproblemthisequationis thenwrittenin finite-difference
form leadingto a linearsystemof equationsfor I ¡i atasetof discretedepths� j whicharesolved
in astandardway. Chandrasekhar’smethoddoestheanalysisof thedifferentialequationsanalyt-
ically. Theequations(11.79)canbesolvedformally andsubstitutedinto thequadratureformula
definingS. Theresultis exactlyMilne’sfirst integralequation,exceptthattheE1 kernelhasbeen
replacedaccordingto

1

2
E1 � d x d � 7

i

ï
i9 i

exp � d x d9 i
� (11.80)

Thisphilosophycanbeappliedin amuchmoregeneralway: If wearefacedwith any convolution-
typeintegralequationona full-spaceor ahalf-space,wecanfind approximationsto thekernelin
theform of asumof exponentialsandproceedexactlyasfor theMilne problem.For example,the
non-LTE problemof line scatteringwith completeredistribution,whichleadsto anintegralequa-
tion with thekernelK1 ����� asdescribedearlier, is treatedin exactly thisway. This is developedat
somelengthin thebookby Ivanov.

Thenext stepin theanalysisinvolvesfindingthefunctionT � z� thatapproximates1 � �
K1 � i � z� .

SincetheFouriertransformof � a � 2� exp�"� a d x d � is 1��� 1 �
k2� a2� , therepresentationof T � z� in

theconservativescattering( ± � 1) caseis

T � z�#� 1 � n

i Ñ 1

ï
i

1 �Z9 2
i � z2

� n

i Ñ 1

ï
i 9 2

i9 2
i � z2

� (11.81)

We observe that T � z� mustbea rationalfunctionof z sinceit is a sumof rationalfunctions. It
has2n poles,at thepointsz ��T�9 i . SinceapparentlyT � z��È 1� z2 for z 7Ó� , it musthave the
form R2n{ 2 � z�"� S2n � z� , whereR andS arepolynomialsof theindicateddegrees.ThereforeT � z�
shouldhave 2n � 2 zeroesT zÜ!%/aC� 1 %y�&���!% n � 1. Thecomputationalwork at this point is to
actuallyusean algebraicroot finder to evaluate(to high precision!) theseroots. Oncethey are
foundT � z� canbeexpressedin factoredform as

T � z�#�
n{ 1

Ü Ñ 1
� 1 � z2 � z2Ü �

n

i Ñ 1
� 1 � z2 � 9 2

i �
% (11.82)

wherethemultiplicativeconstantfactorhasbeenadjustedto satisfyT � 0�J� 1. Now it is simple
to factorT � z� into partsanalyticin theleft andright half-planes,

T � z�#� 1

H � z� H �k� z� % (11.83)
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with

H � z�­�
n

i Ñ 1
� 1 �

z��9 i �
n{ 1

Ü Ñ 1
� 1 �

z� zÜ � (11.84)

The problemis now essentiallydone,becauseH ��9<� is the angledependenceof the emergent
intensityandH � 1� p�k� p is theLaplacetransformof thesourcefunction,for half-spaceproblems.
TheLaplaceinversioncanbedoneeasilywith themethodof residuessincethepolesof H , the
points � zÜ , arealreadyknown.

Thereis a relationbetweenall the rootsandthe quadraturepoints that comesfrom noting
that T � z�Df � 1� 3z2 for z 7 � assumingthat the quadratureformula does 9 2d 9¿� 1� 3
accurately. It is

n

i Ñ 1
9 i

n{ 1

Ü Ñ 1
zÜ � 1` 3

� (11.85)

Usingthis relationweseethattheexpansionof H � z� for largez is

H � z�­f ` 3 � z �
qX ��% (11.86)

wheretheconstantqX is givenby

qX � n

i Ñ 1

9 i � n{ 1

Ü Ñ 1

zÜ!� (11.87)

Settingp � 1� z thusgivesthebehavior of theLaplacetransformof Sat small p, namely

�
S f ` 3S� 0� 1

p2
� qX

p
% (11.88)

andthereforeS for large � is givenby

S f ` 3S� 0�&��� �
qX �&� (11.89)

In otherwordsthe large-� valueof theHopf functioncomesout immediatelyfrom thesolution
of thecharacteristicequationT � z�'� 0 for therootszÜ .

11.7 Spherical symmetry

Sphericalradiative transferis onestepup in complexity from radiative transferin slabgeometry.
Goodreviews of sphericalradiative transferarefound in refs. [186], p. 250ff, and[189], §83.
For sphericalproblemsall the scalarssuchasopacities,temperature,sourcefunction, etc.,are
functionsonly of theradius(andperhapstime),but theintensitiesarefunctionsof radiusand 9 ,
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where9 is definedastheradialcomponentof thedirectionvectorn. However, sphericalcoordi-
natesarecurvilinear, which meansthat 9 variesalonga straightray. We introducecoordinates
basedon the rays,which arethe pathlengthalongthe ray measuredfrom the point of closest
approachto thecenter,

z | r 9H% (11.90)

andtheimpactparameterof this ray relative to thecenter,

p | r 1 �49 2 � (11.91)

As a photonmovesalong the ray, p remainsconstantbut r and 9 vary as z increasesby the
distancetraveled.Theinverseof therelationsgiving z andp in termsof r and 9 are

r � p2 �
z2 (11.92)

and

9P� z

p2 �
z2

� (11.93)

Thederivativesof thesewith respectto z at constantp give thevariationsof r and 9 alongthe
path: �

r�
z p

� z

p2 �
z2

�G9 (11.94)�
9�
z p

� p2

� p2 �
z2 � 3~ 2 � 1 �Z9 2

r
� (11.95)

Thecorrectform of thetransportequationomittingvelocitiesin � r %/9<� coordinatesis therefore

1

c

�
I §�
t

� 9
�

I §�
r

� 1 �]9 2

r

�
I §�
9 � j § � k§ I § � (11.96)

Formingthefirst two momentsof thetransportequationis easy, sincethe 9 -derivative termcan
beintegratedby parts.We find �

E§�
t

�
�

F§�
r

� 2F§
r

� 4� j §«� cE§
% (11.97)

1

c

�
F§�
t

�
c

�
P§�
r

�
c

3P§®� E§
r

� � k§ F§�% (11.98)

which we would have expectedfrom the general-geometryrelationsgiven earlier if we were
familiarwith theform of a tensordivergencein sphericalsymmetry.

Much work hasbeendonewith radiative transferin sphericalsymmetryin the steady-state
case.We will pursuethis briefly by droppingthe time-derivative terms.Themomentequations
thenbecome

1

r 2

�
r 2F§�

r
� 4� j § � cE§ % (11.99)
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and

c

�
P§�
r

�
c

3P§ � E§
r

�3� k§ F§�� (11.100)

Hereis wheretheEddingtonfactor

f § | P§
E§ (11.101)

canbeintroduced,aswell asAuer’s integratingfactorq§ definedby

logq§«� dr

r
3 � 1

f § � (11.102)

This allows theflux to becalculatedfrom E§ usingthedivergence-likeformula

F§ ��� c

k§ q§
��
r
� q§ f § E§ � � (11.103)

The sphericalversionof the VEF methodthen proceedsusing this formula for F§ and either
equation(11.97)or equation(11.99). This partof the problemis thenno morecostly thanslab
geometry.

The questionremainshow to calculatethe Eddingtonfactor. Oneapproachis to selectFig. 11.1
an anglemesh 9 i aswell asa radiusmeshr j andconvert equation(11.96)or its steady-state
equivalentinto a setof finite differenceequations.By choosinganupwindform of differencing
theseequationscanbesolvedin asinglesweepfrom theupwindsidein thedownwinddirection.
(This ideaof sweepingin the upwind-to-downwind directionwill be explainedmorebelow, in
connectionwith SN methods.)Wewill notdiscussthismorehere,becausetheaccuracy turnsout
to bebad,andabettermethodis available.

The bettermethodis to usethe � p % z� variablesas the coordinates.The meshis actually
constructedby finding the intersectionpointsof thecirclesr � r j with therays p � pi . Thez

valuescomeoutto bezi : j ��T r 2
j � p2

i . Thetwo possiblesignscorrespondto thetwo directions

of propagationon theray at a givenradius,but we canalsothink of a long ray thatstartsoutside
thestarat negative z, comesinwardasz increasesthroughnegative values,reachesthepoint of
closestapproachat z � 0, thenpassesout againasz increasesthroughthepositive values.Such
a meshis illustratedin Figure11.1.Thetransferequationin thesecoordinatesis simply�

I §�
z p

� j § � k§ I § � (11.104)

This is usedin theauxiliarycalculationfor theVEF methodto find I § givenvaluesof k§ and j § .
Sometimesthisstepis calledtheformalsolution. Theintegrationcanbedoneby marchingalong
eachray in thedirectionof increasingz. Alternatively, theFeautriervariables(cf., §5.6) � § and� § maybeused,sothat � § obeysa two-pointboundary-valueproblem,��

z p

1

k§
�
�
§�
z p

� k§ � § � j § � (11.105)
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Theboundaryconditionsaregivenon thesymmetryplaneat z � 0 —where
� § vanishes—and

the outsideradius. If thereis an inner-boundaryradius,thena conditiontheremay replacethe
z � 0 conditionfor somerays.

However theintensityin the p % z coordinatesis obtained,theanglemomentsarethencalcu-
latedby

E§ � r i ��� 2�
cri

r i

{ r i

dzi : j I � pi % zi : j � (11.106)

F§ � r i ��� 2�
r 2
i

r i

{ r i

dzi : j zi : j I � pi % zi : j � (11.107)

P§ � r i ��� 2�
cr3

i

r i

{ r i

dzi : j z2
i : j I � pi % zi : j ��� (11.108)

Becausethemeshin zi : j is quiteuneven,somecarehasto begivento makingthespatialdiffer-
encingof thetransferequationandthequadratureoverz sufficiently accurate.

11.8 Escapeprobability methods

Theuseof thesingle-flightescapeprobabilityasa replacementfor solvingtheequationof radia-
tive transferhasthe statusof a numericaltechnique,sinceit enablessolving coupledradiation
hydrodynamicsproblems,or NLTE problemswith largenumbersof level populationsandradia-
tive transitions,thatwould be prohibitively expensive to solve with moredetailedmethods.At
thesimplestlevel thesemight be0-dimensionalatomickinetic equations,perhapscoupledwith
anenergy equationfor theevolution of thetemperature.The“goldenrule” of usingsingle-flight
escapeprobabilitiesin thesesituationswasdescribedearlier (cf., §9.3),and justified by Irons’
theorem:

z 7 pesc � (11.109)

Thequantityz is theNet RadiativeBracket,z � 1 � �J � S, and pesc is thetwo-sidedsingle-flight
escapeprobability.For a spectralline pesc is givenby

pesc � 1

2
[K2 ����� � K2 ��� 0 �4��� ] (11.110)

in termsof thekernelfunctiondefinedby equation(9.18).Irons’ theoremsaysthatz andpescare
equalin themeansense.Sotheresultsshouldnot be too badin a 0-dimensionalor “one-zone”
modelif themeanvalueof pesc is usedto make thereplacement�J 7 � 1 � pesc� S in thekinetic
equations,andalsoto approximatethetermin thematerialenergy equation

4� X
0

d � k§
� J§�� S§&�#p3� 4�
lines

kL pescS � (11.111)

The resultsare much lesssatisfactory if z is replacedpoint-by-pointwith pesc in a spatially-
distributedmodelin a hydrodynamicsimulation,for example. Even in the0-dimensionalcase,
theapproximationof theradiationfield in photoionizationcontinuausingescapeprobabilitiesis
not asaccurateasfor lines,andfar from satisfactory.
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An exceptionto the statementaboutescapeprobabilitiesnot beingaccuratepoint-by-point
maybehigh-velocityflowsfor which theSobolev approximation(cf., §6.8)is valid. TheSobolev
approximationmaygiveresultsatthe10%levelof accuracy while for staticmediatheaccuracy of
thenormalescapeprobabilityapproximationis afactortwo in goodcases.However, Hummerand
Rybicki [129] have givena ratherpessimisticassessmentof theaccuracy of thesimpleSobolev
approximationin certaincases.

Another classof methodsthat have beenproposedby Athay [11], Frisch and Frisch [96]
andCanfield,et al. [47], may fill the gapwherepoint-by-pointresultsof reasonableaccuracy
are neededbut it is prohibitively expensive to solve all the transferequations. It is reviewed
by Rybicki [222], andalsoby Athay, FrischandCanfieldin the samevolume. Athay calls his
methodprobabilisticradiativetransfer, thetermalsousedby Canfield,while Rybicki prefersto
call themethodsecond-orderescapeprobability. Second-orderin Rybicki’snomenclaturemeans
thatthemethodis derivedfrom aquadraticintegralformularatherthanfrom alinearone,not that
it is thesecondmemberin a systematicexpansion.Neithertermquitesuggestswhatthemethod
is without further explanation. The essenceof the methodis to obtaina first-orderdifferential
equationfor �J (or z) asa functionof opticaldepthin which thesingle-flightescapeprobability
appearsas a coefficient. This can be solved much more cheaplythan doing detailedtransfer
calculationsbecausetherearenofrequenciesor anglesto consider, andtheequationis first-order
not second.

Thederivationby Canfield,et al., is thefollowing. Thereis a quadraticexact integral of the
Milne equationthatwassuggestedby FrischandFrisch;it isX

Ø
d �

�
�J� � S�����#� X

Ø
d � S�����

��
�

X
Ø

d � h K1 � d �D�4� h d � S��� h � � 1

2
S2X � (11.112)

On theapproximationthat S����� is slowly varyingon thescaleof thewidth of thekernelK1, the
two factorsof Scanbefactoredout of theintegralson theright-handside.WhatresultsisX

Ø
d �

�
�J� � S�����#�3� 1

2
S��8�� 2 � 1 � K2 ��8��"� � 1

2
S2X � (11.113)

The K2 function canbe identifiedas2pesc for the semi-infinitemediumon the basisof equa-
tion (11.110).Notice that this escapeprobability is two-sided.Differentiatingtheequationand
dividing by S leadsto �

�J� � �
�

S� � �
�

pesc�
� S � 2pesc

�
S� � � (11.114)

This is the basicequationof theprobabilisticradiative transfer/second-orderescapeprobability
method. An equivalent equationwas given by Frisch and Frisch [96]. Athay’s [10] form is
somewhat different. As notedby Rybicki, the integral of this relation,assuming �J � � ��� SX ,
gives

�J �����#�3� 1 � pesc� S����� �
X

² d � h pesc

�
S�
� h � (11.115)

Anotherwayof writing thesameequationis

z � pesc � 1

S

X
² d � h pesc

�
S�
� h � (11.116)
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Thefirst termin this relationis theordinaryescape-probabilityapproximation.Thesecondterm
is responsiblefor theimprovedaccuracy of thesecond-orderapproximation.

If therelationS ��� 1 �;½y� �J � ½ B for thetwo-level atomis usedto eliminate �J from equation
(11.114),assumingB is constant,thenS mustobey thisequation:

� 1 �]½x� { 1

�
S� � �

�
S� � �

�
pesc�
� S � 2pesc

�
S� � � (11.117)

Theintegralof thisequationthatgivesS � B for pesc � 0 is

S � ` ½ B` ½ � � 1 �4½x� 2pesc
% (11.118)

in exactagreementwith Ivanov’sapproximation(9.26)for a semi-infiniteslab( � 0 7�� ).
Thismethodhasprovedto beveryusefulfor thingslikemodelingquasarbroad-emission-line

spectra[47]. Canfield,McClymontandPuetter[45] describeapplicationsof themethodaswell
asanextensionto finite slabs.

11.9 SN methods

At this point we would like to distinguishlong-characteristicmethodsfrom short-characteristic
methodsfor solving the transferequation. A long-characteristicmethodmeansthat we march
alonga singlestraightray to solve theequation,althoughtheray directionmaybe changingin
termsof componentsof n alongthelocal coordinatedirections.An exampleof thiswasjustseen
in the p % z coordinatesfor spherical-symmetryproblems.A shortcharacteristicmethodis onein
whichabundleof raysis createdateachmeshpoint,eachoneof whichgoesin thedirectionof a
certainn with respectto thelocalcoordinates.Theraysin thisbundleareextendedin theupwind
directiononly asfar asthenext spatialcell. Eachspatialnodehasits own bundle,andthesedo
notconnectfrom onenodeto thenext for two reasons:theraydirectionsarenotparallelwith the
vectorsjoining neighboringnodes,andtheray directionsat onenodearenot necessarilyparallel
to thoseat the neighboringnode. The nameSN is often usedfor short-characteristicmethods.
Theslabgeometrycaseis anillustrationof bothlong- andshort-characteristicmethods,because
in this casetheray segmentsfrom all thenodesdo join into long rays.For othergeometriesthis
is not true.

The SN methodis developing very rapidly at this time. Pomraning[206] describesthis
methodat an early state. The problemsassociatedwith the unhappy choicebetweeninaccu-
racy (stepdifferencing)andnegativesolutions(typifiedby thediamond-differencemethod)have
vanishedtoday, thoughtheuseof thediscontinuousfinite-elementmethod(cf., [85]) andthenew
corner-balancemethodof refs.[62, 2].

One exampleof short characteristicshasbeenencounteredalready, the sphericalequation
in r %/9 coordinates.The SN approachregardsthis asan advectionproblemin r %/9 space.The
equationcanactuallybecastinto conservativeform as

1

r 2

��
r

r 29 I § �
��
9 1 �]9 2

r
I § � j § � k§ I § � (11.119)

One approachto forming the SN equationsis to integratethis equationover a radial volume
element � r i % r i z 1 � andan angleelement � 9 j %w9 j z 1 � . The “surfacefluxes”, r 2 9 I in radiusand
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� 1 �;9 2 � I � r in 9 , for thatradius-anglecell arerepresentedasinterpolatedvaluesalongthemesh
lines,wherepreferenceis givento thevaluesonthesideof themeshline correspondingto thecell
from which theradiationis flowing. This is the“upwind differencing”idea.It shouldbefamiliar
from thediscussionof cell-centeredadvectionin theEulerianhydrodynamicsmethods,§3.2.The
fluxescanbemadefirst-orderaccurate,whichmakesthemethodsecond-orderaccurate,by doing
theinterpolationappropriately.

Anotherway to do it is to expandthe intensityin a setof basisfunctionsfor eachr %w9 cell,
suchas the four functionsneededto representI with bilinear interpolation. Substitutingthis
expansionfor I into the transportequationyieldsa residualfunction that ideally would bezero
everywhere,but of coursewill not be in practice. By taking projectionsof the residualon the
basisfunctions(or perhapsanotherset)we derive enoughequationsto determinethe unknown
expansioncoefficients.This is thefinite elementmethod.By allowing everycell to have its own
setof expansioncoefficientsindependentof its neighbors,thatis, by not enforcingcontinuityof
I betweenneighborcells,thenumberof degreesof freedomis increasedandwith this theability
to representsharpchangesin the intensityis improved. The “upwinding” entersin this version
of thefinite elementmethodwhenthesurfacetermsthatarisefrom theintegrationoveracell are
systematicallyevaluatedusingthevariableson theupwindsideof thecell boundary. This is the
discontinuousfinite elementmethod.

Assumingthat upwind differencinghasbeenapplied,the equation(s)for a given r %/9 cell
couplein the valuesfor the neighborcell at smallerr (if 9ñE 0) or larger r (if 9ñR 0) andat
smaller9 . Thatmeansthatit is possibleto doarasterscanof thewholemeshin theproperorder
andfind thatall theneighbor-cell datathatareneededateachpointhavealreadybeencomputed.
Thusonescanthroughthemeshis sufficient to evaluateall theintensities.This is whatwemean
by “sweeping”themesh.

Theradiationtransportmethodin ZEUS-2D,anaxial-symmetry2-D Eulerianradiationhy-
drodynamicscode[244], illustratessomeof theshort-characteristicsideasin two spacedimen-
sions.Thecharacteristicsof thetransportequationin r z geometryarehyperbolaeopeningin the
r direction,which meansthateithertheangleadvectionis treatedseparatelyfrom spatialdiffer-
encing,asjustdiscussed,or thecurvedpathsmustbetracked.In ZEUS-2Dtheproblemis solved
by usingtheaxial-symmetryextensionof the pz coordinatesystemusedfor sphericalgeometry,
cf., §11.7.Tangentplanesparallelto thez-axistake theplaceof therayswith impactparameter
p in thesphericalcase.Thereareasmany tangentplanesastherearezonesin ther directionin
themesh.Theslicesby thesetangentplanesthroughthehydrodynamicmeshdefinethetransport
meshin eachplane. The numberof cells in the z directionis thesameasin the hydrodynamic
mesh,while thenumberin the lateraldirectionvariesfrom twice thenumberof radial zonesto
two, dependingon thedistancebetweenthe sliceandthe z axis. The transporton eachtangent
planeis computedfor several valuesof nz, the directioncosineof the ray with respectto the z
axis. Sousingthis transformationreducestheaxial symmetryproblemto oneof transportin xy
geometrywith a Cartesianmesh.

The short characteristicsmethodof Stone,Mihalas and Norman[244], appliedin ZEUS-
2D, hasfeaturesin commonwith the Mihalas, Auer andMihalas [188] (MAM) method,and
especiallywith the methodof KunaszandAuer [152]. The salientfeaturesof MAM are the
following. The intensityis describedby pointwisevalueslocatedat the meshnodes.For each
of thechosenanglesa ray is drawn througha givennodeO in thatdirection,bothupwindand
downwind, and it intersectsthe far sidesof the neighboringzonesat an upwind point M and
a downwind point P. The transportequationis written in Feautrierform, cf., §5.6,alongthis
characteristic,and Auer’s [12] Hermite differencingof the Feautrierequationis used,which
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givesa fourth-orderaccuraterelationconnectingtheFeautriervalues j andthesourcefunctions
S at the threepoints M OP. PointsM and P arenot at nodes,so both j andS at thesepoints
arerepresentedby quadraticinterpolationof the valueson the appropriatesidesof the 9-node
stencilsurroundingO. Theresultis a 9-pointdifferencingof theFeautrierform of thetransport
equationfor this ray direction. Takenall together, for a givendirection,theresultis a block-tri-
diagonallinearsystemfor theunknowns j . Sincethesourcefunctionsmaydependon all the j ’s
throughthescatteringterm �J, theRybicki eliminationmethod[221] is applied.Thedownsides
of this approacharetwo: (1) The block-tri-diagonalsystemis very expensive to solve. This is
unavoidablewith the Feautrierform. (2) The quadraticinterpolationswill produceringing and
can,andoftendo,yield negative intensities.

KunaszandAuer [152] departfrom MAM by usingthe first-orderform of the equationof
transfer—ratherthanthe Feautrierform usedby MAM—which is integrated(exactly) with the
relation

IO � IM exp �"� e ��� � × ²
0

d � h S��� h � exp � ��� e �D�4� h � � % (11.120)

in which S����h°� mustberepresentedby an interpolationfunction. They considerthealternatives
of usinglinearinterpolationof SbetweenpointsM andO, or usingparabolicinterpolationbased
onthethreepointsM OP. Thevaluesof SatpointsM andP maybegivenby linearor parabolic
interpolationalso. The parabolicinterpolationsfor the upwind point M will sometimesmake
useof dataonepoint beyond the 9-point stencilon the upwind faceof the box definedby the
9 points. This resultsin a total of 13 pointson which datamay be usedto obtain IO. Unlike
the casewith Feautrierdifferencing,the intensitiescanbe calculatedin a downwind sweepin
the KunaszandAuer method. This makesthe operationcountscalelinearly with the product
Nx Nz, whereNx and Nz arethe numberof meshlines in thosedirections,whereasthe MAM
methodscalesasN3

x N2
z . Thereis aheavy penaltyfor usingtheFeautriervariablesin 2-D or 3-D.

The computationalresultsin KunaszandAuer [152] indicatean unfortunatetrade-off between
accuracy andpositivity in problemswith discontinuousdata,suchasthesearchlightbeam.They
pointout thatmoretypicalproblemsareforgiving in this respect.

Thedifferencesin ZEUS-2Dwith respectto KunaszandAuer [152] are: linearinterpolation
replacesquadraticinterpolationfor thevaluesatpoint M, andS is representedby linearinterpo-
lationalongtheray. Thesolutionof thetransferequationfor thesegmentM O, givenby equation
(11.120),becomes

IO � IM exp �k� e ��� � � SO � SM � exp �"� e ��� � SO � SMe � � 1 � exp �"� e ��� � � (11.121)

This differencingis first-orderaccurate,andit is not consistentwith thediffusionlimit. That is,
therelationJ§ p S§ � ��� � � S§ � k§ �"��� 3k§ � will notbeobeyedin theopticallythick limit, although
F § p¿� �

S§ ��� 3k§ � maybe.Theschemeis alsonot conservative. Theseobjectionsareaddressed
by usingthetransportsolutiononly for thepurposeof obtainingtheEddingtontensor, cf., §11.5.
TheEddingtontensoris incorporatedin aconservativecell-centereddifferencingof theradiation
energy equation.

Two approachesto SN radiationtransportthat do not useshort-characteristicfinite differ-
encesaretheupstreamcorner-balancemethod(UCB) describedby Adams[2] andthenon-linear
corner-balancemethod(NLCB) of CastrianniandAdams[62]. TheAdams[2] methodis quite
similar to the bilinear discontinuousfinite element(BLD) methodusedby Dykema,Klein and
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Castor[85]; seealsoCastor, DykemaandKlein [60]. Adams[2] reviews a varietyof different
methods.A generalfeatureof thesemethodsis to retainsecond-orderaccuracy while preserv-
ing positivity asmuchaspossible.A very generalresultis thatsecond-orderaccuracy andstrict
positivity (I cannever be negative whatever the sourcefunction is, provided S ¹ 0) aremutu-
ally exclusive in a linearalgorithm. Non-linearalgorithmscanhave simultaneoussecond-order
accuracy andpositivity, andindeedNLCB does.

A sampleof how theBLD methodworksis the1-D problem.Let’s saywe wantto solve�
I� � �3� I

�
S (11.122)

onameshwith nodes� 1~ 2 %/� 3~ 2 %x����� , sothatzonei is boundedby � i { 1~ 2 and � i z 1~ 2. We focuson
zonei , anddefinex �q�����Z� i { 1~ 2 �"����� i z 1~ 2 �s� i { 1~ 2 � . For the lineardiscontinuousmethodthe
intensityin zonei is representedby

I � I
{
i

� � I zi � I
{
i � x � (11.123)

Thatis, thevalueat � i { 1~ 2 is I
{
i andthevalueat � i z 1~ 2 is I

z
i . Thesevariablesareall independent,

so at eachnodei
�

1� 2 the intensityis double-valued,having the value I
z
i on the left andthe

value I
{
i z 1 on theright. The interpolationfor I canbedescribedby sayingthatwe expandin a

setof two basisfunctions;thebasisfunctionassociatedwith the left-handnodeis ï
0 � 1 � x,

andthe functionassociatedwith the right-handnodeis ï
1 � x. The Galerkinprescriptionfor

thefinite-elementmethodis to substitutetheexpression(11.123)into equation(11.122)andthen
form theprojectionsonthetwo basisfunctions.Thereis upwindingbuilt into thisprocedure:the
integrationover theinterval � � i { 1~ 2 %/� i z 1~ 2 � is extendedat its lower limit (upwindside)infinites-
imally into the interval � � i { 3~ 2 %w� i { 1~ 2 � . This bringsin thevalue I

z
i { 1 when

�
I �
�
� is integrated.

Carryingout theseoperationsleadsto thefollowing equation,which is repeatedfor k � 0 % 1:

1

e � � I {i � I
z
i { 1 � ï k � 0� � � I zi � I

{
i � 1

0

ï
k � x � dx �

� S{i � I
{
i � 1

0

ï
k � x �&� 1 � x � dx

� � Szi � I
z
i � 1

0

ï
k � x � x dx � (11.124)

It is perfectlypossibleto usethispair of equationsas-is,but stabilityandpositivity areimproved
by makinga modificationthat is called“masslumping”. This consistsof replacingS

z
i � I

z
i on

theright-handsideof thek � 0 equationby S
{
i � I

{
i , andreplacingS

{
i � I

{
i on theright-hand

sideof thek � 1 equationby S
z
i � I

z
i . Thefinal resultis

1

e � I
{
i � I

z
i { 1

� 1

2
� I zi � I

{
i � � 1

2
� S{i � I

{
i � (11.125)

1

e � 1

2
� I zi � I

{
i � � 1

2
� Szi � I

z
i �0� (11.126)

Thesolutionof this pair of equationsis

I
{
i � 1

� e � � 1

2
e � 2

{ 1

I
z
i { 1

� e � I
z
i { 1

� 1

2
� S{i � S

z
i � � 1

2
e � 2S

{
i

(11.127)
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� e � � 1
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e � 2

{ 1

I
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� 1
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e �'� S{i �

S
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e � 2S

z
i � (11.128)
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Thesecondequationcanbesolvedrecursively for all the I
z
i , from whichthe I

{
i follow usingthe

first equation.We canseefrom theform of theequationsthat it is quitepossiblethat this linear
discontinuousmethodis second-orderaccurate,andindeedit is. TheaverageI i ��� I zi { 1

�
I
{
i �"� 2

is theadoptednodalvalue.This quantityis not guaranteedto bepositive. If thesourcefunction
increasesdramaticallyin zonei , then I

{
i cangonegative,andthereforesocanthenodalaverage.

Adams[2] describesfirst theSimpleCornerBalancemethod(SCB).This introducestheidea
of a “corner”, which is asubdivisionof ameshcell obtainedin thisway: Definethecenterof the
cell in someway, suchasby averagingthecoordinatesof thevertices.Thenin 2-D draw lines
from the centerto the midpointsof all the sidesof thecell, which canbe anarbitrarypolygon.
Theselines thendivide thecell into corners,with eachcornercontainingoneof thevertices.In
3-D thecell is slicedup by planesthatconnectthemidpointsof two edgesandthecenterof the
cell, but thesemay be further divided into tetrahedra,dependingon the method. In 1-D there
aretwo “corners” percell, the left half andthe right half. With quadrilateralcells in 2-D there
arefour cornerspercell, andin a hexahedralmeshin 3-D thereareeightcornerspercell. There
can be 48 tetrahedraper hex, which is quite an obstacleto using tets, despitetheir attractive
simplicity. Theconceptunderlyingthecorner-balancemethodsis thattheintensityis regardedas
constantin eachcorner.Thetransportequationis treatedby applyingconservativefinite-volume
differencingoneachcorner. Thenode-or edge-or face-centeredfluxesmustbespecified,andthe
usualSN choicesare: (1) Diamond,which meansthat theedgeflux is derivedfrom theaverage
intensityof thecellson eachside;and(2) Step,which meansthat theupwind intensityis used.
Diamondis secondorderwith ringing andthe possibility of negative intensities,while Stepis
first orderandpositive. In thecorner-balancemethodtheedgesor facesof acornercanbeeither
exterior, meaningthat the adjacentcornerbelongsto anothercell, or interior, meaningthat the
adjacentcorneris in thesamecell. TheSCBmethodappliesStepto exterioredgesandDiamond
to interioredges.

As pointedout by Adams[2], for slabsandfor Cartesianmeshesin 2-D, theequationsof the
SCB methodareidentical to the fully mass-lumpedlinear discontinuousmethod,i.e., to equa-
tions (11.125,11.126)in 1-D. Therearesomedrawbacksof the SCB method. The first is that
if the meshis distortedin 2-D or 3-D (andSCB is no longerthe sameaslumpedBLD in that
case)thenthe wrongeffective diffusioncoefficient is obtainedin the optically-thick limit. The
boundaryconditionin theoptically-thick limit maynot betheproperdiffusionboundarycondi-
tion, dependingon thecell geometry. Thefinal drawbackis thata linearsystemsolve is required
to obtainthecornerintensitiesfor all the cornersin thecell; this is 2 n 2 in 1-D, cf.,, equation
(11.125,11.126),but becomesamuchmorecostly8 n 8 in 3-D. Adamsaddressestheseproblems
with his UpstreamCornerBalancemethod.

Theessenceof Adams’UCB modificationis to replacetheDiamondchoicefor the interior
facesof thecornerswith anupwindexpressionthat is not Step,but a form that is itself derived
by consideringtheoptically-thick limit. Sinceit is upwind,this meansthatall thecornersin the
cell areupwind-differencedandcanbesolvedin sequence,thusavoidingthelinearsystemfor all
thecornersof SCB.Thenumericalresultsshown by Adams[2] illustratetherobustnessbut poor
performancein somecasesof SCB,theaccuracy in mostcasesof non-mass-lumpedBLD but the
negativity it givesin aproblemwith complicatedgeometry, andthejust-rightbehavior of UCB.

In bothsphericalgeometryand2-D axial-symmetrygeometrythe anglederivative question
must be faced,as discussedabove. In sphericalgeometrythe polar anglecos{ 1 9 decreases
alongtheray in thedirectionof propagation.In axial symmetrygeometrythe inclinationof the
rayto thesymmetryaxisz is constant,but theazimuthalangleof theraywith respectto theradial
directiondecreasesalongtheray. Therelationsareformally thesamein thetwo cases,apartfrom
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a factor � 1 � n2
z � 1~ 2 to projectpathlengthinto the xy planein thecylindrical case.Thecurrent

SN methodssuchasUCB andBLD do not applya finite-volumemethodin angle,asdescribed
earlier, but representthe anglederivative in finite-differenceform. Someof the backgroundof
this questionis foundin Chapter9 of RichtmyerandMorton [217].

This is illustratedfor axialsymmetryasfollows. Let thedirectionvectorhaveacomponent9
in the

�
z direction,andlet theanglebetweentheray’sprojectionon thexy planeandtheradial

directionbe
L

. (In muchof the transportliterature
L

is usedfor the scalarflux, i.e., our 4�I�J,
and

U
is usedfor the angularflux, our I , but that shouldnot bea confusionhere.) The impact

parameterof theray, aconstantquantity, is p � 1 �49 2r sin
L

. Therefored
L � dr alongtheray

is d
L � dr �3� tan

L � r . Thismeansthetransferequationbecomes

9
�

I�
z
�

1 �]9 2 cos
L
�

I�
r

� 1 �]9 2

r
sin

L
�

I� L �?� kI
�

kS � (11.129)

This canalsobewritten in conservativeform as��
z
��9 I � � 1

r

��
r

1 �]9 2r cos
L

I � 1

r

�� L 1 �49 2 sin
L

I ��� kI
�

kS � (11.130)

It is thedifferencingof the last termon theleft-handsidethat is thequestion.In SN schemes9
and

L
areassignedspecificvalues,andtherewill be, in general,several directionvectorswith

differentvaluesof
L

for eachvalueof 9 ; seebelow. If these
L

valuesfor thediscretedirections
aredenotedby 0 R L

1 R L
2 R �&���2R L

K R?� , thenwe candefinea meshof cells in
L

byL
kz 1~ 2 p3� L k

�CL
kz 1 �"� 2 plus

L
1~ 2 � 0 and

L
K z 1~ 2 �$� . Theaverageof thetermin questionin

thetransferequationover theinterval � L k{ 1~ 2 % L kz 1~ 2 � is givenby

1 �]9 2

r e L
k

� sin
L

I � k{ 1~ 2 �I� sin
L

I � kz 1~ 2 % (11.131)

with e L
k � L

kz 1~ 2 � L
k{ 1~ 2. The flux-like quantity � sin

L
I � kz 1~ 2 apparentlyvanishesat the

ends,k � 0 andk � K . Thequestionis, whatvalueto assignpointsthatareinterior to therange?
As is frequentlythe casein transporttheory, the two commonchoicesareStepandDiamond.
With Diamonddifferencing,the cell-centerintensity is assumedto be the averageof the cell-
edgevaluesoneitherside,Ik �?� Ik{ 1~ 2 � Ikz 1~ 2 �"� 2; this is writtenasIk{ 1~ 2 � 2Ik � Ikz 1~ 2 and
usedto evaluatethe cell-edgeflux at k � 1� 2. The calculationprocedurebeginswith a special
startingcalculationat

L �r� , for which the
L

-flux vanishes,andthis is usedto provide IK z 1~ 2.
Theintensitiesatsmallervaluesof k and

L
arethenfoundrecursively. With Stepdifferencingthe

replacementIkz 1~ 2 � Ikz 1 is made.Diamondhasbeenthechoicein thetraditionalSN method,
viz.,Carlson’s [51]. Furtherinformationis availablein thebookby Lewis andMiller [170].

Theaverageof thesecondtermon theleft sideof thetransferequationover � L k{ 1~ 2 % L kz 1~ 2 �
leadsto acoefficient 1 �]9 2 � cos

L � k thatis identifiedwith oneof thespecifieddirectioncosines
of the angleset; likewise, e L

k must be the azimuthalanglefactor in the angularquadrature
weight. Both thesequantitiesaredeterminedfor a givenquadratureset(cf., thenext section).In
thecasethat theintensityis preciselyuniform andisotropicthecurvatureeffectsthatarisefrom
the secondandthird termsin the transferequationmustexactly cancel,which meansthat the
effectivecoefficients � sin

L � kz 1~ 2 mustsatisfythis recursionrelation:

� sin
L � kz 1~ 2 �\� sin

L � k{ 1~ 2 � e L
k � cos

L � k � (11.132)
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This also is discussedby Lewis andMiller [170]. Morel andMontry [193] point out that the
curvaturetermsdo not quitecancelout in forming the diffusion limit of the SN equationswith
eitherStepor Diamonddifferencing,and this causesanomalousdips in the solution for r 7
0. They proposea weighted-diamonddifferencingin which insteadof a 50-50 averageIk �� Ik{ 1~ 2 �

Ikz 1~ 2 �"� 2, a weightedaverageis usedwith weightsthatdependon themis-centering
of cos

L
k in �Ð� cos

L
k{ 1~ 2 ��% � cos

L
kz 1~ 2 � � . Thishasprovedto bequitesuccessful.

It is often requiredto solve the SN equationswith a sourcefunction that includesscatter-
ing, eithertrue scatteringor with an effective sourceterm in which thermalemissionhasbeen
linearizedandexpressedin termsof theabsorbedradiation.Sourceiteration(Lambdaiteration,
Jacobiiteration)involvesestimatingthesourcefunction,solvingthe SN equationsfor theinten-
sities,usingtheseto evaluatethe scatteringterm(s)andthusobtaina new sourcefunction,and
thenrepeatingto convergence.As wehavesaidbeforeandwill repeatagain,thiskind of iteration
canbeveryslow to converge.Thepreconditioningmethodsthatareoftenemployedto speedup
convergenceare(1) Eddingtontensor(cf., §11.5),(2) DiffusionSyntheticAcceleration,and(3)
TransportSyntheticAcceleration.The Eddingtontensormethodis not exactly an acceleration
scheme,sincein thismethodthematerialcouplingis to theradiationmomentsobtainedfrom the
moment-equationsolution,notto theSN intensities.TheDiffusionSyntheticAcceleration(DSA)
methodis basedin thework of Kopp[149] andlaterdevelopedby Reed[215] andespeciallyAl-
couffe [7]. In DSA a suitabledefineddiffusion operatoris usedto preconditionthe scattering
termsin SN , in just the way to bedescribedbelow, in §11.11. It is foundwith someof the SN

schemes,particularlyif themeshis distorted,thatthediffusionoperatorfailsasapreconditioner;
that is, the spectralradiusof the preconditionediterationmatrix is too large, andthe iterations
convergepoorly or diverge. In suchcasesa helpful approachis to usea consistently-differenced
SN methodof muchlower order, perhapsS2, asa preconditioner. This leadsto the Transport
SyntheticAccelerationmethoddescribedby Ramońe, AdamsandNowak [212]. In someper-
versecaseseventhis methodmayfail without useradjustments.This maybeexpectedto bethe
caseif the problemat handis afflicted with ray effects(seethenext section).In suchcasesthe
availableanglesetsaresimply inadequateto desccribethesolution,anddifferentanglesetswill
differ markedly from eachother; it is no surpriseif theeffectivenessof the accelerationis poor
whenthis happens.

It shouldbeobviousthatthereis alot of computationalengineeringthatgoesinto doingthese
calculations,certainlyin 2-D and3-D, andthe interestedreadershouldconsultthe literatureto
learnthecurrentstateof theart.

11.10 What are the angles?The bad news

Thenomenclatureof SN andin somecasestheactualvaluesof theanglescomefrom theearly
neutrontransportwork, summarizedby Carlson[51], with later improvementssummarizedin
[52]. In thiswork Carlsonexplainshow thedirectionvectors,whichcorrespondto certainpoints
on theunit sphere,canbechosento obey someimportantintegralconstraints,andespeciallythe
symmetryrequirementof beingunchangedunderpermutationsof thethreecoordinatedirections
XYZ. This symmetryrequirementmeansthat the patternof the directionsin the first octant,
x E 0 % y R 0 % z E 0, musthave three-foldsymmetry;a rotationaboutthedirection � 1 % 1 % 1� by
120� shouldtake thepatterninto itself. Theadditionalassumptionthat thedirectionsshouldbe
arrangedin rows at constantlatitude, i.e., of constantdirectioncosinewith respectto any one
of the threecoordinateaxes,meansthat in the simplestcasethedirectionsshouldresemblethe
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graphof a trianglenumber.Thetrianglenumbersare1, 3, 6, 10, 15, �&��� k � k �
1�"� 2 %y�&��� . These

correspondto rowsof onedirection;rows of oneandtwo directions;rowsof one,two andthree
directions;andsoon. For thekth trianglearraytherewill bek differentpositivedirectioncosines
with respectto oneof the axes in the first octant. Taking into accountthe reflecteddirections
thathave negative valuesof thedirectioncosinemeansthat thekth trianglearraygivesN � 2k
differentdirectioncosines.This is the definition of N. Thenumberof directionsin oneoctant
is thereforek � k �

1�k� 2 � N � N �
2�k� 8. We observe that N is alwaysan even numberin this

nomenclature;N is the numberof rows (i.e., the numberof polar angles)in two octants.The
triangle-numberanglesetsareCarlson’s SetA. He alsodescribesSetB, which differs from Set
A in thatthethreeverticesof thetriangleareclippedoff. With N � 2 still takenfor thenumberof
surviving rows,thetotalnumberof directionsperoctantbecomes� N �

8�&� N � 2�"� 8. For agiven
N ¹ 6 therearesomewhatmoreanglesin SetB thanin SetA. Theresultsfor SetsA andB are
tabulatedby Carlsonfor N up to 8, andwith somedifficulty thegeneralrelationscanbeworked
out.

In laterwork, LathropandCarlson[163] andCarlson[52] derivedotherquadraturesetsthat,
unlike SetsA andB, exactly integratecertainhigher-degreepolynomialsin the componentsof
the direction vector. This is importantwhen calculatingtransportusing a highly-anisotropic
scatteringphasefunction,whichis veryoftenexpandedin Legendrepolynomialsof thecosineof
thescatteringangle.TheCarlson[52] setsarecalledby thename“level-symmetricquadrature,”
anddenotedsymbolicallyby L QN . Thesehave the triangle-numbershape,with N � N �

2�"� 8
directionsperoctant.The L QN quadratureintegratesexactly all evenpolynomialsin nx % ny % nz

up to degreeN � 2. TheLathropandCarlson[163] quadraturesmake theadditionalassumption
that the quadratureweight for a givendirectionis the sumof threeweightsassociatedwith the
threedirectioncosines(asin [51]) with theadditionalrequirementthatevenpolynomialsin nx

up to the Nth degreebeintegratedexactly.
How many octantsareneededto describethe radiationin a givenproblem?The symmetry

of the radiationfield, at a generallocation in space,is not ashigh as the spatialsymmetryof
the problemitself, sincea symmetryelementof the spatialstructuredoesnot correspondto a
symmetryelementof theradiationfield at this particularlocationunlessthe locationlies on the
element.So, for example,a sphericallysymmetricspatialstructurehassymmetryelementsof
the full rotation group, but only the rotationsaboutan axis that passesthroughthe centerof
symmetryand the point of observation are symmetriesof the radiationfield. The symmetry
groupof theradiationfield for a sphericalproblemturnsout to beCX Ý in Schoenfliesnotation.
Thustheradiationfield is axially symmetric,but thefull rangeof polaranglesfrom �2� to � is
required.The samegroupandthe sameanglesapply to 1-D slabgeometry. But the symmetry
is lessfor 1-D cylindrical geometry, the geometryof an infinite cylinder, sincein that casethe
only symmetryelementsof thespatialstructurethat leave thepoint of observationfixedarethe
reflectionsin a horizontalplaneanda vertical plane,anda rotationaboutthe radial direction
by � , plus combinationsof these. In otherwords,the groupof the radiationfield is C2Ý . The
radiationfield is two-dimensional,but only two octantsareneededto describeit: onewith nr E 0
andonewith nr R 0. Thatmeansa total of N � N �

2�k� 4 directionsfor thetypical SN angleset.
In the two-dimensionalspatialgeometries,xy andr z, thereis only a singlesymmetryelement
that leavesthe point of observationfixed,namelya reflection,correspondingto the groupC1h.
The symmetryplaneis the xy planein xy geometry, andthe planethroughthe z-axis andthe
observation point in r z geometry. Thus four of the eight octantsare requiredto describethe
radiationfield in eitherof the2-D geometries,with N � N �

2�"� 2 directionsin all. If thespatial
structureof theproblemhasany lesssymmetrythantheonessofarmentioned,thentheradiation
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field hasno symmetrieswhatsoever at thegeneralpoint of observation,andall eightoctantsare
essential,with N � N �

2� directions.
The problemof finding an adequateangleset in 2-D or 3-D is muchmore severe than in

1-D. Recallthatby usinga total of 36 directionsit waspossibleto get the1-D Hopf functionto
somethinglike 6 significantfigures. The sadtruth is that it is not at all hardto imaginea 2-D
problemfor which36 directionswill not evengiveonesignificantfigurein theresult.

Imaginethatwe arecalculatingthe transportof hydrogenline andfree-freeemissionin the
solarcorona,andthat thesourceis a solarflare,wherea largeof amountof thermalenergy has
beendepositedin aregionperhapsonly tensof km in size.Wewantto calculatetheUV radiation
field that resultson the oppositesideof a supergranulationcell that is 30,000km across.The
cleversolarphysicistwoulddoahandcalculationto getthisanswer, but whathappensif thecode
is askedto do it?

The anglesubtendedby the flare-heatedregion at the observation point is lessthan (100
km)/(3 n 104 km), or 1/300rad= 0.2 degree. If our trustycodeis usingSN andhaschosenan
anglesetthatcanaccommodatetheunexpectedflarewherever it mightoccur, thenthenumberof
anglepointsit will have to usemustbe4�#��� 1� 300� 2, which is 106! This might seemridiculous,
but it is true.If, say, amerefew hundreddirectionsareused,whicharespacedby about9 degrees
on thesphere,thenaswe move away from theflare the local flux aswe computeit will fall off
as1� r 2 until we areabout700km away, andafter that theresultsgetbad. If we decideto walk
awayalongoneof theraydirectionsof ourdiscretesetthenwewill find thattheflux doesnot fall
off veryrapidlyatall beyond700km. If, on theotherhand,wewalk awayin adirectionthatfalls
betweentheraystheflux falls off muchfasterthan1� r 2. By thetime we are3 n 104 km away
thereis a disagreementof severalordersof magnitudebetweentheflux in theray directionsand
thedirectionsin between.

Thegeneralnamefor this difficulty with SN calculationsis called“ray effects.” Thereis no
easyfix for this problem. It goesaway oncetheanglesetis sufficiently denseto resolve all the
featuresthatthesolutioncontains.

A conceptthatcouldhelpout is theideaof adaptivedirections.Supposetheanglesetateach
spatialpoint is madedynamic,andateachtime it movestowardthedirectionsthatwould resolve
the“important” featuresin theradiationfield. This might do it, but it is not very easyto imple-
ment. How do you define“important”? Is this basedon the grossmagnitudeof the intensity?
Whathappensif you areinterestedin acritical featurethatis not very largein magnitude?What
happenswhenthereareeventsin oppositehemispheres,bothof which call for attention?What
happenswhenthereis a suddenonset,asin a flare? The directionsmay startwheelingtoward
theproperdirection,but not getto wherethey areusefulin resolvingtheflareuntil it is over. Or
if thedynamicresponseis madebrisk, thedirectionsmaychatterin a dreadfulway anddestroy
theaccuracy of thecalculation.Finally, adaptive directionscanendup makingit impossibleto
performtheSN sweepjust discussed,which impliesa largepenaltyin computingcost.

Thesummaryof theanglecrisis is asfollows. Do anexaminationof your problemin which
you establishthesmallestlinearsizeof the importantspatialinhomogeneitiesof absorptivity or
emissivity. You would like to be ableto resolve in anglethe radiationproducedby this object.
Then decideon the largestviewing distanceyou really careabout; this is no larger than the
diameterof the problem,but it is alsono larger than the longestmeanfree path for radiation
you careabout.If you view from a greaterdistancethanthat,you cannotseetheobjectanyway.
Divide the sizeby the distanceandconvert that to an angle. If your anglesetcannot resolve
that,thenyouarefooling yourselfwhenyousaythatyouarecalculatingradiationtransport.You
might just aswell usediffusion;theanswerswouldbenoworse,andmuchcheaperto compute.
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11.11 Implicit solutions— acceleration

Theobjective in thissectionis to describepreconditioningmethodsfor radiative transfer. A gen-
eralnamethatappliesto many of theseis AcceleratedLambdaIteration(ALI), andthis will be
definedbelow. But first let’s review the list of variablesandequationswe needto solve for the
radiationhydrodynamicsproblem. Thereare the massandmomentumdensityand the corre-
spondingconservationequations,whichwemayor maynot chooseto treatby operatorsplitting.
Thereis thematerialtemperatureandits correspondinginternalenergy equation(or perhapsthe
totalenergy equation),whichwearerathersurewecannotsplit. Thereareall theintensitiesthat
areneededto describethe radiationfield for us. Dependingon our needsthesemay be asfew
asa singlefrequency-integratedenergy density, or asmany astherearecombinationsof dozens
to hundredsof frequencieswith tensto thousandsof angles.The intensitiesaresurelycoupled
implicitly to thematerialtemperature.If theproblemis non-LTE thenthe level populationsare
anotherlargesetof unknownsthatarelocally coupledto the radiationfield. That is, they enter
theproblemin awaysimilar to thetemperature.For all exceptthesmallestof theseproblemsthe
Jacobianmatrix of thesetof non-linearequationsis too largefor a directsolution. Thepoint of
theaccelerationmethodsis to solvethelinearizedsystemiteratively, andtheheartof theiterative
methodsis thewayof preconditioningtheiteration.

To fix theideasconsidera steady-statescatteringproblemwith grayradiationanda constant
albedo± R 1, in otherwordsthesecondMilne problem.Thelanguageintroducedmany years
ago for the operationof actinguponthe sourcefunction with E1 � d ��h0�C� d �"� 2 is “applying the
lambdaoperator”. (SeeKourganoff [150].) In otherwordswe definea linearoperatorù in this
way:

ù ² � S� | 1

2

X
0

d � h E1 � d � h �4� d � S��� h �&� (11.133)

In termsof ù , Milne’ssecondproblemis

S �?� 1 � ± � B � ± ù � S� � (11.134)

Thenamelambdahasbecomeattachedto variousiterative methodsfor solvingtheMilne prob-
lem. Thefirst to consideris lambdaiteration.This is thefollowing operationappliedrepeatedly
to convergence:

Snz 1 �3� 1 � ± � B � ± ù � Sn � � (11.135)

This will indeedconvergesince ± R 1 andalsothe smallesteigenvalue É of ù , definedasa
valuefor which theequation

u ��É�ù � u� (11.136)

hasan admissiblesolution,is unity (for a full-spaceof half-spaceproblem)or larger. This can
takeavery largenumberof iterationsto converge.A physicalpictureof theiterationcountis the
following. Eachstepof the iterationis like letting a photonhave oneflight. Imaginereleasing
photonsthroughouttheproblemandtrackingthemthroughflight afterflight until they all have
eitherbeenquenched,throughthedestructionprobability1 � ± , or haveescaped.This number
of flights will be roughlywhichever is lessof 1��� 1 � ± � and � 2, where � 2 is the total optical
thicknessof theatmosphere.This is usuallyunacceptablylarge.
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In linearalgebralanguagelambdaiterationis calledJacobiiteration. We cangeneralizeour
thinking aboutMilne’s secondproblemby sayingthat S standsfor any of thevariablesthatde-
scribethe material,suchasdensity, velocity, temperatureor level populations,andthe relation
that gives S in termsof J standsfor the hydrodynamicconservation laws andatomickinetics
equationsthat determinethesematerialvariablesin termsof the radiationfield. The lambda
operatorstandsfor thetransportequationthatdeterminestheradiationfield in termsof thema-
terial variables.Milne’s secondequationis thusa stand-infor thestatementthatall thematerial
propertiesareself-consistentwith theradiationthey determine.

Theanswerto thequestion,whatdoyoudowhenJacobiiterationis tooslow, is precondition.
Hereis how to precondition.We useour inventivenessandfind acheapbut accurateoperatorù ð
to approximateù . We supposethataftern stepswe haveanapproximationSn, but we aregoing
to gettheexactansweron then

�
1ststep.Thatwill bethecaseif

Snz 1 � Sn � � 1 � ± � B � ± ù � Snz 1 � � Sn

� � 1 � ± � B � ± ù � Snz 1 � Sn � � ± ù � Sn � � Sn

� ± ù ð � Snz 1 � Sn � � � 1 � ± � B � ± ù � Sn � � Sn �
± ��ùN�4ùuð�� � Snz 1 � Sn � � (11.137)

Wegetourpreconditionediterationby neglectingthelasttermin thelastequalityon thegrounds
thatit is a smalloperatorappliedto a smalldifference.Thustheacceleratediterationis

� 1 � ± ù�ð�� � Snz 1 � Sn � ��� 1 � ± � B � ± ù � Sn � � Sn � (11.138)

Thequantityon the right-handsideis the residualin the Milne equationaftern iterations.The
correspondingformulafor �J itself is

�Jnz 1 ��ù ð � Snz 1 � � �Jn �4ù ð � Sn � � (11.139)

Without the factor involving ù ð on the left side, the correctionto Sn is just set equal to the
residual,which is Jacobiiteration. Thus this factor is what providesthe acceleration.As we
seefrom the derivation, if the approximateLambddaoperatoris accurate,thenconvergenceis
immediate.Thenamefor methodslike this is acceleratedlambdaiteration(ALI) or approximate
operatoriteration(AOI), dependingontheauthor. TheALI methodshavebeendescribedin many
places.A placeto startis ref. [139].

Theamplificationfactorfor this iteration,that is, the factorby which theerror is multiplied
eachtime,dependson theeigenvaluesof thisoperator:

� 1 � ± ù ð � { 1 ± ��ùN�Zù ð �&� (11.140)

We call theaccelerationgentleif theoperator± ù ð is small in somesense,andaggressive if it
is closeto the unit operator. Sincethe operator± ù itself is closeto the unit operatorin those
situationsin which we mostneedacceleration,the accelerationhasto be aggressive to do any
good. Too aggressive is bad, however. If ± ù ð is more than half-way from ± ù to the unit
operatortheacceleratediterationdiverges.

The origin of the methodsin this classis the work of Cannon[48] in 1973. From 1981–
1986 this was picked up and extendedby many others,including Scharmer[231]; Scharmer
andCarlsson[232]; WernerandHusfeld[262]; Olson,Auer andBuchler[198]; Hamann[107];
Rybicki [222] and Olson and Kunasz[199]. The variationsare considerable,but a common
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themeis to let ù ð beeithera diagonaloperatoror onethatcouplesnearestneighbors.Themost
“aggressive” diagonalthatdoesnot produceinstability turnsout to beapproximatelythis:

ù�ð¢p 1 � �pesc� zone�&% (11.141)

wherepesc� zone� is thezone-averagesingleflight escapeprobabilityfrom thegivenzoneto any
of its neighbors.Theescapeprobabilitycaneitherbecalculatedfrom expressionsinvolving E2
functions, integralsover line profilescorrectedfor the velocity field, etc., or obtainedby just
computingthe lambdamatrix in detail usingthe SN equationsor whatyou will, anddiscarding
everythingbut the diagonalof it. In fact, the diagonalcanbe found by doing only a few local
calculationsso the wastedeffort on the off-diagonalpartsneednot be done. (SeeRybicki and
Hummer[225], AppendixB.) If pesc� zone� is overestimatedcomparedwith theidealvaluethen
the iterationbecomessluggish.If it is underestimatedby a factortwo the iterationwill diverge.
Thusa somewhatcarefulcalculationof it is indicated;seeOlsonandKunasz[199].

Theapproximation(11.141)hasan interestingconsequencewhenit is usedin thenon-LTE
rateequations.Equation(11.139)for �J, which determinesthephotoabsorptionrate,becomes

�Jnz 1 p�� 1 � �pesc� zone�"� Snz 1 � �Jn �I� 1 � �pesc� zone�"� Sn � (11.142)

Thenetphotoabsorptionrateis calculatedfrom

�
21 � N2 � A21

�
B21 �Jnz 1 �>� N1B12 �Jnz 1 (11.143)

but we cansimplify this expressionby identifying Snz 1 with the valuecomputedfrom N1 and
N2 usingequation(9.6). Doing this yields

�
21 � N2A21 �pesc� zone���� N1B12 � N2B21� � �Jn �C� 1 � �pesc� zone�"� Sn � � (11.144)

We canpick off thecoefficientsof N1 andN2 on theright-handsideto betheeffective radiative
ratecoefficientsthatareput into thekinetic equations.This approachhasbeenusedby Rybicki
andHummer[225, 226], andnon-LTE calculationsof supernovaspectrausingtheirmethodhave
beenmadeby Hauschildtandcolleagues[111, 110, 26].

TheseveralNLTE stellaratmospherecodesbuilt on theALI principlethatwerein existence
in 1990werereviewed by HummerandHubeny [128]. Thereis a technicalpoint aboutthese
codesthat is of interestin the presentcontext. It is that many of the codessubstitutethe ALI
approximation(11.139)into therateequations,but thentake into accountthedependenceof the
coefficientsin ù ð on thelevel populations,thusforming a nonlinearsystemfor thepopulations.
In thesemethods(e.g., [261] and[53]), thereis a doubleiterationloop,with outerALI iterations
andinnerNewton-Raphsoniterations.TheRybicki andHummer[225, 226] modificationlagstheù ð coefficients,whichmakestherateequationslinearandthereforenoNewton-Raphsoniteration
is necessary. Thecostis additionalALI iterations,which in [225, 226] areminimizedby using
Ng [194] acceleration.DreizlerandWerner[84] describea double-loopmethodthatminimizes
Newton-Raphsoncostby usingaquasi-Newtonmethoddueto Broyden[41], in whichtheinverse
JacobianJ { 1 ���

�
F �

�
x � { 1 is approximatedby a matrix B { 1 that is formed recursively by

addingon at eachiterationa rank-1matrix derived from e x, e F andthe previous B { 1. This
quasi-Newton methodthenhasthe flavor of the Newton-Krylov methoddescribedearlier. The
TLUSTY codeof Hubeny andLanz[123] representsahybridof ALI andtraditionallinearization,
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in that theradiative transitionscanbetreatedwith or without ALI at theuser’s option. A double
iteration with inner Newton-Raphsoniterationsis used. Theseauthorsremarkthat they have
foundtheapproachof laggingtheapproximatelambdaoperatorto fail for someproblems

TheVEF methodis anotheraccelerationtechnique.In this casetheapproximateoperatoris
the tensordiffusion operator, which shouldbe quite accurateexcept that it may not reflect the
changesthatoccurduringthetimestep.Wemaysupposethatoneapplicationof thetensordiffu-
sionoperatoris sufficient to correcttheestimatedmeanintensityinsteadof thetensof iterations
thatmayberequiredwith adiagonalapproximateoperator;however thecostof a diffusionsolu-
tion is muchgreater. Thetrade-off betweencostper iterationandthe iterationcountmayfavor
onemethodor theotherin differentproblems.Alcouffe’sdiffusionsyntheticaccelerationmethod
is avariationof this,but herethetensoris omittedandtheunmodifiedEddingtonoperatoris used
astheaccelerator.

The implicit couplingof multi-frequency radiationtransportto thematerialenergy equation
is includedwithin the generalALI framework aswashintedearlier. Equation(11.142)cannot
only beput into thekinetic equations,but into the internalenergy equationaswell, andusedto
derive the correctionto the materialtemperature.No matricesdimensionedby frequency need
to be solved in this procedure.Othertypesof accelerationcanbe usedfor the materialenergy
equation,however. The multi-frequency-gray methodis one such. The frequency-integrated
implicit couplingequationsareusedwith meanopacitiesbasedon theaccuratemulti-frequency
spectraldistributionsinsteadof thePlanckandRosselandmeans.Thespectraldistributionsand
the meanopacitiesareupdatedin the formal transferpart of the iterationcycle. This approach
wasusedby Castor[57], andis discussedbriefly by PintoandEastman[205].

In generalthereis now a well-filled storehouseof preconditioningmethodsto allow theso-
lution of radiationhydrodynamicproblemswith large dimensionswithout directly solving any
hugelinearsystems.

11.12 Monte Carlo methods

TheMonteCarlomethodfor solvinga lineartransportequationlike

1

c

�
I §�
t

�
n
�¼�

I §«� j §®� k§ I § (11.145)

is really quitesimple.We samplethedistribution j § to createnew particlesin variouszoneswith
variousfrequenciesanddirections.We mayalsosampletheboundarysources,if thereareany.
Theneachparticleis trackedthroughtheproblemuntil it leavesacrossaboundaryor is destroyed.
Every time stepof thehydrodynamicproblemeachof theparticlesis trackedfrom zoneto zone
until thetime for thatstepis usedup,assumingit survivesthatlong. Whentheparticleis tracked
througha particularzone,theoptical thicknessacrossthezonealongthetrack is computedand
usedto samplewhethertheparticleisdestroyedin crossingthezoneornot. At theendof thecycle
thecountof particlesin eachzoneis anestimatorof theenergy densityfor thatzone. Another,
possiblylessnoisy, estimatoris thesumof thetracklengthsfor all theparticlesthatcrossedthat
zoneduring the time step. The effect of the fluid velocity, that is, the Dopplerandaberration
effects,areeasilytaken into account.Theparticlesaretaggedwith their fixed-framefrequency,
but whenaparticleis trackedin agivenzoneit is transformedinto thefluid framefor thatzoneto
computetheprobabilityof materialinteractions.Whentheemissivity is sampled,thefluid frame
emissivity is usedto getthefrequency, andthedirectionis sampled,thenthetransformationsare
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appliedto get thefixed-framevaluesthat theparticlewill carry. Comptonscatteringis included
in full generalityby samplinga relativistic electronvelocity distribution andthe Klein-Nishina
crosssectionto determinewhethera scatteringevent will occur in a given zoneor not, and if
it does,thenthe relativistic kinematicsof the scatteringprocesscanbe appliedto find the new
frequency anddirectionafterscattering.In short,all theseawkwardprocessescanbeaccounted
for in full, accuratedetail.

A bit of concernariseswith the needto implicitly couplethe Monte Carlo radiationto the
materialtemperature.Thetrick thatwasintroducedby Fleck(cf., FleckandCummings[90] and
FleckandCanfield[89]) is to linearizethematerialenergy equationandeliminatethe tempera-
tureperturbationbetweenthatlinearizedequationandthelinearizationof theemissivity function.
Thisproducesaneffectiveemissivity thatis linearin thephotoabsorptionrate,muchlikethescat-
tering sourcefunction in Milne’s secondproblemor in the discussionof ALI methods.This is
the“effectivescattering”concept;absorptionfollowedby thermalemissionis treatedlikeascat-
teringevent.Thefrequency afteremissionis changed,however; it is re-sampledfom thethermal
emissionspectrum. It hasbeenfound by LarsenandMercier [161] that the Fleck-Cummings
effectivescatteringformulationis inaccuratewhenthetimestepis longerthantheradiativecool-
ing time, which is whenthe implicit methodis mostneeded.Somestepstowardcorrectingthis
problemhavebeenmadeby AhrensandLarsen[6], andby Martin andBrown [180].

Canthe“effectivescattering”processbeappliedto non-LTE problems?Thisworksperfectly
well for resonanceline scattering.Indeed,someof the mostcompletestudiesof line scattering
with angle-dependentpartial redistribution combinedwith fluid flow have beenmadethis way.
Thefailurepoint is whentheparticlesmustinteractwith excitedatomswhoseabsorbingpopula-
tion is itself sensitive to theMonteCarloestimateof a resonanceline intensity.Thecombination
of thenoiseandthenon-linearprocessproduceslargeerrors.

Therearesomany positivesabouttheMonteCarlomethodthatit might seemsurprisingthat
any othermethodis used. The answer, of course,is the wildly exorbitantcostof doing such
calculations.Hereis onenaive estimateof that cost. Let’s saythat we will be happy with our
statisticsif we canbin all the particlespresenton a given time stepaccordingto the zonethey
arein, thefrequency they have andthedirectionthey aregoing,with perhaps108 binsin all, not
to be too greedy. For 1% statisticsin every bin we would need104 particlesperbin, or 1012 in
all. Now every particlecrossesquite a few zonesin a time step,andsomedozensof floating
point operationsareneededfor eachzonethat is crossed.So let’s say102–103 operationsare
neededper particleper time step. That meansabout1014–1015 operationsin all per time step.
What would it cost to do this calculationdeterministically, using SN , for instance?We have
oneintensityvariableperphotonbin, andwe have to performa few operationspervariableper
iterationcycle per time step.If 102 of theimplicit couplingiterationsareneeded,thenthework
is 102–103 operationspervariablepertimestep,or somethinglike1010–1011 totaloperationsper
time step. That is very roughly 104 timeslesswork thanfor Monte Carlo. But, saythe Monte
Carlofolks, requiring104 particlesperbin in everysinglebin is vastlymorethanyouneedif the
numberyou want to estimateis oneglobalquantity, suchasthetotal power out of theproblem.
Sure,youneed104 particlesin abin whosecontentsareanobservableonwhichyouarefocusing
your attention.But who caresaboutall thoseotherbinsthatyou will not examinein detail. But
radiationhydrodynamicsin anon-linearproblem,andwhatassuranceis therethatextremelypoor
statisticson largepartsof theradiationfield will not causea seriousbiasin theestimateof even
that oneglobal quantityyou want? This is a difficult question,andknowledgein this areais
mostlyempirical.MonteCarlostill liveswith themantleof beinga veryexpensivemethod.

Monte Carlo methodscan not be donejustice in a few lines. Someof the astrophysical
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applicationshave beento Comptonizationin x-ray sources(ref. [209]) and to resonanceline
transportin thepresenceof a velocitygradient(ref. [54]).
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Chapter 12

Examples

In this chapterwe illustratesomeof theideasof radiationtransportandhydrodynamicscoupled
with radiationtransportby meansof a small selectionof examples.As describedin the intro-
duction, the challengingapplicationsof the theoryare left for the technicalliterature,and the
problemspresentedherehavebeenchosenfor their simplicity or pedagogicalvalue.

12.1 Marshak waveand evaporation fr onts

The classicexampleof non-linearradiationdiffusion is the Marshakwave, first discussedby
Marshakin 1958 [179]. It is a self-similar thermalwave, treatedwith the thermaldiffusion
approximation,for a materialwith a constantspecificheatandfor which the Rosselandmean
opacityvariesasapowerof thetemperature.Hydrodynamicmotionis ignored.Thisassumption
is unrealistic,but is madefor simplicity. This “thermalwave” is not a wave in thesensewe used
earlier;it doesnot comefrom a hyperbolicsystemof PDEs,andthedispersionrelationdoesnot
yield wavespeedsS<� k, etc. It is awave in thesensethatthereis acharacteristicstructure,in this
casea sharptemperaturefront, thatmovesthroughthematerialin the courseof time, of which
theshaperemainsfairly constant.Thepropagationlaw is not distanceÈ time, asexpectedfor a
hyperbolicsystem,but distanceÈ time1~ 2 instead,owing to its diffusionnature.

A thoroughdiscussionof how the thermaldiffusionsolutionto this problemcompareswith
transportsolutionsis given in ref. [189], §103. Zel’dovich andRaizer[270] devote chapt. 10
to thermalwaves in general,and §7 to the Marshakproblem. Pomraning[207, 98] givesan
analyticsolutionin alinearcasewith t � constantandCÝ È T3 usingnon-equilibriumdiffusion
(Eddingtonapproximation)andtransport.LarsenandPomraning[162] useasymptoticanalysis
to obtainasystemoneordermoreaccuratethanthermaldiffusion,usingwhichit canbeexplained
why thediffusionMarshakfront speedis toogreat.SuandOlson[246] presentaccuratesolutions
to Pomraning’s linearproblemin theEddingtonapproximation.

Thegeometryof theproblemis a slabof materiallocatedin z ¹ 0, andit is initially at zero
temperature.Startingat timezeroradiationis appliedat thez � 0 interfacethatis ablackbodyat
T � T0, andthis remainsconstantthereafter. This is oneof thoseinstanceswherethesomewhat
unphysicalboundaryconditionis appliedthat thetotal energy densityis specified,E � aT4

0 in
thiscase.It wouldbemoresensibleto requirethatthe incomingradiationbethehemisphereflux8 T4

0 , sincethe flux that comesbackout from the problemis less,but that boundarycondition
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makestheproblemnon-self-similar. We proceedwith thesimpleboundarycondition,andafter
all, theexampleis intendedonly to “guide theinsight.”

We let � be the materialdensityandCÝ be the specificheat,both constant. The thermal
diffusionformulais used,sotheflux is

F �3� 168 T3

3t R�
�

T�
z
� (12.1)

Fig. 12.1

Theopacity t R is assumedto follow a power law:Fig. 12.2

t
R � t

R � T0 � T

T0

{ n � (12.2)

The exponentn will be set to eithern � 0, which describeselectronscattering,or to n � 3,
which is representativeof bound-freeandfree-freeabsorption.Onething to noticeis thatit is the
opacityfor temperaturesnearT0 thatis beingrepresentedin this way, not theopacityof thecold
materialin the slabat the start. Whenthe formula for the opacityis put into equation(12.1) it
becomes

F �3� 168
3 � n �

4� Tn
0
t

R � T0�k�
�

Tnz 4�
z

% (12.3)

wherethepowersof T in thediffusivity havebeencombinedwith theT insidethegradient.The
diffusionequationfor thetemperaturefollowsdirectly from this,andis�

T�
t

� 1� CÝ
��
z

168
3 � n �

4� Tn
0
t

R � T0 �"�
�

Tnz 4�
z

� (12.4)

Thetemperaturescaledby T0 is theself-similardependentvariablefor this problem,

g | T

T0
% (12.5)

andaninspectionof theequationsuggeststhat

+�� K` t
z (12.6)

bethescaledindependentvariable,with a suitableconstantfactorK . Collectingtheconstantsin
theequationgivesthis result

�2+ dg

d + � d2gnz 4

d + 2
(12.7)

providedK is definedto be

K � 3 � n �
4� t R � T0 �"� 2CÝ
168 T3

0

1~ 2 � (12.8)
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Equation(12.7)is to besolvedwith theboundaryconditionthatg � 1 at +V� 0, andanother
conditionthatis consistentwith thematerialaheadof thethermalwavebeingatzerotemperature.
It will beseenthatthesolutionsof equation(12.7)go to exactlyzeroatafinite valueof + , which
we will call + max. Therearean infinite numberof solutionsthatgo to zeroat a particular + max,
but for all but oneof thesetheflux tendsto anon-zerovaluein thelimit + 7 + max. Thatit should
be zeroseemsobviousphysically, but it alsofollows from equation(12.7) if we integratefrom
a value +CR$+ max to a valueof + locatedin thezero-temperatureregion aheadof the front. An
integrationby partsof theleft-handsideleadsto

+ g
� X

Ú g d +��3� dgnz 4

d + � (12.9)

The left-handsideclearly tendsto zeroas + 7 + max, so the right-handside,which is propor-
tional to theflux, musttendto zeroalso. We candeterminethebehavior of g nearthe front by
approximatingtheleft-handsideof equation(12.9)with + maxg, which leadsto theform

g f � n �
3�"+ max

n
�

4
��+ max �Z+�� 1~�� nz 3� � (12.10)

This relationis theactualboundaryconditionat +V�G+ max, andusedin conjunctionwith g � 1 at+�� 0 it determinesauniquesolution.Thevalueof + max mustbeadjustedby trial anderroruntil
an integrationfrom + max to 0, startedwith thecorrectlimiting form at the front, givesg � 1 at+�� 0.

Thevaluesfoundfor + max are1.232for n � 0 and1.121for n � 3. Thescaledtemperature
distributionsfor thesetwo casesareshown in Figure12.1. We seethat for thehighervalueof n
thetemperatureprofileis closerto asquareshape.In fact,thedegreeof squarenessis remarkable.
Almost all thematerialthathasbeenheatedby thewave is at a temperaturecloseto T0, andthe
dropoccursvery abruptlyjust at the front. This is a consequenceof the“bleaching”associated
with thewave. Thematerial,very opaqueto startwith, becomestransparentasit is heated.Not
totally so,but sufficiently transparentto allow theflow of radiationto equalizethetemperature.

Theflux is recoveredfrom thesolutionby substitutingthesimilarity variablesinto equation
(12.1).Theresultis

F ��� F1
dg

d + % (12.11)

whereF1 is thescalingvalueof theflux,

F1 � 8 � n �
4�"8 T4

0 � CÝ T0

3t R � T0 �"� t

1~ 2 � (12.12)

Theotherscalefor flux we think aboutis F0 � cE0 � 48 T4
0 , andif theflux is scaledto thatwe

find

F

cE0
��� � n �

4�k� CÝ T0 É R � T0 �
68 T4

0 t

1~ 2
dg

d + % (12.13)

Theratio � CÝ T0 É R � T0�k��8 T4
0 t thatappearsherehasaphysicalinterpretation:it is thecomparison

of theheatcontentof a layeroneRosselandmeanfreepaththick (at T0) with theenergy received
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from a blackbodyat T0 in the time t . If the ratio is small, enoughheathasbeenabsorbedto
warm a layer many meanfree pathsthick. This meansthat the absorptionof heatslows down
andthenet flux acrossthe z � 0 boundaryis diminished. If the ratio is largethenpresumably
thefront cannot havepenetratedevenonemeanfreepath.Thismeansthatthethermaldiffusion
approximationis poor. We seethatin valuesof F � cE0 thatarelargerthanunity. In otherwords,

t E � n �
4�k� CÝ T0 É R � T0 �

68 T4
0

(12.14)

is aconditionfor thismodelto bevalid. Wealsoseethevalidity conditionby substitutingK back
into therelationgiving thescalingof z:

z ��É R � T0 � 328 T4
0 t

3 � n �
4�"� CÝ T0 É R � T0 �

1~ 2 +W� (12.15)

Thusthefront will have penetratedseveralmeanfreepathsonly if the time obeys thecondition
(12.14).

Even when the time is late enoughto obey condition (12.14) the flux can still violateFig. 12.3
F R cE becauseF decreasestoward the front muchlesssteeplythat E È T4 does.Theself-
similar profile of F � cE is shown in Figure12.3. This scalingfunctionreachesvaluesof 10–20
beforethefront is approachedevenmoderatelyclosely. As a resultcondition(12.14)wouldhave
to be obeyed by a large factor, perhaps100 or more,for F R cE to be satisfiedover mostof
theheatedregion. MihalasandMihalasillustrateothercalculationsof theMarshakproblemfor
which theradiationtransportapproximationhasbeenimproved,eitherby usinga flux limiter or
by doingaccurateangle-dependenttransport.Theseresultssupportthefactor100suggestedhere.
In particularapplicationsit is possiblethattheconditionis adequatelysatisfied,but thatcertainly
shouldbecheckedbeforemakingroughestimatesbasedon Marshakscaling.

The simple Marshaktheory presentedhere is extendedin anotherway by Hammerand
Rosen[108]; ratherthanconsideringtransportandmulti-frequency modificationsto the theory,
they presenta simpleasymptoticmethodthatprovidesan analyticsolutionandthat canbe ex-
tendedto considersubsonicthermalwavesandmaterialswith realphysicalproperties—specific
heatandopacity—inplaceof thepower-law relationswe haveconsidered.

A problemthat is relatedin someways to the Marshakproblemis evaporationof a cold
sphericalcloud that is immersedin a hot surroundingmedium. This problemwas originally
treatedby Cowie andMcKee[76] andis acentralpartof themulti-phasemodelof theinterstellar
medium. A subsequentpaper[181] incorporatesthecoolingeffect of (optically thin) radiation.
In theCowie andMcKeemodeltheheatflux is causedby thermalconduction,not by radiation
diffusion,but theanalysisis just thesame.Theinterior of thecloudis treatedascold anddense,
and the evaporationfront progressesinto the cloud so slowly that a reasonableapproximation
is a steadyoutflow of the heatedmaterial. This flow beginsnearthe front at a negligible speed
andacceleratesoutwardandin factbecomestransonic.It reachesquitehigh velocitiesfar from
the cloud. The temperaturestartsfrom somelow valueat the front andalsoincreasesoutward,
but it levels off far from the cloud at the temperatureof the surroundingmedium. This setof
assumptionsis notappropriatefor all conditionswhenacoldcloudis embeddedin ahotmedium,
but it mayhavesomedomainof applicability.

Theproblemis describedby thesteadyflow equations,in sphericalsymmetry, for theconser-
vationof mass,momentumandenergy. Thethermalconductionentersonly in thelastequation.
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If theoutflow velocity is u, thedensity� andthepressureis representedas p ��� a2, wherea is
theisothermalsoundspeed,andtaking Fc for theconductionflux, theconservationlawsare

� ur 2 �
��

4� (12.16)

u
du

dr
� a2

� d�
dr

� da2

dr
� 0 (12.17)
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u2 � 5

2
a2 � 4� r 2Fc�� � 0 � (12.18)

Theconductionflux is obtainedusinga law like Spitzer’s [243], but neglectingthevariationof
theCoulomblogarithm:

Fc �3� KST5~ 2dT

dr
% (12.19)

whichwe put in termsof thesoundspeedas

Fc ��� KS
� { 7~ 2 � a2� 5~ 2da2

dr
� (12.20)

(Here
�

is thegasconstantdividedby themeanatomicweight.)Usingthis relationwecansolve
equation(12.18)for da2 � dr andobtain

da2

dr
� A� a2� 5~ 2r 2

� u2 �
5a2�&% (12.21)

whereA is thecollectionof constants

A �
���� 7~ 2
8� Ks

� (12.22)

Eliminating � from themomentumequation(12.17)usingthemassequation(12.16)leadsto this
form of theaccelerationequation,very familiar from stellarwind theory:

1

2
1 � a2

u2

du2

dr
� 2a2

r
� da2

dr
� 0 � (12.23)

Our strategy now is the following. What we know is that the velocity and temperaturego
to negligible valuesasr 7 R0, which is the radiusfor the cold cloud, andwhich we assume
is given. We alsoknow that the temperaturegoesto a valueTX asr 7 � , which meansthat
a 7 aX . We do not know theevaporationrate

��
, andthat is onemajor thing we want to find

out,which meansthat A is aneigenvaluefor theproblem.
Fig. 12.4

Fig. 12.5

Theinitial attackis to make scaletransformationsof radiusandvelocity sothatafterscaling
thesonicpoint, whereu � a, is at unit radius,andbothu anda areunity there. We forthwith
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adoptthatscalingwithoutchangingthelabelsfor thevariables.Wewill put theproperunitsback
in later. Thefirst thing we observe is thatsincer , u anda areall oneat thesonicpoint, thenif
du2 � dr is to befinite there,asit mustbeif thereis a transonicflow, thenit mustbetruethat

da2

dr
s

� 2 (12.24)

for thesonicpoint value. That immediatelydeterminesA in thescaledunits (but not in natural
units),

A � 1

3
% (12.25)

which meansthattheenergy equationtakesthis form with no unknown coefficients:

da2

dr
� 1

3 � a2 � 5~ 2r 2
� u2 �

5a2 �&� (12.26)

Therestof thesolutionmethodconsistsof solvingequations(12.23)and(12.26)asasystem,
beginningwith thesonicpoint conditionsandintegratingeachway in radius.Thesonicpoint is
a singularpoint, of course,andthe integrationsubroutinesblow up if the integrationis actually
begunat thesonicpoint. It is necessaryto take a smallstepaway in thedirectiontheintegration
shouldgo. But whatslopeshouldbeassumedfor u2? Thisrequiresanapplicationof L’Hospital’s
rule,

du2

dr
s

� 2 lim
r � 1

2a2� r � da2� dr

1 � a2� u2 � 2
d � 2a2� r � da2� dr � � dr

d � 1 � a2� u2 � � dr
� (12.27)

Thederivativesarecarriedout usingequation(12.26)to obtainthesecondderivative of a2 and
leaving thefirst derivativeof u2 asanunknown. Whatis foundis

� u2 � h � 2
38� 3 �I� u2 �"hµ� 3� u2� h � 2

% (12.28)

a quadraticequationthathastheroots

� u2� h � 2

3
� 1 � ` 58� % 2

3
� 1 � ` 58�&% (12.29)

from which we haveto selectthepositiveroot for anacceleratedflow.
Now we simply do thenumericalintegrationsandtabulateu2 anda2 asfunctionsof radius.

We find that u2 anda2 vanishat r � 0 � 823 in sonic radiusunits, which meansthat the true
locationof thesonicpoint is

rs

R0
� 1

0 � 823
� 1 � 215� (12.30)

Thedistributionsof velocityandtemperatureareshown in Figures12.4and12.5.
Thesquaredsoundspeedhastheasymptoticvalueat larger of 2.380,which meansthat the

sonicpoint temperatureis

Ts � 0 � 420TX � (12.31)
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RestoringA to its naturalunitsgives

A � 1

3
a5

srs % (12.32)

whichmeansthattheevaporationrateis

�� � 8� KS� 7~ 2 A � 8�l� as � aX � 5 � rs � R0 � R0K � TX �
3
�

� 0 � 0927
4� R0K � TX �� � (12.33)

Justfor fun, we put in the radiusof the sunanda roughestimate,1 � 5 n 106 K, for the coronal
temperature,andderiveanevaporationrateof 2 � 9 n 10{ 14 �! y { 1, which is in theright ballpark
comparedwith thesun’smass-lossrate!

We also find that in the subsonicpart of the flow, whereu � a, the pressuretendsto a
constantvalue. This pressureis the reactionto the outflowing material,that is, it is dueto the
“rocketeffect”. This pressureturnsout to be

psub � 1 � 0085

�� � � TX � 1~ 2
4� R2

0

� 0 � 0935
K � TX � T1~ 2X

R0
� 1~ 2 � (12.34)

This hasthe orderof magnitudeof the conductionflux for temperatureTX , if the temperature
gradientis TX � R0, dividedby thesoundspeedat TX . For thesolarexamplethepressureturns
out to be4 n 10{ 4 dynecm{ 2 correspondingto a particledensityof 2 n 106 cm{ 3, which is on
thelow sidefor thebaseof thecorona,but perhapsnot toobadfor coronalholes.Theflow speed
continuesto riseat large r asexpectedfrom Bernoulli’s law, sincein isothermalconditionsthe
work function is the Helmholtzfree energy, which goeslogarithmicallyto � � as � 7 0. At
r � 100R0 thevelocity is around6as, which for thecoronaexampleis 820kms{ 1. This is large,
but not by morethana factor2.

Thefactthattheseestimatesfor themasslossfrom thecoronaarenotcompletelyoutrageous,
eventhoughgravity hasbeenneglectedin this model,demonstratesthat thermalconductionis a
major ingredientin thesolarwind, althoughonly onepartof the total picture. Theconduction-
dominatedmodel of the solar wind is Chamberlain’s [64], althoughtransonicsolutionswere
consideredlater by Noble and Scarf [195]. Thesemodelsstandin contrastto Parker’s [202]
original wind model,for which conductionis ignored.A goodreview of thesubjectis foundin
Brandt’s [38] book.

12.2 Ionization fr onts

A structurethatoccursin starsandnebulaethat is like a shockwave in severalrespects,but also
hascharacteristicsin commonwith theMarshakwave, is theionizationfront. (SeeKahn[137],
Axford [21] andMihalasandMihalas[189].) Weareconsideringradiationhydrodynamicbehav-
ior of a systemmadeup of the typical cosmicmixture,which is mostlyhydrogen.We suppose
that thereis a quitesizableradiative flux, F, flowing throughthesystem.The factsthat (1) hy-
drogenusuallyionizesaroundT � 104 K in LTE; (2) thehydrogenopacityis sharplyincreasing
with T whenhydrogenis neutral,but decreaseswith T whenhydrogenis ionized;and(3) ther-
mal relaxationcausesthe radiationflux to tendto a spatiallyconstantvalue;combineto create
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a spatialprofile of thetemperaturethathasa sharpsteparound104 K. This is a consequenceof
the diffusion formula,accordingto which

�
T È t

R � T �"� F � T3, but is observedevenwhenthe
diffusionapproximationis not applicable.Thetemperaturehasa sharpstepevenwhentheflux
is not actuallyconstant,provided F variesbetweentwo fixed positive limits. Not infrequently
theregionon onesidethatis mostlyneutralwill relaxto oneconstantvalueof theflux while the
mostlyionizedregionontheothersidewill haverelaxedto adifferentvalue.Thetwo valuesof F
remaindifferentsincethehighopacityandhighspecificheat(dueto ionization)of theT p 104 K
materialmakesthis aninsulatingbarrier.

The conceptof an “ionization front” emergesif we imaginethat the opacity in a certainFig. 12.6
temperaturerange,say 7000K–15000K, is someenormousvalue,andotherwiseis what it is
supposedto be. This idealizationmakesthe temperaturejump discontinuouslyfrom 7000K to
15000K acrosssomesurfacein space,theionizationfront. In reality theopacityis largebut not
infinite in this range,andthethicknessof thefront is not zero,but somethingthatdependson the
magnitudeof t R � T �"� F � T4. Theidealizationmaybeusefulin casesfor which thetruethickness
is quitesmallcomparedwith otherlengthscales.

Thisdiscussionhasbeenbasedon theassumptionof LTE, andin particularon thevalidity of
theSahaequationwhich determinesthedegreeof ionizationin termsof thetemperature.This is
theappropriateregimefor stars,but not for nebulae.Outof LTE wehaveto regardtheionization
fractionof hydrogen,x, asanadditionaldegreeof freedomthatis determinedby theequationfor
ionizationkinetics.In thiscase,too,it mayhappenthatthescalelengthfor x to jumpfrom avalue� 1 to nearlyonemaybe shortcomparedwith otherlengthscales.We canusethe ionization
front picturehereaswell, but for this casethe“neutral” and“ionized” statesarenot strictly tied
to particularvaluesof thetemperature,althoughthevalues7000K and15000K arereasonable.

In neithertheLTE northenon-LTE caseis theionizationtransitionactuallyaphasetransition
in the thermodynamicsense.In the latter picturethe two phasescancoexist only on a certain
curve in � p % T � space,whereastheneutralandionizedspeciesarepresentto a greateror lesser
degreeat all p and T . But in a broad-brushway, when we ignore the small neutral fraction
in a mostly ionizedplasmaor the small ionizedfraction in a mostly neutralgas,thereis some
similarity, andthe quantityanalogousto the latentheatis the ionizationpotentialof hydrogen
expressedperunit massof material.Thishasthelargevalue1 � 302 n 1013ergg{ 1 for thecosmic
mixturewith a hydrogenmassfraction X � 0 � 7. This is equivalentto thespecifickinetic energy
for a flow velocity of 51kms{ 1. For flows with u � 50kms{ 1 the ionizationenergy andthe
radiativeflux arethelargesttermsin theenergy budget.

We continuethe discussionof ionizationfrontsby consideringthe jump conditionsthatex-
presstheconservationlaws for mass,momentumandenergy whenthereis a locally-steadyflow
throughthefront. What“locally-steady”meansis thatchangesaresmall in thetimerequiredfor
aparcelof massto passthroughthefront. Weassignspecifictemperaturesto theneutral(#1)side
andtheionized(#2)sideof thefront, 7000K and15000K, respectively, sotheisothermalsound
speedsarea1 p 7kms{ 1 anda2 p 13kms{ 1. Theidealgaslaw for a i � 5� 3 gasis assumed,
exceptthat the ionizedgashasaninternalenergy that is largerthanthatof theneutralgasby an
incrementIH , theionizationenergy perunit massp 1 � 302 n 1013 ergg{ 1. Thejump conditions
arethen

� 1 	 1 ��� 2 	 2 � C1 (12.35)

p1
� � 1	 2

1 � p2
� � 2 	 2

2 (12.36)

5

2

p2� 2

�
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� 1

2
	 2

2 � 5

2

p1� 1

� 1

2
	 2

1 � e F

C1
� (12.37)
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Our discussionof themagnitudeof IH suggeststhat for relatively low velocity flows thekinetic
energy andenthalpy termsmaybeneglectedin theenergy jump condition,which thenbecomes
arelationthatfixesthemassflux throughthefront in termsof thejump in theradiativeflux.

The possiblesolutionsof the massandmomentumjump conditionsarerepresentedas the
relationsbetweenthecompressionratio, ,�|�� 2 � � 1 ��	 1 � 	 2, andthe(isothermal)Machnumbers
on theneutralsideM1 |�	 1 � a1 andtheionizedsideM2 |�	 2 � a2,

M2
1 � ,­��,'� a2� a1� 2 � 1�,o� 1

(12.38)

M2
2 � ,o�I� a1� a2� 2,­��,v� 1� � (12.39)

Theserelationsareshown in Figure12.6.
Therelationin Figure12.6indicateshow ionizationfrontsareclassifiedinto four types.The

upperbranchcorrespondsto thosefronts that aresupersonicon the neutralsideandthe lower
branchconsistsof the fronts thataresubsonicon theneutralside. The“weak” frontsconsistof
thosefor whichthecompressionis closerto unity—andthe“strong” onesfor whichthecompres-
sionis fartherfrom unity—atagivenneutralMachnumber. Theweakfrontshavethesamechar-
acter, supersonicor subsonic,on bothsides,while for thestrongfronts thesupersonic/subsonic
characteris reversedfor thetwo sides.front!weak

If a valuefor theflux jump e F is specified,andif � 1 is given,thenthereis animplied value
of C1 andthereforeof 	 1. We speakof R-typeconditionswhenthe implied 	 1 falls in therange
of R-typefronts, of D-typeconditionswhenthe implied 	 1 falls in the rangeof D-type fronts,
andof M-typeconditionswhenthe implied velocity falls in the gapbetweenthe two branches.
This gapis the Mach numberrange0.29–3.42for a2� a1 � 1 � 87. M-type conditionscannot
simply producean ionizationfront with a suitablespeed,but somethingelsemusthappen.This
is generallythecreationof ashockthatalterstheconditionson theneutralsidesothatD-typeor
R-typeconditionsaremet. If theshockis asweakaspossible,sotheD-typeor R-typeconditions
arebarely met,thenthesewill beD-critical or R-critical, thatis, at oneof theapex pointswhere
theionizedMachnumberis unity.

Thereis a closeparallelbetweenionizationfronts andcombustionfronts. The latter occur
when the materialcontainschemicallyreactingspecies,andwhen the constituentsaremostly
unreactedon oneside of the front while the reactionis nearlycompleteon the otherside. If
the label1 is associatedwith unreactedmaterialandlabel2 is associatedwith reactedmaterial,
thenthe jump conditionsarethe sameasequations(12.35–12.37),exceptthat the combinatione F � C1 � IH is replacedby theheatof reaction e H . Thesolutionsarequalitatively like those
for the ionizationfront: Therearesupersoniccombustionfronts,which arecalleddetonations,
andsubsoniccombustionfronts, which arecalleddeflagrations, andeachtype canbe weakor
strong,basedon theMachnumberon theburnt side.Thecritical fronts,wheretheflow speedis
justsonicon theburnt side,arecalledChapman-Jougetprocesses.

Becausetheradiationfield is (presumably)negligible for combustionfronts,thesecondlaw of
thermodynamicsandchemicalkineticsconsiderationsleadto constraintson combustionfronts
that do not apply to ionization fronts. Theseinclude the following: The flow must be in the
#1 to #2 direction,so the reactiongoesin the exothermicdirectionwhenmasspassesthrough
the front; strongdeflagrations(D-fronts) and weak detonations(R-fronts) are impossible. A
weakdetonationcasealwaysleadsto a pre-compressingshockanda critical detonation.This is
the Jougethypothesis,andit makesthe propertiesof the Chapman-Jougetdetonationof prime
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importancein modelingexplosives. This questionis addressedin LandauandLifshitz [156],
§§121-122,and also Zel’dovich and Raizer[270]. It is also treatedfrom a slightly different
viewpoint in CourantandFriedrichs[74]. Theessentialdifferencebetweenionizationfrontsand
combustionfrontsis thatthelatterareeverywherein thermalequilibrium,while ionizationfronts
aremodifiedby thenon-equilibriumradiationflux.

In order to understandbetterhow an ionization front affects the surroundingflow, we can
countthenumberof Cz or C{ characteristicsthatcanreachapointontheneutralsideandonthe
ionizedsideof thefront. We recallthatfor ashockwave, two characteristicsreachthepre-shock
sideof theshockfront, andjust onereachestheshockfrom thepost-shockside.A C0 character-
istic alsosuppliesthepre-shockentropy. Therearefive mechanicalvariablesneededto describe
the stateof the fluid on eachsideof theshockandtheshock’s motion; theseareu1, � 1, u2, � 2
anduS. The dataprovidedby the threeacousticcharacteristics,plus the two mechanicaljump
conditions,just determinethesefive variables.Thetwo additionalthermodynamicvariables,the
pre- andpost-shockentropies,matchthe datafrom the C0 characteristicand the energy jump
condition.Soshocksarefully determined.In particular, thedetailsof theinternalstructureof the
shockcannot influencethesurroundingflow.

Thecountof just the mechanical(Cz andC{ ) characteristicsreachingeachsideof an ion-
izationfront is givenin thefollowing table,wherewe distinguishanadvancingfront, for which
theflow is from theneutralsideto theionizedside,from a recedingfront:

Countof Characteristicsat IonizationFronts

Type advancing receding

R
weak 2 neutral,0 ionized 0 neutral,2 ionized
strong 2 neutral,1 ionized 0 neutral,1 ionized

D
weak 1 neutral,1 ionized 1 neutral,1 ionized
strong 1 neutral,0 ionized 1 neutral,2 ionized

We have thesamefive mechanicalvariables,andwe have two mechanicaljump conditions;the
energy jump conditiongivesanadditionalconstraintif thevalueof e F is imposed.This means
that if thereare two Cz andC{ characteristicsthe flow including the ionization front with a
specifiede F is just determined;if therearelessthantwo characteristicsit is underdetermined,
and if therearemorethantwo it is overdetermined.What we seefrom an examinationof the
tableis that theweakfrontsof eithertype,whetheradvancingor receding,arejust determined.
The advancingstrongR andrecedingstrongD fronts areoverdetermined,andsuchflows may
resolve into critical frontsfollowedby ararefaction(advancingstrongR) or precededby ashock
(recedingstrongD). Theunderdeterminedcases,advancingstrongD andrecedingstrongR, may
be truly dependentfor their behavior on the detailsof the internalstructureof the front. The
advancingweak-Randbothadvancingandrecedingweak-Dtypeionizationfrontsaretheones
oftenencounteredin simulationsof H II regionsandstellaratmospheres,respectively.

12.3 Comptonization

In this sectionwe considerthosecorrectionsto the statementsmadeearlier that the frequency
changein Compton(or Thomson)scatteringis negligible, andthatsuchscatteringhasno effect
on the energy exchangebetweenradiationandmatter. Thesemay be fair approximations,but
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they cannotbetruein general.If this wereso,we couldput 1012 photonssampledfrom a black-
bodydistributionat 105 K in a 1cm3 box togetherwith 1012 electronswith akinetic temperature
of 104 K andthey would remainat their respective temperaturesforever. We do not think this
happenswith billiard balls,why shouldit happenwith electronsandphotons?Thecollisionsbe-
tweenbilliard balls,whentheballsbounceoff eachotheratsomeangleof scattering,resultin the
exchangeof energyandmomentumbetweenthecolliders,just in orderto satisfytheconservation
laws. This is all it takesto resultin equilibrationof thetwo species.

It is just so with scatteringof photonsby electrons.We will look morecloselyat the rela-
tionsfor scatteringof anarbitraryintensityfield by a thermal-equilibriumelectrongas.We will
introducea new function R ���W%/��h°� , theredistribution functionfor Comptonscattering.Actually,
we saw sucha function in thediscussionof partial redistribution in line scattering,andmany of
thepropertiesof R aresimilar for thetwo kindsof scattering.Thedefinitionof R is this: a radia-
tion field of low intensity(which means:ignorestimulatedemission)thathasanangle-averaged
intensity J§ � , and thereforefor which the energy densityin the bandwidthd �
h is 4� J§ � d ��hµ� c,
producesanemissivity dueto this bandin abandd � at adistinctfrequency � equalto

Ne8 T R ���W%/� h � J§ � d � d � h � (12.40)

Thechoiceof 8 T hereasthescalingcrosssectionis just a convenience.The frequency depen-
denceof thecrosssectionis containedin R. Thedefinitionof R involvestheenergyof thesource
photonsandthe energy of the emittedphotonsratherthanthe photonnumbers.ThereforeR is
relatedto thedifferentialcrosssectionwith respectto final photonfrequency asfollows:

8 T R ���W%/� h �'� �� h d 8®���
hÐ%/���
d � � (12.41)

Noticethat in R ���W%w�
h»� thefirst argumentis thefrequency of thephotonafterscattering,andthe
secondargumentis thefrequency beforescattering.

Recall the definition of the modalphotondensityn§ : n§ �ó� 2h� 3 � c2 � { 1J§ , for the mean
numberper modeafter integratingover solid angle. The equationfor the rateof changeof the
modaldensitydue just to scattering,whenaccountis taken of the in-scatteringsaswell asthe
out-scatteringsandthestimulatedscatteringfactorsarenow includedasin thediscussionin §8.3,
is this (cf., §4.2,[4.24]):

1

Ne 8 T c

�
n§�
t

� c2

2h� 3

X
0

d � h � R ��� h %/��� �� h J§ 1
� c2J§ �

2h� h 3 �

R ���.%/� h � J§ � 1
� c2J§

2h� 3
� (12.42)

Beforeproceedingwe have to considerwhatkind of symmetryis possessedby the function
R. Earlier it wasstatedthat R is symmetricunderexchangeof � and ��h . We will seethat this is
almosttrue,by thefollowing argument.Considera thoughtexperimentin which someradiation
is introducedinto a sealedbox, with perfectly reflectingwalls, containingthermalelectronsat
a temperatureT , andthe radiationis allowed to cometo equilibrium with them; however, no
sourcesor sinks of radiationexist within the box — the samebilliard-ball picture mentioned
above. Whentheradiationis atequilibrium,it mustbedescribedby aBose-Einsteindistribution
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at the temperatureT of the scatterers,with a fugacity z that dependson the fixed numberof
photonsin thebox:

J§«� 2h� 3 � c2

zexp � h�x� kT �J� 1
� (12.43)

For this value of the intensity, the stimulationfactor 1
�

n becomesz��� z � exp �"� h��� kT �"� .
Therefore,if the intensityhasthe form given by equation(12.43),the photongainsandlosses
mustexactlybalance.Theequationthatresultsis

d � h R ���W%/� h � ��h 3
� zexp � h � h � kT ��� 1�w� z � exp �"� h��� kT � � (12.44)

� d � h R ��� h %w�
� � 4

� h 1

� zexp � h �x� kT �>� 1�/� z � exp �k� h � h � kT � � � (12.45)

A rearrangementyields

d � h R ���.%/� h �J� �� h
4

exp
h ����h��]���

kT
R ��� h %/��� n (12.46)

��h 3
� zexp � h� h � kT �J� 1�w� z � exp �"� h�x� kT � � � 0 % (12.47)

which mustbetruefor all z. Thereforetheredistribution functionhasto havethis symmetry:

R ���W%/� h �'� �� h
4

exp
h ����h��4�
�

kT
R ��� h %/���&� (12.48)

In otherwords,R is symmetricapartfrom asmallbiasthatis relatedto thedifferencebetweenthe
two frequencies.At high temperaturetheredistribution favorsupshiftingthephotonfrequencies
becauseof the � 4 factors,but if thetemperatureis low in comparisonwith h �x� k thendownshifting
is favored. In essence,therewill bea smallbiastendingto bring thephotonstowardthemiddle
of thePlanckdistributionat h ��� 4kT .

Now wecanput thetwo R functionsin equation(12.42)in termsof a singleoneandexpress
theresultin termsof modaldensitiesin this form

1

Ne8 T c

�
n§�
t

� X
0

d � h �� h R ��� h %/���>n
n � n§ � 1 �

n§ � � � exp
h ����h��]���

kT
n§ � � 1 �

n§ � � (12.49)

FromourearlierdiscussionweexpectR ����hÐ%/��� to besharplypeakedaround�
h���� , andtherefore
providedthattheradiationfield variessmoothlywith � it shouldbepossibleto introduceaTaylor
seriesin ��h!�P� for the function in squarebrackets,do the integralsover �
h , which will be mo-
mentsof ���x� ��hµ� R ���W%/��h°� , andthusexpresstheright-handsideof equation(12.49)in termsof the
radiationfield andits derivatives. This is theFokker-Planckmethod.It maybe comparedwith
Harrington’smethodfor PRD,describedin §9.2.1.Whencarriedto thesecondorderin ��h��V� the
equationthatresultsis theKompaneetsequation.Thefollowing discussionmostnearlyfollows
Pomraning[206], with partsadaptedfrom Rybicki andLightman[227].
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We let F ���W%w�
h»� bethefunctionin squarebracketsin equation(12.49),

F ���W%w� h �#��� n§ � 1 �
n§ � � � exp

h ����h��4�
�
kT

n§ � � 1 �
n§ �&� (12.50)

We form theTaylor expansionof F in thevariable��h aroundthepoint � ,

F ���.%/� h �#� F§ � ���.%/���&��� h �]��� � 1

2
F§ � § � ���W%w�
����� h �]��� 2 � ���&� (12.51)

wheretheconstanttermis seento vanish.After doingtheintegralswe find

1

Ne8 T c

�
n§�
t

� A ����� F§ � ���.%/��� � 1

2
B ����� F§ � § � ���W%w�
� � ���&��% (12.52)

wherethederivativesare

F§ � ���W%/���Ó�
�
n§�
� � h

kT
n§�� 1 �

n§�� (12.53)

F§ � § � ���W%/���Ó�
�

2n§�
� 2

� 2h

kT
� 1 �

n§ �
�
n§�
� � h

kT

2

n§ � 1 �
n§ ��� (12.54)

ThequantitiesA ���
� andB ����� arethemomentsof thedifferentialcrosssection,

A ���
��� 18 T

X
0

d � h ��� h �]��� d 8®���.%/��h°�
d � h (12.55)

B ���
��� 18 T

X
0

d � h ��� h �]��� 2 d 8®���.%/��hµ�
d � h � (12.56)

The exact, relativistic differentialcrosssectionis ratherugly. It begins with the Klein-Nishina
differentialcrosssectionversusinitial photonfrequency andscatteringangle,whichapplyin the
restframeof the initial electron,which thenmustbe averagedover the relativistic Maxwellian
distribution. In orderto obtainthedifferentialcrosssectionfor specificinitial andfinal frequen-
cies as a function of scatteringangle,all measuredin the fixed frame, the Doppler shift and
aberrationconstraintsfor initial andfinal photonsmustbeapplied,andtheelectron-framephoton
coordinatesmaybe integratedout. This becomesa 9-dimensionalintegral, althoughit includes
7 delta functions. The final two integrationsareover an azimuthalanglefor the electronve-
locity, which is easy, andthespeeddistribution, which canonly bedonenumerically. Efficient
routinesfor doing this calculationhave beendevelopedby Kershaw, PrasadandBeason[143].
Power-seriesexpansionsin the two smallquantitiesh �x� mc2 andkT � mc2 have beendeveloped
for thedifferentialcrosssectionfrom which it hasbeenshown thatto first orderin thetwo small
parametersthemomentsaregivenby

A �����­� kT

mc2
4 � h�

kT
�W% (12.57)

and

B �����'� 2kT

mc2
� 2 � (12.58)
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Theseexpressionscould be improved using the resultsfor the relativistic regime obtainedby
Cooper[72].

Thevaluefor B, themeansquarefrequency shift, isnothardto derivefromthenon-relativistic
Dopplereffect formulawithout worrying abouttheKlein-Nishinacorrections.As it happens,A
canthenbecalculatedfrom it usingtherequirementof thermodynamicconsistency. Whenthese
valuesfor A andB areusedwith thederivativesfrom equations(12.53)and(12.54)in theFokker-
Planckequation(12.52)it becomes

1

Ne 8 T c

�
n§�
t

� kT

mc2
� 2

�
2n§�
� 2

�
4
� h�

kT
� 2n§ � 1� �

�
n§�
� � 4h�

kT
n§�� n§ � 1� % (12.59)

which canberearrangedinto thestandardKompaneetsform

1

Ne 8 T c

�
nx�
t

� kT

mc2

1

x2

��
x

x4

�
nx�
x

�
nx � nx

�
1� (12.60)

in which thefrequency variablehasbeenscaledby thetemperature,

x � h�
kT

� (12.61)

Kompaneets’equationhasthe expectednice properties:it is written to preciselyconserve
photons,sincethe integral nxx2 dx is the photonnumberdensity. It must be remembered
that this equationis only for the local scatteringterm; it mustbesupplementedby the transport
term,then � � part,in thecompletetransportequation.BesidesconservingphotonstheKompa-
neetsequationwill give backanexactBose-Einsteindistribution in equilibrium. In thatcasethe
frequency-flux vanishesbecausetheequation�

nx�
x

�
nx � nx

�
1�'� 0 (12.62)

is obeyedexactlyby functions

nx � 1

zexp � x �J� 1
(12.63)

i.e., any Bose-Einsteindistributionwith thelocalelectrontemperature.
If wemultiply theKompaneetsequationby x3 andintegratewegetanequationthatdescribes

how themeanfrequency of thephotonsevolveswith time. It is

d � x �
dt

� Ne8 T c
kT

mc2
4 � x �J� � x2 � � (12.64)

Soa distribution concentratedinitially at low frequency will beboostedexponentiallywith time
accordingto

� x �­È ey % (12.65)
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wheretheparametery is

y � 4Ne8 T ctkT

mc2
� 4kT N

mc2
% (12.66)

whereN is themeannumberof scatteringsthathaveoccurred.
An illustrationof theuseof theKompaneetsequationis to find thespectraldistributionof the

photonsthatbegin with a certainfrequency in aninfinite volumeof electronsat a fixedtempera-
tureT aftera largenumberN of scatterings.This is alsoa chanceto illustratesomeideasabout
probabilitydistributionsof thenumberof scatteringsandgeneratingfunctions.

Themodalphotondensitywill obey equation(12.60).Theleft handsideis thechangeof nx

is themeantimebetweenscatterings,sowecanregardtheright handsideasthechangein nx per
scattering.We write theright-handsideas

� nx
� � nx

�
K � nx � � (12.67)

wherethefirst termrepresentsthedisappearanceof theradiationasit wasbeforetheevent,and
thesecondtermis thereappearanceof radiationasmodifiedby theComptonscatteringprocess.
That is, the first term is the rate of absorptionand the secondis the rate of reemission.The
operatorK is the Kompaneetsoperator,andwe will drop thestimulatedterm, thusmakingit a
linearoperator,

K � n� | kT

mc2

1

x2

��
x

x4

�
n�
x
�

n � (12.68)

Now, let’s keeptrackof thephotonsaccordingto how many timesthey have scattered.Let
n0 � x % t � bewhatremainsof theinitial distributionof photonsthathavesurvivedun-scattereduntil
time t . Let n1 � x % t � bethosephotonsthathavehadoneandonly onescatteringup to time t , and
soon.Wecanwrite theevolutionequationsfor thegroupsof photonsthatlook like this:

1

Ne 8 T c

�
n0�
t

� � n0 % (12.69)

1

Ne8 T c

�
nr�
t

� � nr
�

nr { 1
�

K � nr { 1 � for r ¹ 1 � (12.70)

Thephotonsin group0 canonly bedestroyed,but the otherphotonsin groups1 % 2 %y���&� canbe
destroyed,or createdby theactionof scatteringon thephotonsin groupr � 1. Now thespectral
distributionof photonsis determinedby how many timesthey havescattered,but doesnotchange
afterthelastscatteringthatqualifiesthemto join thatgroup.Thusthemodaldensityfunctionfor
photonsthathavescatteredadefinitenumberof timesfactorsinto onefactorthatdependsontime
andvariesasthepopulationof this groupgrowsanddecays,andasecondfactorthatdependson
frequency, andis thespectrumfor all thephotonsin thatgroup:

nr � x % t �#� ar � t � ur � x �&� (12.71)

We have notedthat the scatteringoperationdoesnot changethe total numberof photons,only
their frequency distribution, soevery functionur � x � is normalizedthesameasthe initial distri-
bution, X

0
x2 dx ur � x �'�

X
0

x2 dx u0 � x ��� (12.72)
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If we thenintegrateover x2 dx equation(12.70)wefind this setof equationsfor theevolutionof
thegrouppopulations:

1

Ne8 T c

da0

dt
� � a0 (12.73)

1

Ne 8 T c

dar

dt
� � ar

�
ar { 1 � (12.74)

The K term goesaway in the integration sinceit conservesphotons. This set of differential
equationsis easilysolvedby recursion,andwe find

ar � t ��� exp �"� Ne 8 T ct � � Ne 8 T ct � r
r " % (12.75)

sothatatany time t therelativenumbersof photonswith differentnumbersof scatteringsfollows
Poissonstatistics.Themeannumberof scatteringsin time t is just Ne8 T ct .

We arereally moreinterestedin thespectraldistribution, sowe integrateover time in equa-
tion (12.70). We verify that the integral of every ar � t � is the sameasthe meantime between
scatterings,1� Ne8 T c. The integral of theequationfor r � 0 vanishesidentically, andtheother
equationsgive

ur � ur { 1
�

K � ur { 1 � � (12.76)

We wantto know aboutlargenumbersof scatterings,sothisequationwouldbepainful to usefor
oner afteranotherdirectly. This is wherethegeneratingfunctionconceptcomesin. We define
thegeneratingfunction,or ± transformif youprefer, by

�
u �

X
r Ñ 0

± r ur � (12.77)

This would be the spectraldistribution of all the photonstogetherif the scatteringalbedowere± insteadof unity. But we do not have to think of ± asa realalbedo,but caninsteadhandleit
asa freeparameter. Whenthe typical numberof scatteringsis so large thatwe cantreatr like
a continuousvariable,this sumcanbe approximatedby an integral, which is thenthe Laplace
transformof u with respectto r , andthetransformvariablep is � log ± :

�
u �

X
r Ñ 0

± r ur p$#u{ log ì;� u � � (12.78)

Whenit is desiredto invert thetransformto obtainur from
�
u this relationcanbeused:Fig. 12.7

ur � 1

2� i

�
u d ±± r z 1

� (12.79)

(This is theCauchyintegral formula for the r -th derivative of
�
u, at ± � 0, dividedby r " .) The

contourshouldenclosetheorigin andnotenclosesingularitiesof
�
u, suchasthepoint ± � 1.

Performingthe sum(12.77)on equation(12.76)andnoting that the r � 0 term is missing
leadsto �

u � u0 � ± � �u �
K � �u� �&� (12.80)
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We do a little rearrangementof thisequationandit takesthis form,

�
u � u0

1 � ± � ±
1 � ± K � �u� % (12.81)

so the generatingfunction satisfiesan inhomogeneousequationwith the Kompaneetsoperator,
andtheinitial distribution is thesource.

Working out thederivativesputstheequationin this form:

x2d2 �u
dx2

�
x � x �

4� d
�
u

dx
�

4x � mc2 � 1 � ± �
kT ± �

u ��� mc2

kT

u0± (12.82)

With oneor two transformationsthisequationbecomesaconfluenthypergeometricequation,and
we will just quotethe answerfor the responsein the casethat the initial distribution is a delta
functionat x � x0:

�
u � Ol� s� xsz 2

0 xse{ x± Ol� 2s
�

4� M � s % 2s
�

4 % xé � U � s % 2s
�

4 % x � �&% (12.83)

wherexé � min � x % x0� andx � � max� x % x0 � , M andU aretheregularandirregularconfluent
hypergeometricfunctionsands, theroot of theindicial equation,is

s ��� 3

2
� 9

4
� mc2 � 1 � ± �

kT ± � (12.84)

Thevalueof s dependson theComptony parameterdefinedin equation(12.66)in termsof the
numberof scatteringsN. Herewe associateN with ± ��� 1 � ± � , sos is relatedto y by

s �3� 3

2
� 9

4
� 4

y
� (12.85)

When y is very small, aswhen the numberof scatteringsis small, thens is large, and in
that case

�
u is very sharplypeaked at x � x0. When the y parameteris moderate,then s is

moderatealso,andan interestingresult in that caseis if we considerh � 0 � kT . This is the
inverseComptonscatteringcase,becauseinsteadof hot photonsbeingdegradedby scatteringon
cold electrons,herecold photonsareboostedby scatteringon hot electrons.Thelimiting forms
for the M andU functionsproducetheresultthat

�
u È xsz 2

0 x { s{ 3 in the rangex E x0. Sowe
get a decliningpower-law distribution for the scatteredspectrumthat is flatter andflatter as y
getslargerands getssmaller. Wheny � 1 thens is small,andthe M andU functionstendto
unity. Whathappensin thatcaseis that,whatever theoriginaldistributionwas,thosephotonsare
distributedoveraWiendistributionu È e{ x in thefinal spectrum.Theprogressionof thespectra
of

�
u with y is illustratedin Figure12.7.
Theevolution of

�
u with y is suggestive of how the inverseComptonspectrumchangeswith

time or the numberof scatterings,but for a completepicture the inverse ± -transformhasto
be taken. Figure 12.8 shows the time-dependentspectrumfor this samecase,obtainedfrom
a numericalintegrationof the Kompaneetsequation. The suggestionof a power-law spectral
distribution in the rangex0 � x � 4 at intermediatevaluesof y, which is seenin x3 �u, is
not evident in the actualtime-dependentspectrum. Insteadthe initial sharppeakat x0 is just
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broadenedandshiftedupwardin frequency with increasingt , andwhenthepeakreachesx p 1,
the furtherevolution consistsof sharpeningof thepeakanddepletionof the low-frequency tail,
until theWiendistribution is approached.

InverseComptonreflectionis anotherinterestingapplicationof thesesameideas.(SeeFig. 12.8
LightmanandRybicki [172], andalsoRybicki andLightman[227], §7.5.) The problemto be
workedout is to find thespectrumof initially low frequency radiationthat is diffuselyreflected
by a hot cloud,for which Comptonscatteringis theonly processthatneedbeconsidered.This
is thesameinverseComptonprocessconsideredabove,but now thenumberof scatteringsis not
an independentvariable,but hasa probability distribution determinedby the diffusereflection
process.Althoughthephotonsthatarereflectedafterjust asinglescatteringarethemostnumer-
ous,thenumberthatscatterseveral times,or evenhundredsof times,beforere-emerging is not
negligible, andsopartof thereflectedspectrumdoesconsistof thosephotonsthathavescattered
a greatmany times.

Themethodthatwe useto analyzethis problemis, asabove, to itemizethe reflectedfluxFig. 12.9
accordingto thenumberof scatterings,andtoapplyto thosephotonsthathaveaparticularnumber
n of scatteringsthespectraldistribution expectedfrom theKompaneetsequationfor thatn. The
probabilitydistribution pn of n is thepartof thediscussionthatis new, andwewill describethat
in somewhatmoredetail.

We comebackto our friend, the ± -transform.Thegeneratingfunctionfor pn

¥$�
X

nÑ 1

± n pn (12.86)

is thediffusereflectance— reflectedflux dividedby the incidentflux — if thescatteringis not
conservative, but if insteadthereis a single-scatteringalbedo ± . This is one of thosequan-
tities that is calculatedusing the classicalmethodsof radiative transfertheory expoundedby
Chandrasekharandothers.If theincidentintensityis isotropicin theincominghemispherethen
Chandrasekhar’sresultis

¥$� 1 � 2̀ 1 � ± 1

0
H ��9<�"9 d 9 (12.87)

in termsof the standardH -function. Using a very precisesubroutineto generatea tableof the
H -function for a few small valuesof ± allows the valuesof pn to be found by estimatingthe
numericalderivativesof ¥ at ± � 0; in fact pn is the nth derivative at ± � 0, dividedby n " .
Owing to cancellation,this methodis goodonly for n R 5 or so. The valuesfor larger n can
be estimatedby replacingH ��9>� in equation(12.87)by the function for ± � 1, for which the
integralhastheexactvalue2� ` 3, thenusingthebinomialtheoremto expand̀ 1 � ± in powers
of ± . Thisgivesthis resultfor n � 1:

pn f 2` 3� n3~ 2 � (12.88)

Thishastheinterestingimplicationthatsomethinglike1%of thephotonswill havebeenscattered
104 or moretimes! Thedetailsof thenumericaldifferentiationandof theasymptoticlaw canbe
checkedusinga verysimpleMonteCarlocode.An exampleof thefinal resultis thespectrumin
Figure12.9,which is, asbefore,for an initial frequency x0 � 10{ 2, andherekT hasthevalue
10{ 2mc2 � 5 � 11keV. In this spectrumthereis a hint of a power law aroundx � 10{ 1, anda
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pronouncedbumpat x � 3, theWien peak.In this problem4kT � mc2 is 0.04,sofor photonsto
be boostedfrom x0 � 10{ 2 to x � 4 takesln � 400�"� 0 � 04 p 150scatterings,and10.6%of the
photonsscatterat leastthatmany times,thuspopulatingtheWien peak.

12.4 Radiating shockwaves

Oneof the mostimportantsituationsin which the radiative energy flux workswith the gasdy-
namicsequationto producea complex structureis in radiative shockwaves. Theseareshock
in which thematerialis heatedsufficiently for the radiative flux to becomparableto theflux of
kineticenergy ontheupwindsideof thefront. Theclassicdiscussionof radiatingshockwavesis
in Zel’dovich andRaizer[270], §VII.14–18;this is repeatedandextendedvery clearly in [189],
§104.

Wehaveto keepin mind thedimensionlessnumberthatgivestherelative importanceof radi-
ationandenergy transportby massmotion. It is theBoltzmannnumber,or actuallyits reciprocal:

Bo
{ 1 � 8 T4

� CÝ TV
� (12.89)

For theshockproblemthedenominatoris thekinetic energy flux � 1� 2�"� 0	 3
0 andthetemperature

is estimatedfor scalingpurposesas � 3� 16�k	 2
0 � � , the strongshocklimit for i � 5� 3. So the

typical inverseBoltzmannnumberfor ashockis Bo{ 1 � 0 � 00258�	 5
0 ��� � 4.

Justto illustratethenumberswequotetheinverseBoltzmannnumberfor a100kms{ 1 shock
in gaswith a pre-shockdensityof 10{ 9 gcm{ 3; it is about6000.Underthesecircumstancesthe
influenceof radiationon theshockstructureis profound.

Thediagnosticdiagramthataidsunderstandingtheinfluenceof radiationon theshockis the
mechanicalflux vs. temperaturediagram.This is constructedfrom thesteadyconservationlaws
(2.92),(2.93)and(2.97)in whichviscosityis discardedbut heatconductionis replacedby amore
generalradiationflux:

�!	�� C1 (12.90)�!	 2 �
p � C2 (12.91)

�!	 e
� 1

2
�!	 3 �

p	 �
F � C5 � (12.92)

We divide thesecondequationby thefirst to get

p� ��	 C2

C1
�4	 � �

T � (12.93)

In the third equationwe assumethe ideal gamma-law relatione ��� 3� 2� p� � , so pressureand
densitycanbeeliminatedto expresstheflux in termsof 	 :

	 5

2

C2

C1
� 2	 � C5 � F

C1
(12.94)

Farupstreamfrom theshockF mayhaveanasymptoticvalueFX . Thevalueof C2 � C1 is 	 ð , the
stagnationvelocity. Thevalueof C5 is FX plusanamountthatis closeto 	 2

0 � 2 p C2
2 � 2C2

1 for a
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largeMachnumber. Thediagnosticdiagramis theplot of theleft sideof equation(12.94)vs. the
left sideof equation(12.93).

Thefirst panelin Figure12.10illustratesthediagnosticdiagramin theabsenceof radiation.
Theinitial upstreamstateis point A atzerotemperature— negligible comparedto thestagnation
temperature	 2ð � � for high Mach number— and at a flux value correspondingto � 1� 2�"�!	 3ð .Acrosstheshockthereis no jump in flux, sincethat is oneof theRankine-Hugoniotconditions,
andpoint B, evenwith point A but on thesubsonicbranch,representsthedownstreamstate.The
post-shocktemperatureis 3/16in unitsof thestagnationtemperature.

Fig. 12.10
The secondpanelillustratesthe casein which thereis a moderateamountof radiationpresent.
Both the upstreamanddownstreamregionsareoptically thick to the radiationthat is produced
within the shock,andthereforeby moving far enoughfrom the shockin eachdirectionwe can
reachpointsA andB wheretheflux is negligible. Thesepointsdefinethevaluesof theconstants
C1 and C2, and it is at point A wherethe temperatureis very small in comparisonwith the
stagnationtemperature.The points A and B thereforeobey the Rankine-Hugoniotconditions.
But considernow whathappensaswe approachtheshockthroughthepre-shockregion. As the
radiative flux from the shockbecomesnoticeable,representinga flux from downstreamtoward
upstreamandthereforenegativetheway we havedefinedit, thevalueof C5 � F becomeslarger
that it was,andthereforethepoint representingtheconditionsin thediagnosticdiagrammoves
upward and to the right along the supersonicbranch. For this shockthe actualgas-dynamic
discontinuityoccursat thepoint C. The jump acrossthediscontinuitymustagainbehorizontal
in the diagram,becausethe radiative flux is actuallycontinuous.This assumeswe look at the
flux “in the small”, that is, on a scalesmallerthanthe radiationmeanfree path,andtherefore
sincethe intensityhasno discontinuityneitherdoestheflux. Thustheradiatingshockstructure
is a shock-within-a-shock.The remoteupstreamand downstreamconditionsobey one set of
Rankine-Hugoniotrelations,andtheobserver at a greatdistancethinks theseare“the” pre-and
post-shockconditions. But within the shock,whenwe look closely, thereis the gas-dynamic
shockwith anothersetof Rankine-Hugoniotrelations. In the flow downstreamfrom the inner
shockthe hot materialproducesemission,that is dF � dx E 0, which meansthat F goesup
(towardzero)andthereforethepointon thediagnosticdiagramgoesdown andto theleft, on the
subsonicbranchthis time. Whenthematerialstopsemitting,andtheflux is restoredto zero,we
againarrive at point B, theeventualdownstreamstate.We seethat theamountof flux absorbed
within theupstreampartof theflow just equalstheflux emittedwithin thedownstreamregion.

The third panelillustrateswhat is calleda super-critical shock,in which the amountof ra-
diation is considerablymore thanin the previous case. This actuallyproducesthe situationin
which thepost-shocktemperatureat theinnershockis drivenup to almostexactly themaximum
possiblevalue,1/4of thestagnationtemperature.PointC cannotriseany higherthanthaton the
supersonicbranch,sincetherewould benowherefor point D to go. Whatthis doesto theshock
structurewe will seeshortly. In thepost-shockcoolingregion thetemperaturerecoversto point
B asbefore. Now you will notice that point C is at exactly the sametemperatureaspoint B.
This is remarkable.Theprecursorheatingdueto theradiationproducedwithin thecoolingzone
raisesthe pre-shocktemperatureup to just what the downstreamtemperature would havebeen
withoutradiation. Theactualpost-shocktemperatureis madehotterthanthis,andonly afterthe
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post-shockcoolinghasoccurreddoesthedownstreammaterialreturnto this temperature.If any
attemptis madeto getmoreradiationthanthisoutof theshockby turningup variousparameters
or whatever, thereis no furtherchangein thesetemperatures.All thathappensis that theshock
adjuststhe structureof the precursorregion andthecooling region so that the right amountsof
energy areproducedandabsorbedto give thesetemperatures.

This radiatingshockstructurecanbe analyzedin a roughway that necessarilyignoresthe
importantnonlinearitiesbut catchesthemainqualitative features.Theideais to observe thatthe
supersonicandsubsonicbranchesof thediagnosticcurvearebothvaguelylinearwith a positive
slope. In fact the slopes, � dF � d � p� � � � areequalto C1CÝ andC1Cp in the supersonicand
subsoniclimits, respectively, whereCÝ is the specificheatat constantvolume and Cp is the
specificheatat constantpressure.Solet’s forgetaboutthenonlinearityandusea linear formula
connectingF andT , but perhapswith differentslopesif we like. We do alsoneedto put in the
offset: the(radiative) flux goesto zeroat T � 0 in thesupersonicbranch,but it goesto zeroat
point B in thesubsonicbranch,whereT � T0 is large. We will usethevalueaT4

0 � E0 below.
Whatwe actuallywant is a linear relationbetweentheflux andtheequilibrium energy density,
aT4. We expressthatslopeas

daT4

dF
� 4aT3 dT

dF
�3� 4aT3

C1C
�?� 168 T4

cC1CT
� (12.95)

We adopttheEddingtonapproximation(not thermaldiffusion)for which

F ��� c

3t R�
dE

dx
% (12.96)

so the coefficient of the relation between aT4 and � 1� t R �!� dE � dx is
168 T4 � 3C1CT . Apart from the factor16� 3 this is the inverseof the Boltzmannnumber. As
mentionedabove,thespecificheatC is smallerin thesupersonicregion thanit is in thesubsonic
regionby a factor i � 5� 3; we will not worry aboutthis minor inaccuracy sincethenonlinearity
of therelationbetweenaT4 andT is muchmoreserious.Finally we adopttheselinearrelations
betweenaT4 andF :

aT4 � Bo% 1õ
R
Ö dE

dx upstream

E0
� Bo% 1õ

R
Ö dE

dx downstream
� (12.97)

The next stepis to solve the Eddingtonapproximationequationof transfergiven that aT4

is obtainedfrom theselinear relations.Keepingto thespirit of this crudemodelwe will not be
concernedwith thevariationof theabsorptivity with locationwithin theshock— a largeeffect
in reality — andthusmake all thecoefficientsspatiallyconstant.TheEddingtonequationfor E
is then

d2E

dx2
� 3 � t R�!� 2 E � Bo% 1õ

R
Ö dE

dx upstream

3 � t R�!� 2 E � E0 � Bo% 1õ
R
Ö dE

dx downstream
� (12.98)

ThehomogeneousequationhasexponentialsolutionsE f exp � px � , andtherootsfor p arefound
to be

pt
R � ��� 3

2Bo
T 3

� 3

2Bo

2 1~ 2 � (12.99)
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Theserootstell an interestingstory. Thepositive onehasto beusedupstreamandthenegative
onedownstream.Whenthe Boltzmannnumberis large — weakradiation— the rootsarethe
usualT 1� ` 3 andtheradiationextendssymmetricallyonemeanfreepathor soin eachdirection.
But in the strong-radiationcasethe rootsarevery unequal. The positive root goesto Bot R �
while thenegativeonegoesto � 3t R�!� Bo. Soon theupstreamsidetheextentof theradiationis
very large,of orderBo{ 1 meanfreepaths,but on thedownstreamsidethe radiationdropsvery
abruptly, in Bo meanfree paths.The very sharpcoolingzonebehindthe shockmeansthat the
thermaldiffusionapproximationis hopelessthere;it justgivesthewronganswer.

We canfind thecorrectsolutionsnow. We put in adjustablecoefficientsfor theexponentials,
andtry thesesolutions:

E � Ea exp � pax � upstream

E0
�

Eb exp � pbx � downstream
% (12.100)

Fig. 12.11
wherepa is thepositiverootandpb is thenegativeroot. Wehaveto find theconstantsEa andEb

by matchingthevaluesof E andF at theshock. (Thesecondderivative is discontinuoussince
aT4 is discontinuous.)Theresultsare

Ea � E0
pb

pb � pa
(12.101)

Eb � E0
pa

pb � pa
� (12.102)

Sincepa is positiveand pb is negative, Ea will bepositive andEb will benegative. This means
thatE increasesmonotonicallywith x throughtheshock,sotheflux is in the � x directionevery-
where.Theflux follows from equation(12.96)andthedistribution of aT4 (i.e, of temperature)
follows from (12.97).

A sampleof what thesolutionslook like is shown in Figure12.11. The runsof E andaT4

trackfairly closelywith thenotableexceptionof thetemperaturespike behindtheshock,which,
becauseit is quite optically thin, hasalmostno influenceon E. The flux profile is shown on a
wider rangeof x to show thevery greatextentof theprecursor.On this scalethejunp in flux at
theshockappearsdiscontinuous,but it is not. The lengthscalefor F to rise from its minimum
valueat the front toward zerois aboutonetenthof a meanfree path,the sameasthe width of
the cooling region. It shouldbe notedthat this valueof the inverseBoltzmannnumber, 4, is
quitemodest.With Bo{ 1 p 6000theprecursorandtemperaturespike lengthscalesareordersof
magnitudedifferent.Or, they would beif someneglectedphysicalprocessesdid not changethe
scale.Thepredictedwidth of thespike is comparablewith thescalelengthsfor someof thevery
fastestplasmaprocesses:electron-ioncoupling, collisional ionization,andshorterthansome,
suchasthat for radiative recombination.Calculatingthe shockstructurein detail requiresthe
mostinvolvedkind of plasmatransportmodeling,andthe modelingwork hasprobablynot yet
becarriedoutwith sufficient thoroughnessto giveasatisfactoryaccountof someof theexcellent
laboratoryexperiments.

Thefinal remarksaboutradiatingshocksconcernstheeffectof frequency-dependent opacity,
andin particular, theeffectof very opaquepartsof thespectrumwith quitetransparentwindows
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between.A modelbasedontheRosselandmeanis notadequateto catchthemainfeaturesin this
case.Thereasontherecanbea qualitative differencewith andwithout a spectralwindow to the
outsideworld is thattheexistenceof thewindow makesit possiblefor thehotpost-shockmaterial
to cooldown to theoriginal temperatureof theupstreamgas.Thatis, thereis an“outsideworld”
temperaturebathandthespectralwindow makesit possiblefor thepost-shockgasto equilibrate
to it. Thestructurecloseto theshockis not modifiedasmuch,althoughtheactuallengthscales
representaveragesover differentopacitiesanddiffer from thosein the gray opacitymodel. In
the diagnosticdiagramthe new qualitative featureis that from point B the post-shockcooling
flow proceedson down in temperatureuntil a valuenearzerois reached.Thefinal stateandthe
startingstateA areconnectby theisothermaljumpconditions,whichconservemass,momentum
andtemperature,replacingenergy.

It is helpful to remembertheserelationsfor isothermalshocks:

� 0 	 0 � � 1 	 1 (12.103)

p0
� � 0 	 2

0 � p1
� � 1 	 2

1 (12.104)
p0� 0

� p1� 1
� a2 % (12.105)

from which weseethat 	 0

a
� a	 1

� M % (12.106)

theMachnumber(relative to theisothermalsoundspeed),sothedensityratio is

� 1� 0
� M2 � (12.107)

Theformationof isothermalshocksin therelatively denseatmospheresof pulsatingstarsandthe
differencein the way they developwith heightcomparedwith adiabaticshocksis a significant
topic for pulsatingstarphysics,which we cannotdiscusshere. It shouldbe notedthat not all
shocksin materialthathasspectralwindowswill beisothermal.This requiresthattheemissivity
of thehot shockedmatterbesufficiently largethat thelengthscalefor thecooling is shortcom-
paredwith the largerproblemdimensions.This is a statementaboutthedensityof theshocked
material.As ashockpropagatesupwardthroughadensitygradientspanningordersof magnitude
it mayfirst beadiabaticbecauseeventhespectralwindowsareopaqueenoughto blocktheescape
of radiation;thentheremay be an isothermalpropagationphase,becausethe radiationescapes
but the cooling lengthscaleis still shortcomparedwith otherdimensions;finally the shockis
adiabaticagainbecausethecoolingprocessesareinefficient. Thesetransitionsin shockbehavior
form oneof themostinterestingaspectsof studyingpulsatingstars.

12.5 Radiatively dri ven stellar winds

Thefinal exampleto bediscussedis thetheoryof radiatively-drivenstellarwinds.Theastrophys-
ical motivation is the existencein somestars,andperhapsin active galacticnuclei, molecular
cloudsandsomecircumstellaroutflows, of supersonicmotionsthatarecombinedwith spectral
line transport.Themomentumdepositedby the line radiationis certainlyimportantin someof
thesecases.We have alreadystudiedhow to approximatelysolve the transportequationin the
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Sobolev, largevelocity gradient,approximation,andwe foundanexpressionfor thebodyforce
on thematerialdueto radiationpressurein spectrallinestreatedin this approximation.

Thetheoryfor radiatively-drivenwindspresentedhereis theCAK theory, from Castor,Ab-
bott andKlein [59]. Therehasbeenconsiderableelaborationof the theorysince1975,andthe
currentstatecanbefoundin thearticlespresentedin ref. [121]. A particularlyrich veinhasbeen
the studyof the instability of radiative driving. Someof the currentwork wasreviewed at the
conferencein Isle-aux-Coudres,Quebec[191]. Thehydrodynamicsof the instabilitieshasbeen
studiedwith increasingprecision,andnow theassociationbetweenradiation-driveninstabilities
andthex-rayemissionfrom thewindsis secure[88].

Theapplicationof theSobolev line forceresult(6.117)to stellarwindsis mademucheasier
thanit would otherwisebeby a remarkableempiricalfactaboutlargedatabasesof line opacity
data:line opacitiesaredistributedapproximatelyasa powerlaw. Thevaluesof kL thatdetermine
theSobolev opticaldepthhavebeenfoundto follow this law for thenumberof linesstrongerthan
a givenvalueof kL :

N � kL �#� N0k
Ü { 1
L � (12.108)

Theconstanta in theexponentrangesbetween0.5and0.7dependingonthedatabase.Whenthe
linesareall addedup it is thenfoundthatthetotalbodyforce,or radiativeacceleration,variesin
this way in theradialbeamingapproximation:

gR � t
T F

c
k

1	 th
t

T �
du

dr

Ü � (12.109)

Theproportionalityfactork is relatedto thenormalizingconstantN0 in theline distribution. The
otherfactorsis this formulahavebeenintroducedto makecertainof thevariablesdimensionless.
Amongthese,t T is theThomsonopacityNe8 T � � and 	 th is arepresentativevalueof thermsve-
locity of theabsorbingions. F is thetotal flux. This a -power law is a resultof blendingoptically
thin linesfor which theforceis proportionalto F with thick linesfor which it is proportionalto� F ���!� du� dr .

The stellarwind equationsincluding the radiative driving force arevariationsof equations
(12.16)and(12.17)in which the temperaturegradientterm in the latter is omitted(the thermal
pressureturnsout to be a relatively small effect in settingthe structureof the wind), and the
radiative accelerationis includedinstead.Whenthedensityis eliminatedthis equationis found
for theflow speed:

u � a2

u

du

dr
� 2a2

r
� G

�
r 2

� C

r 2
r 2u

du

dr

Ü � 0 � (12.110)

ThefactorC is acollectionof constants,

C � t
T Lk

4� c

4�t
T 	 th

��
Ü
� (12.111)

it is theeigenvaluethat is relatedto themass-lossrate.Theisothermalsoundspeedis treatedas
a constantsincethe flow is expectedto be nearlyisothermalfor the samereasonsdiscussedin
theprevioussection.Theboundaryconditionsarethat thevelocity shouldbesonic— small in
comparisonwith thefinal velocity— somewherenearthestellarphotosphere,andtheflow should
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keepgoing beyond the Parker radiusr � G
� � 2a2. The analysisis somewhat tricky, andhas

becomegenerallyacceptedonly afterbeingcorroboratedby muchmoreelaboratecalculations.
The analysisin questionexaminesthe locusof pointsin the r % u planewherethis nonlinear

differentialequationis singular.If theequationis written is this form, in whichdu� dr is denoted
by u h ,

F � r % u % uh �'� 0 % (12.112)

thena singularpoint is a point � r % u � wherethis algebraicequationis not solvablefor uh . The
conditionfor solvability is a non-vanishingpartial derivative with respectto the variableto be
solvedfor, sosingularpointsarethosepointsthatobey�

F�
u h � 0 � (12.113)

Whenuh is eliminatedbetweenequations(12.112)and(12.113)the result is a singleequation
thatconnectsu andr . This definesthesingularlocusfor this differentialequation.This is more
generalthan the sonicpoint that occursin Parker’s wind theory [202], for example,or in the
transonicevaporationmodeldiscussedearlier. In fact, thesonicpoint is not oneof thesingular
pointssinceequation(12.112)is solvablethere.Therestof themathematicalargumentis based
on theassertionthatan acceptablesolutioncanonly begin with a smallu nearthe photosphere
and reachlarge radiuswith a large velocity if it grazesthe singular locus at one point. The
solutionsthatmissthesingularlocusentirelyeitherdo not exist with u R a or ceaseto exist at
r E G

� � 2a2. “Grazing” thesingularlocusmeanstouchingit at a point of tangency. Solution
curvesthat meetit at a non-zeroangleform a cuspat that point andstop. The condition for
tangency is foundby differentiatingequation(12.112)with respectto radiusandthensubstituting
equation(12.113):

dF

dr
�

�
F�
r

�
uh
�

F�
u

�
uh h

�
F�
uh �

�
F�
r

�
uh
�

F�
u

� 0 � (12.114)

We call this theregularitycondition.
We cannow pick any valuefor the radiusof this regular critical point, not the sonicpoint,

andsolve the threeequations(12.112),(12.113)and(12.114)for the threeunknownsu, uh and
C. Thennumericalintegrationsbeginningfrom this point give thecompletesolution,including
therunof densitysinceC fixesthemass-lossrate.If thephotosphericradiuscomputedusingthis
flow modelis not thedesiredone,thehypothesizedcritical point radiuscanbeadjusteduntil it is.

We will give thesimplestversionof thesesteps,asin theoriginal Castor,Abbott andKlein
paper. TheequationF � 0 is

u � a2

u
r 2du

dr
� 2a2r

�
G
� � C r 2u

du

dr

Ü � 0 � (12.115)

Thederivativewith respectto du� dr is

u � a2

u
r 2 � a

du� dr
C r 2u

du

dr

Ü � 0 % (12.116)
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andtheregularityequationis

u � a2

u
2r

du

dr
� 2a2 � 2a

r
C r 2u

du

dr

Ü

�
1
� a2

u2 r 2 du

dr

2 � a>� du� dr �
u

C r 2u
du

dr

Ü � 0 � (12.117)

We considertheseequationsfirst in thehypersonica � 0 limit. Thefirst two equationsbecome

r 2u
du

dr
�

G
� � C r 2u

du

dr

Ü � 0 (12.118)

r 2u
du

dr
�4a C r 2u

du

dr

Ü � 0 % (12.119)

which have thesolution

r 2u
du

dr
� a

1 �4a G
�

(12.120)

C r 2u
du

dr

Ü � 1

1 �4a G
� � (12.121)

To locatethe actualsingularpoint we needto considerthe small quantitiesproportionalto a2.
We first expressthesecondof thethreeoriginalequationsas

r 2u
du

dr
�]a C r 2u

du

dr

Ü � a2r
r

u

du

dr
� (12.122)

Theregularityequationis writtenas

r 2u
du

dr
�4a C r 2u
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Ü
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u
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2a2 r

u
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�
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u
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2 � (12.123)

Combiningthelasttwo equationsleadsto

r
r

u

du

dr

2

r
� 1

u

du

dr
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or

r

u
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dr

2 � 1 � (12.125)

We take thepositiveroot,

r

u

du

dr
� 1 � (12.126)
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All the critical point dataare now determined,given a choiceof the critical point radius.
It remainsto relatethis to the photosphericradius. We consideragainthe a � 0 limit. The
differentialequation(12.118)in thatlimit hasonlya singleroot for r 2udu � dr thatis independent
of whatr andu maybe.In otherwords,theentiresolutionfor u � a is describedby

u � 2a G
�

� 1 �4a!� Rð 1 � Rð
r

1~ 2 � (12.127)

With this solutionthecritical point,which is wheretheslopeobeysequation(12.125),is at

rc

Rð � 3

2
� (12.128)

It hasbeendiscoveredthat mild changesin the way the temperatureis distributedwith height
havehardlyany effecton thevelocity law (12.127)but changethelocationof thecritical point.

Equation(12.127)providesthescalinglaw for theterminalvelocityof thewind: it is propor-
tional to thestar’sescapevelocity. Theformulafor C (derivedfrom eqs.[12.120]and[12.121])

C ��a {WÜ � 1 �4a!� { � 1{.Ü � � G � � 1{WÜ (12.129)

givesthemass-lossrate

�� � 4� G
�

t
T 	 th

a>� 1 �]a!� � 1{.Ü ��~ Ü k t T L

4� G
�

c

1~ Ü % (12.130)

in which L is thestellarluminosity.
The predictionsof this theoryarefound to be in fair quantitative agreementwith the winds

of hot stars. Two notablefeaturesare the scalingof u X with escapevelocity and the depen-
denceof themass-lossrateon a powersomewhatlargerthanunity of thestellarluminosity.The
agreementis improvedif theradial-beamingapproximationfor gR is replacedwith a properin-
tegrationover the coneof photosphericradiation. (SeeFriendandCastor[94], Pauldrach,Puls
andKudritzki [203], FriendandAbbott [93] andKudritzki, et al. [151].) This increasestheter-
minal velocity andsoftensthe steepnessof the velocity law at r ç Rð , bothof which improve
theagreementwith observations.Themorerecentdetailedcalculationsof excitationandioniza-
tion balancein the stellarwind modelshave madethe calculationsof gR morereliablewithout
changingthebasicresultsmuch.Themostrecentwork in stellarwind theoryconcernstheinsta-
bility of radiative driving andthe large-scalehigh velocity shocksthatareproducedasa result.
Unfortunatelyspacedoesnot allow a discussionof thatwork here,but seetheIAU Colloquium
volumeVariableandNon-sphericalStellarWindsin LuminousHot Stars [266] for reportsof the
statusin 1998.
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[243] Spitzer, L. andHärm,R. (1953)Phys.Rev., 89, 977

[244] Stone,J.M. andNorman,M. L. (1992a)Astrophys.J. Suppl., 80, 753–790;Stone,J.M.
andNorman,M. L. (1992b)Astrophys.J. Suppl., 80, 791–818;Stone,J.M., Mihalas,D.
andNorman,M. L. (1992)Astrophys.J. Suppl., 80, 819–845

[245] Strang,W. G. (1968)SIAMJ. Numer. Anal., 5, 506

[246] Su,B. andOlson,G. L. (1996)J. Quant.Spectr. Rad.Transfer, 56, 337-351

[247] Synge,J.L. (1957)TheRelativisticGas(Amsterdam:North-Holland)

[248] Thomas,L. H. (1930)Quart.J. Math. (Oxford), 1, 239

[249] Thomas,R. N. (1960)Astrophys.J., 131, 429–437

[250] Thomas,R. N. andAthay, R. G. (1961)Physicsof theSolarChromosphere (New York:
Interscience)



BIBLIOGRAPHY 275
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four-velocity, 82
Fouriercoefficients,174
Fourierseries,51
Fourierspace,52
Fouriertransform,76,158,166
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steady-state,164
total,174
x component,174
y component,174

interior solution,73
internalenergyequation,34,35,37,91,192,

194,217,228,231
Eulerian,7
Lagrangian,7, 8

interpolation
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coherency, 175,180,181
conditionnumber, 200,204
density, 175,179

radiation,175
eigenvalues,197
emission

spontaneous,184
stimulated,184

G, 180–183,185
Hermitian,175
Hermitianadjoint,180
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corner, of cell, 223
distorted,225
dynamic,39
hexahedral,49
hierarchical,48
level 1, 48
level 2, 48
logical,37
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Monaghan,J.J.,49,51
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multi-phase,283
MUSCL, 43,44

Nagel,W., 180
Navier-Stokesequation,11,12,24,51

incompressible,51
Net Radiative Bracket, 152,161,162,202,

207,217
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non-LTE, 99, 100,106,125,143–154,187,

207,228,230,232,242
multilevel atom,150–154
problem,144,145

normalvector, surface,83
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finite-difference,202
Kompaneets,249
projection,46,52

operatorsplitting,39,43,189–192,194,199,
228

directional,40,41,43
optical depth,60, 70, 147, 150, 157–159,

190,218
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288 INDEX

Philips,M., 85
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monotonic,36,41
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Reynoldsnumber, 96
RI ( x 2 x 78) , 156
Richardsonextrapolation,48
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INDEX 291

level symmetric,226
SetA, 226
SetB, 226

cornerbalance,219,223
cornerintensity, 223
nonlinear, 221
simple(SCB),223
upstream(UCB), 221,223

diamonddifference,219,223–225
diffusionsyntheticacceleration,225,231
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equations,258
hypersonic,260
Parkermodel,241
Parker radius,259
radiatively-driven,257–261

instability, 258,261
mass-lossrate,258,261
singularpoint,260
singularpoint radius,261
terminalvelocity, 261



292 INDEX

velocity law, 261
x-rayemission,258

sonicpoint,259
stencil

differencing,45,46
upwind,46

Stewart,J.N., 140
Stibbs,D. W. N., 156
Stiefel,E. L., 199
stimulationfactor, 246
Stokesparameters,175,176,178,182,186
Stokesvector, 178,181,183

additivity, 178
Stone,J.M., 220
strainrate,101
Strangsplitting,43,191,192
Strang,W. G.,43
stress,viscous,11
Su,B., 235
sunspot,186
supertransitionarray(STA), 141
supergranulationcell, 227
supernova,100

spectra,230
susceptibility, electric,169,170
symmetry

3-fold, of anglesets,225
axial,220,223,224

Synge,J.L., 83

Taylor, G. I., 28–30
temperature

effective,74
stagnation,254

temperaturedistribution, gray atmosphere,
74

temperaturefront, 235
temperatureminimum,149
tensor

divergenceof
sphericalsymmetry, 215

pressure,58
radiation,58,85,96

rate-of-strain,11,101,103
scalar, 58,211
stress,11

Maxwell, 85

stress-energy, 85
electromagnetic,85

terrestrialproblems,163
thermalization,75–77

depth,77,80,149,159
layer, 80
length,77,157,159

thermodynamicequilibrium,64,71,94,125
thermodynamics

secondlaw of , 172
Thomas,L. H., 81
Thomas,R. N., 152,153
3-volume,oriented,83
3 j symbol,185
tidal disruption,51
time

cooling,115
dwelling,160
dynamical,115
flow, 144
light-travel, 144,164

for meanfreepath,163
thermalizationlength,166

meandecay, 165,166
proper, 81

elementof, 82
relativity of, 88
retarded,69
scalesin line transport,163

timecentering,193
timedifferencing

Crank-Nicholson,193
explicit, 190
implicit, 191

time-differencing,implicit, 191, 192, 206,
212

Tipton,R., 49
TLUSTY code,230
totalenergy

discrete,35
material,67

totalenergy equation,7, 12,24,91,228
matterplusradiation,86

tracklength,MonteCarlo,231
tracking,MonteCarlo,231
transferequation,70, 152, 180, 181, 213,

217,219
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2-D
9-pointstencil,221

anglederivative,223
even-parity, 78
formal solution,210
second-order, 78
spherical
( p 2 z) coordinates, 216

Stokes,183
transformations,unitary, 177
transition

2-electron,134
free-free,136

transitionprobability, 123
transitionregion,solar, 149
transmission,diffuse,80
transportequation,59–62,69,164,220,229

comoving frame,87–90,93,98
accelerationterms,88
anglederivative,98
boundary-valueproblem,91–93
frequency derivative,98
summary, 90–91
timederivative,98

covariant,85
formal solution

3-D, 69–70
linear, 231
polarizedlight

anisotropicmedium,182,183
isotropicmedium,178–179

refractive,172
retardation,211
spherical,215,219

treemethod,50
TREESPHcode,50
tri-diagonalmatrix,196,198

block,154,196,221
recursionmethod,196

trianglenumber, 226
turbulence,homogeneous,48,51
TVB (TotalVariationBounded),45
TVD (TotalVariationDiminishing),45
Twiss,R. Q.,175
two-level atom,145–149,163,164,219

Unno,W., 180

update,conservative,43,44
upwinddifference,220,222

V-cycle,203,207
vacuumregion,209
vanLeer, B., 33,43
VanRegemorter, H., 146
VariableEddingtonFactor, seeVEF approx-

imation
variables

zone-centered,42
VEF approximation,75,208–211,216,231

conformalfactor, 209
curl condition,209
integratingfactor, 209,216
spherical,216

velocity
edge-centered,40
effective,for line transport,167
grid, 9
group,16,171,172
lagging,35
phase,16,18,169,172

velocitydistribution,electron,relativistic,232
Vinsome,P. K. W., 201
viscosity, 10–13

bulk, radiation,96
coefficientof, 11

bulk, 11
radiation,96

volumeelement,momentumspace,83
volume,specific,26
von Neumann,J.,33,34
von Waldenfels,W., 106
vortex sheet,15,17
vorticity, 13,14,17,52

baroclinic,14
conservation,14

vorticity equation,14

wave
blast,28–30

colliding, 53
density, 30
pressure,30
velocity, 30

bleaching,237
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compression,23
deepwater, 15,16
deflagration,20
detonation,20
excitation,167
gravity mode,115
mode,18

longitudinal,18
non-adiabatic,110–111
radiation-coupled,109–119
radio,182
rarefaction,23,30,42

centered,23,31
shock,seeshockwave
simple,20–23,31
sinusoidal,17
sound,17–20

adiabatic,19
damping,19,110
radiation-driven,112

spectrum,115
acousticbranch,115
thermalbranch,115

thermal,235
self-similar, 235

wave equation,66
wave packet,16
wave vector, 17,170
waves,spherical,131
Wehrse,R.,105–107
WeightedEssentiallyNon-Oscillatory, seeWENO
Weisskopf, V. F., 156
Wendroff, B., 44
WENO,44–47,53
WENO5,47,53
WENO9,47,53
Werner, K., 229,230
Wesseling,P., 202
White,R. H., 189
Whitham,G. B., 24
Wien function,251,252
Wien peak,253
Wien’sdisplacementlaw, 94
Wiener-Hopf method,74,76
Wigner-Eckarttheorem,185
Wilson,J.R., 33,39,40,48
windows,spectral,256

Wolf, E., 175
WoodwarddoubleMachreflection,47
Woodward,C. S.,207
Woodward,P. R., 33,43,44,47,51
Wooley, R. v. d. R.,156
work, radiation,87

Zeemancomponent,1 & , 185
Zeemaneffect,62,180,184

anomalous,187
Zeemansplitting,184
Zeemantriplet, normal,184,187
Zel’dovich,Ya.B., 2, 28,235,244,253
ZEUS-2Dcode,33,220,221
Zhang,H. L., 143
Zhang,Y. T., 47
zone

area,37
bowtie, 37
donor, 40
dual,38,41
logical,37
phantom,35
polygonal,38
quadrilateral,37



Figure Captions

Fig. 2.1 Realand imaginaryfrequenciesfor soundwaveswith Newton’s cooling. Ordi-
nate: 0 scaledby kc; abscissa:cooling time in unitsof 15 kc. Solid: realpart,dashed:
imaginarypart.

Fig 2.2 Structureof a centeredrarefactionwave. Solid: density in units of undisturbed
density;dashed:velocity in unitsof undisturbedsoundspeed;abscissa:similarity coor-
dinatex 5 c0t .

Fig. 2.3 Structureof the *;3 55 3 blast wave. Solid: scaledvelocity, dashed:scaled
pressure,dotted:scaleddensity.

Fig. 2.4 Structurefor theshocktubedescribedin thetext. Abscissa:x 5 t . Ordinate:density
(top),pressure(middle)andvelocity (bottom).

Fig. 3.1 Solid curves: statesreachedfrom left (descendingcurve) and right (ascending
curve) initial statesby a single shockor rarefaction. Circles: initial states. Dashed
curve: approximationin which rarefactionis treatedasashock.

Fig. 4.1 Illustrationof theidealapparatusthatservesto definethespecificintensity.

Fig. 4.2 Illustrationof a genericradiative transferproblemshowing thethreequalitatively
differentregions: the isotropizationlayer within aboutonemeanfree pathof the out-
sideboundary;the thermalizationlayer, perhapsmany meanfree pathsthick, interior
to which the radiationfield is well approximatedasPlanckian,andthe diffusion inte-
rior, this region of nearequilibrium. Only in the innermostregion is diffusiona good
approximation.

Fig. 5.1 Solid: Exact Hopf function q (.- ), dashed:correspondingEddingtonfactor, vs.
opticaldepth- .

Fig. 5.2 Resolvent function for the infinite mediumvs. optical depth - . The curvesare
orderedat theleft, top to bottom,as < 3 1, .5, .1, .01,.0001.

Fig. 6.1 Characteristicsin = vs. x if nxux decreases(top), increases(middle) or is non-
monotonicwith x.



Fig. 6.2 (a) Illustration of the opacity in a syntheticspectrumof FeII, FeIII and FeIV
vs. wavelength.(b) Meanexpansionopacityover thebandin (a) usingA: eq. (6.119)
(dash-dotted);B: eq. (6.130)(dashed);C: eq. (6.131)(solid); andD: eq. (6.130)with
thereplacementof 1 T with thestaticRosselandmean(dash-dot-dot).

Fig. 7.1 Overallpowerof - of eachtermin eq.(7.30)if s > - n, vs. n.

Fig. 7.2 Stability domainin radiationforce vs. adiabacy parameter. Acousticmodesare
unstablebetweencurvesA andC. Gravity modesareunstableabovedashedline B.

Fig. 8.1 Relativistic (Klein-Nishina)Comptoncrosssectionin termsof theThomsoncross
sectionvs.photonfrequency in keV.

Fig. 8.2 Themonochromaticopacityof iron calculatedwith OPAL is shown for thecondi-
tionsT 3 1keV, ? 3 1gcm& 3.

Fig. 9.1 Sourcefunction S of a line in a semi-infiniteisothermalatmosphereformedwith
completeredistribution overa Dopplerprofile,with < 3 10& 4, in unitsof Planckfunc-
tion B vs.opticaldepthscaleof eq. (9.14).

Fig. 9.2 Ordinate: RI ( x 2 x 78) for x 7 3 0 to 1.4 in stepsof 0.2; abscissa:x. x andx 7 are
displacementsfrom line centerin Dopplerunits.

Fig. 9.3 Ordinate:marginal distribution RI I ( x 2 x 78)@5BA ( x 78) for x 7 3 0 to 4 in stepsof 0.5;
abscissa:x. TheVoigt parameteris a 3 0 C 1.

Fig. 9.4 Ordinate:line-centermeanintensitycomputedin Harrington’s asymptoticmodel
of PRDwith RI I ; abscissa:< - . Thecrosseson thecurve marktheedgesof theregion
in - thatcontainshalf thetotalpopulation.

Fig. 10.1 Stokesparameterprofilesareshown asfunctionsof wavelengthfor a line formed
in asunspot.(a)Thecurvesshow thetotal intensityI (solid)andthecircularlypolarized
componentsI D V (dashed)andI E V (dash-dotted).(b) Thelinearpolarizationparam-
etersQ andU areshown bothwith andwithout Faradaydepolarization.Solid: U with
depolarization;dashed:Q with depolarization;dash-dotted:U without depolarization;
dash-double-dotted:Q without depolarization.

Fig. 11.1 Representationof the p 2 z meshfor sphericalproblems. Only the hemisphere
z F 0 is shown.

Fig. 12.1 Self-similartemperaturedistributionsfor Marshakwaveswith G R > T & n. Ab-
scissa:scaleddistancefrom boundary.

Fig. 12.2 Self-similar flux distributions for Marshakwaveswith G R > T & n. Abscissa:
scaleddistancefrom boundary. Ordinate:flux in similarity unit F1 definedin thetext.

Fig. 12.3 Thesimilarity functiongiving theprofileof F 5 cE vs. scaleddistance.



Fig. 12.4 Scaledtemperature(solid)andvelocity (dashed)vs. radiusfor transonicevapora-
tion.

Fig. 12.5 Scaledtemperaturenearthesonicpoint for transonicevaporation.

Fig. 12.6 RelationbetweenneutralMach numberH 1 5 a1 (ordinate)andcompressionI 3
? 2 5B? 1 (abscissa)for ionizationfrontswith a25 a1

3 135 7 3 1 C 87. The labels“R” and
“D” distinguishthetwo branches,andeachbranchhasa“weak” anda “strong” side,as
shown. Circlesmarktheapex of eachbranch,whereM2

3 1.

Fig. 12.7 Spectraldistributionsof x3 ( 1 EKJL) timesthe J -transformof u ( x ) for several
valuesof y 3 ( 4kT 5 mc2)�JM5 ( 1 ENJL) .

Fig. 12.8 Time-dependentspectrax3n ( x 2 t ) vs. x for Comptonizationof radiationwith
x0
3 10& 2. Time is expressedasvaluesof y 3 ( 4kT 5 mc2) Ne1 T ct rangingfrom (left)

0 to 4 and(right) from 4 to 40.

Fig. 12.9 Spectraldistribution for inverseComptonreflection. Ordinate:spectralenergy
densityx3nx; abscissa:h=O5 kT . For this casekT 3 5 C 11keV.

Fig. 12.10 (a)Flux vs.T within anon-radiatingshock.Bold linesaretraversed.(b) Similar
for a sub-criticalradiatingshock.(c) Similar for asuper-critical shock.

Fig. 12.11 (a) Distributionsof radiationdensityE (dashed)andequilibriumradiationden-
sity aT4 (solid) vs. x for a shockwith Bo 3 15 4. (b) Thecorrespondingdistributionof
flux.
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